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(16) Suppose {fn} is equicontinuous on K, and fn → f pointwise. Then {fn(x)}, being
convergent, is bounded for each x, so {fn} is pointwise bounded.

Suppose (to get a contradiction) that the convergence of fn to f is not uniform: ||fn −
f ||∞ 6→ 0. This means there exists ε > 0 and a subsequence {fnk

} with ||fnk
− f ||∞ > ε for

all k. But as a set, {fnk
} is pointwise bounded and equicontinuous (since {fn} is), so {fnk

}
has a uniformly convergent subsequence by Theorem 7.25, say fmj

→ g uniformly for some
g, where {fmj

} ⊂ {fnk
}. Since fmj

→ f pointwise, we must have g = f , so ||fmj
−f ||∞ → 0.

But this contradicts ||fnk
− f ||∞ > ε for all k. Thus fn → f uniformly.

(18) We claim that {Fn} is equicontinuous. Proof: By assumption there exists M <∞ such
that |fn(x)| ≤M for all x and n. Then for x < y in [a, b],

|Fn(y)− Fn(x)| =
∣∣∣∣∫ y

x

fn(t) dt

∣∣∣∣ ≤ ∫ y

x

|fn(t)| dt ≤
∫ y

x

M dt = M |y − x|.

thus given ε > 0, we have |y− x| < εM implies |Fn(y)− Fn(x)| < ε, which proves the claim.
Then by Theorem 7.25, {Fn} has a uniformly converging subsequence.

(I) Suppose F is equicontinuous and f ∈ F . Then there exists a sequence {fn} ⊂ F with
fn → f uniformly. Let ε > 0. By equicontinuity, there exists δ > 0 such that

d(x, y) < δ =⇒ |fn(y)− fn(x)| < ε for all n ≥ 1.

Then
d(x, y) < δ =⇒ |f(y)− f(x)| = lim

n
|fn(y)− fn(x)| ≤ ε,

so the same δ “works” for f . Thus this δ “works” for all f ∈ F , so F is equicontinuous.

(II)(a) Given ε > 0 let δ = ε1/α. Then

f ∈ E, |y − x| < δ =⇒ |f(y)− f(x)| ≤ |y − x|α < δα = ε,

i.e. this δ “works” uniformly over E. This shows E is equicontinuous.
(b) Suppose fn ∈ E for all n and fn → f uniformly. Then f(0) = limn fn(0) = 0 and for

all x, y ∈ [0, 1],
|f(x)− f(y)| = lim

n
|fn(x)− fn(y)| ≤ |y − x|α,
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so f ∈ E.

(III)(a) Suppose P (x) =
∑N

n=0 anx
n, and let ε > 0. For each n ≤ N there exists a rational

qn with |an − qn| < ε/NAn. Let Q(x) =
∑N

n=0 qnx
n. Then

|P (x)−Q(x)| ≤
N∑
n=0

|an − qn||x|n ≤
N∑
n=0

ε

NAn
An = ε

for all x ∈ [0, A], so ||P −Q||∞ < ε.
(b) Let D be the set of all polynomial functions on [0, A] with rational coefficients.

Let ε > 0. By the Weierstrass theorem, given f ∈ C[0, A] there is a polynomial P with
||f − P ||∞ < ε/2. By (a) there is a polynomial Q ∈ E with ||P − Q||∞ < ε/2. Then
||f − Q||∞ < ε, which shows D is dense in C[0, A]. There is a one-to-one correspondence
between D and the countable set QN+1 (where Q = rationals), by pairing

∑N
n=0 qnx

n with
(q0, .., qN), so D is countable.

(IV) Since [a, b] is compact, each fi is uniformly continuous. Hence given ε > 0, for each i ≤ n
there is a δi > 0 such that |y − x| < δi implies |fi(y)− fi(x)| < ε/n. Let δ = min(δ1, .., δn).
Then for f =

∑n
i=1 cifi ∈ F and x, y ∈ [a, b] with |y − x| < δ, we have

|f(y)− f(x)| ≤
n∑
i=1

|ci||fi(y)− fi(x)| <
n∑
i=1

1 · ε
n

= ε.

This shows F is equicontinuous.

(V)(a) Let k ≥ 1 be the degree of P : P (x) = akx
k + ak−1x

k−1 + . . . with ak 6= 0. Then

P (x)

xk
= ak + ak−1x

−1 + · · · → ak as x→∞,

so for large x,
∣∣∣P (x)
xk

∣∣∣ ≥ 1
2
|ak| and therefore |P (x)| ≥ 1

2
|ak|xk → ∞ as x → ∞. Thus

||P ||∞ =∞.
(b) For all n 6= m we have

||Pn − Pm||∞ ≤ ||Pn − f ||∞ + ||f − Pm||∞,

which is finite if n,m are large (since ||Pn−f ||∞ → 0), so by (a), Pn−Pm must be a constant,
call it cmn. But then for fixed m and x we get

lim
n
cmn = lim

n
(Pn(x)− Pm(x)) = f(x)− Pm(x),

so limn cmn is some finite c and f(x) = Pm(x) + c, meaning f is a poynomial.
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