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(1) Let vy, = Zle h;e;, and vg = 0. Then x + v, € E for all £ < n, and by the Mean Value
Theorem applied to the function ¢ — f(x + vx_1 + thiey), for each k, j there is a 6 € (0,1)
such that

|fi(x + ) = fij(@ +vp-1)| = [f5(x + vp—1 + hyey) — fi(z + vp—1))|
= |h| |Di.fj(x + vp—1 + Ohgey)|

< M|h|.
Therefore .
[fi(z+h) = fi(@)] < D1 fi(z + o) = fi(vemr)| < nM|R],
k=1
and then

M-

[fle+h) = f(0)] < ) 1fi(x+h) = fi(x)] < Mmn|h|.
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(2) Let g(x) = d(z,¢(x)). Since ¢ is continuous, so is g. Since X is compact, the infimum
of g is achieved at some xy. Let 21 = ¢(xg). Suppose d(xg, p(x0)) = infyex g(z) = a > 0.
Then a < d(z1,¢(x1)) = d(e(x0), p(@(x0))) < d(z0,¢(x)) = a, a contradiction. Therefore
d(xo, o(zo) = 0, that is, g = @(x0), so xg is a fixed point. If y # z is another fixed point,
then d(y,zo) = d(e(y), ¢(zo)) < d(y,xq), a contradiction, so xy must be the unique fixed
point.

(3)(a) By the triangle inequality, [|A|| — ||B|| < ||A — B| and ||B|| — ||A]| < ||A — B|, so
[I|IA = |B|l| < ||[A— B||. Therefore for § = ¢, we have ||A— B|| < & implies ||| Al —||B|| <.

(b) By (a) and the C" assumption, ||¢’(z)]|| is a continuous function of  on D. Therefore
if we take a ball G containing z with the closure G C D, we have G compact so ||¢'(x)| is
bounded on G, hence also on G.

(c) By the Inverse Function Theorem, there exist neighborhoods Uy, V of a, f(a) such
that f is a C' bijection of Uy to V; and the inverse g is C’. By (b), if we shrink V{ then
there exists M such that ||¢'(y)|| < M for all y € Vi. By Theorem 9.19, for w,z € V}
we have |g(w) — g(z)] < M|w — z|. Taking z,y € Uy and w = f(x),z = f(y), we get
F(@) = F)] = Mo =y,

(4)(a) Define f: R® — R? by f(x,y,2) = (—42* + y* + 2%,yz — 2zy). Then the matrix of



f/(x7 y’ Z) IS

and in particular, for (1,2, 2) it is
-8
A= [_ ;

Since A, = {:i BL] is invertible, by the Implicit Function Theorem we can solve for =,y
uniquely in terms of z in a neighborhood of (1,2,2), say (z,y) = (h1(2), h2(2)). This is the
desired parametrization.

(b) We have A, ) = [

E)l 1211 which is also invertible, so as in (a) we can solve for (y, z)

_8 4 . .
in terms of . But A, = is not invertible so we cannot necessarily solve for (x, z
(z,2) —4 2

in terms of y.



