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Chapter 7

(1) Suppose f, — f uniformly. Let € > 0. There exists an N such that ||fx — f|le < €.
Since fy is bounded, there exists an My such that | fy(z)| < My for all . Then for all x,

[f(@)| < [fw(@)| + [fn(z) = flz)] < My + ¢,

so f is uniformly bounded.
(2) Suppose f, — f and g, — g, both uniformly. Let € > 0. There exist N, Ny such that

n> N, = |fulz) — f(z)] < for all x,

[NRNe

n> Ny = |gn(x) —g(2)| < g for all z.

Then for n > max(Ny, Ny),

€
| (fal@) + gn(@)) = (f(@) + 9(2)) | < [ful2) = F(2)] + [ga(2) —9(@)| < 5+ 5 =€,
for all . Thus f, + g, — f + ¢ uniformly.

Now suppose also that each f, and g, is bounded. By Problem 1, {f,} and {g,} are
uniformly bounded, that is, there exists M such that |f,(z)| < M and |g,(z)| < M for all
x. Let € > 0. There exist N3, N, such that

€
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n> Ny = |fu(z) — f(z)] < for all x,

n> Ny = |gu(z) —g(z)| < for all .

Then for n > max(N3, Ny), for all z,

[fa(@)gn(x) = [(2)g(2)] = [fn(2)(gn(2) = g(2)) + (fu(2) = [f(2))
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Thus f,9, — fg uniformly.

(3) Here is one example: let f,(z) = f(x) = g(x) = 2,g9,(x) = v — *
x> 0. Then f, — f uniformly and g,, — g uniformly, but sup, [ fn(7)gn(2) — f(z
sup,>q |z/n| = co. Thus f.g, # fg uniformly.
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(6) We decompose into two series:

S = e+ (1)

n

which is legitimate provided the two series on the right both converge. For each term in the
first series on the right side of (??), the maximum over = necessarily occurs at an endpoint:

22| _ max((af?, )

> for all = € [a, b],
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and
max(|a/?, [b]*)
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converges, so by the Weierstrass M-test, the first series on the right side of (??) converges
uniformly. The second series converges by the Alternating Series Test, and the series doesn’t
depend on x so the convergence is necessarily uniform in x. Therefore by problem 2, the
sum of the two series (the left side of (??)) also converges uniformly in [a, ], for all a < b.

For a fixed x,

224+ n 24+n_ n

oon2 T2 oo

Y

-1y

and ) 1/n diverges, so by the comparison test,

Z‘ :c+n

diverges. This means the series on the left side of (??7) does not converge absolutely for any x.
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(8) Since |c, I(x — x,)| < |cn| and Y |c,| < 0o, the series defining f converges uniformly by
the Weierstrass M-test (Theorem 7.10.) Letting f,,(¢t) = > ,_, ¢, I(x — z,,), this means that
fn — f uniformly. Let x be a point that is not one of the z,,’s; then each f, is continuous
at z, that is, lim;_, f,(t) = fu(z). Since f,(x) — f(x) as n — oo, Theorem 7.11 (applied
with A, = f,.(z)) says

lim £(6) = lim J, () = £(2),
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that is, f is continuous at x.

(9) Suppose f, — f uniformly on E. Let x,,z € E with x,, — x. Then

[fnl@n) = ()] < [fulzn) = fl@n)| + [f(@n) = f@)] < [fo = flloo + | f(2n) = f(2)].

Now f is continuous by Theorem 7.12; so | f(x,) — f(z)| — 0 as n — oco. Hence ||f, — f||co +

The converse is false. For example let f,(z) = z/n, f(x) =0, on [0,00). If z,, — x then
fo(zy) = zn/n— 0= f(x). But f, does not converge uniformly to f: ||f, — f|lcc = 0.

(I)(a) For fixed 2 > 0, since e~ ™ decreases exponentially in n while nz increases only lin-
early, the product, which is f,(x), converges to 0. Since f,,(0) = 0 for all n, this shows that
fn — f = 0 pointwise on [0, 1].

(b) Using u = na?, du = 2nz dz,

1 1 ) 1 n 1 o0 1 1
/ fo(z) do = / nxe " dr = —/ e " du — —/ etdu==+#0= / f(x) dz.
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(IT) Let € > 0. Since f,, — f uniformly, there exists N such that ||f, — f|le < €/3 for all
n > N. Since fy is uniformly continuous, there exists § > 0 such that

T,y € E,d(l’,y) <0 = |fN(y) - fN(‘r)‘ < 6/3
Then for z,y € E with d(z,y) < § we have
[f ()= (@) < |fy)=In @) v )= fn (@) |+ v (@)= f ()] < Hf—fNHooJr%HIf—fNHoo <e
This shows that f is uniformly continuous.

(III) f, is continuous, but f is not. If the convergence were uniform, the limit would have
to be continuous, so the convergence in this case cannot be uniform.



