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(1)(a) We have

wAw= f(z)g(x)dx; Ndxy Ndxs ANdey + f(x)g(z)des A dey A dey A dxg
= 2f(z)g(x)dxy A dxg A dxg A day.

This is # 0 if and only if there exists © where f(z)g(x) # 0, i.e. where both f(z) and g(x) are
nonzero, since then there is a neighborhood of x where f(z)g(xz) > 0 or where f(z)g(z) <0,
so for a 2-surface in that neighborhood, the integral is nonzero.

(b) If I NJ # ¢ then clearly all 4 terms in w A w are 0, so suppose I N J = ¢. We have

wAw= f(z)g(x)(dx; Ndzy+dxy; Ndzy) = f(x)g(z)((=1) + (—1)5)d95[17j],

where « is the number of pairs (i, ) with i € I, j € J and ¢ > j, and (3 is the number of pairs
(i,4) withi € I, j € J and j > i. The total number of pairs of both types is thus a+ 3 = k?
which is odd. Therefore one of «, 3 is odd and the other is even, so (—1)* + (—1)? = 0, so
wAw=0.

(¢) w exact means w = d¢ for some (k — 1)-form &. Then

d(ENdB) =dE NdB+ (=) NP =w A dp,
which shows w A df is exact.

k
(2)(a) By Parseval, || f® — f[2 = 32,0 [ — ¢, 2.
(b) We have |e,| = limy ¢! < b, s0 e = ¢a] < || + |ea] < 2by, and therefore for

fixed N,
Z B — > <4 Z b2.
n¢[—N,N]| n¢[—N,N]|

Given € > 0 we can choose N so 4Zn¢[_N’N] b2 < ¢/2. Then we can choose K so that
€

k>K — k) _ e 2 <
k= Y el <

ne[—N,N]|

Then for k£ > K,

B _ .26, ¢_
%kn Cnl <2+2—6,



which shows, since € is arbitrary, that

1F9 = FIB =31l —ea = 0. ask— oo,

(3)(a) Suppose f € Lip,(K), g € Lip,(K) for some a,b. Then for all z,y € K:
lcf(x) — cf(y)] < |clad(x,y) so cf € Lip(K),
((f+9)(@) = (f+9)W)] < |f(2) = fW)] +g(x) —9(y)| < (a+b)d(z,y) so f+g € Lip(K),

and since f, g are bounded due to compactness of K,

[(f) () = (fo) )| < |f(2)g(z) — flx)g(y)| + +f(x)g(y) — f(y)g ()]
< [ fllsolg(x) = 9] + [lglloc] £ (2) = f(y)]
< (bl flloe + allglloc)d(z,y),  so fg € Lip(K).

(b) We need to show F. p is closed, pointwise bounded and equicontinuous. If f,, € Fi. y
and f, — f in C(K) (i.e. uniformly), then for all z,y, |f(z)| = lim, |f.(z)] < M and

|f(x) — f(y)| = lim, | fu(z) — fuly)| < cd(z,y), so f € F.p. Thus F,  is closed. Fpp is
uniformly bounded by M so it is pointwise bounded. Given ¢ > 0, we have

€
f € FC,Maxay € K,d(I,y) < E = |f($) - f(y)| < Cd(x,y) <€,
so Fy p is equicontinuous. This shows it is compact.

(4) For all Q2 we have by Stokes Theorem and the given physical law:

/ —4ArGp(x) dridradrs = —4rGm($)
Q
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Since the integrands are continuous functions, if they ever differed, there would be a region
Q2 in which —47Gp(x) — div F(z) was always positive or always negative, so the integrals
over ) would be different. Thus in fact the integrands must be equal everywhere, that is,
—4nGp(z) = div F(x) for all .



