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Chapter 10:

(2) For y € (27%,2'%) the only function ¢;(y) which may be nonzero is ¢;(y). Hence for
such y we have f(z,y) = [pi(z) — pir1(z)]pi(y) for all z, and then

/ f() dx = oi(y) / oi(e) — i (2)] dz = @i(y) (1 — 1) = 0.

Therefore [dy [ f(x,y) dz =0.

In the other direction, for fixed ¢ > 2 and = € (27,2'7%) the only functions [p;(z) —
@;+1(z)] which may be nonzero are [¢;(z) — pi1(x)] and [¢;—1(z) — i(x)]. Hence for such
x we have f(z,y) = [pi(x) — vir1(2)]@i(y) + [pim1(x) — @i(2)]pi-1(y) for all y, and then

[ @) dy =) -pin@) [ o) dytles@ (o) [ ero) dy = oimsle)=pi(o)
But since z € (27%,2'7) we have ¢;_1(2)0p;11(x) = 0 so [ f(z,y) dy = 0. Note we have

omitted ¢ = 1 which corresponds to z € (1/2,1). For the case of z € (1/2,1), the only
function [p;(x) — ¢,41(x)] which may be nonzero is [p;(z) — p2(z)]. Hence for such = we

have f(z,y) = [¢1(2) — p2(2)]p1(y) for all y, and then

/ £ ) dy = [pr(z) — a(@) / 1(y) dy = [1(2) — 0] 1 = g1 (2).

/dx/f(x,y) dy:/l/:gpl(x) de = 1.

(3)(b) Let f(z,y) = (y,2). Suppose Gy(2,y) = (g1(z,y),y) and Ga(2,y) = (2, 92(2,y)) are
primitive and Go o Gy = f. Then G;(z,0) = (¢1(z,0),0) so

Therefore

(O,ZL’) = (GQ o Gl)(va) = GQ(gl(x70)vO) = (gl<m70)792(gl(‘r’ 0)70))

for all xz. Thus ¢;(z,0) = 0 for all z, so, by matching the second coordinates, we have
92(0,0) = zx for all x, a contradiction. Similarly we can’t have G o G5 = f.



(T)(a) Q¥ = {& € R - z; > 0,3°F 2, < 1}. Suppose z,y € Q¥ and X € [0,1]. Let
z=Ar+ (1= A)y. Then z; = Az; + (1 — N)y; > 0 for all 7 and

Zk:zi:)\(i:xi>+(1—)\) (Xk:%) <A 1+(1=X)-1=1,

=1 =1 =1

so z € QF. Thus QF is convex. Clearly 0,eq,..,e; are all in Q, so Q* is a convex set
containing 0, ey, .., €.

To show QF is the smallest such set, suppose C' is convex and contains 0, e;, .., e;. Let
x € Q% Thenz = Zle xie;+ (1—x1—..—x)-0 which is a convex combination of 0, eq, .., €.
Thus z € C. It follows that Q¥ C C, which means Q¥ is the smallest convex set containing
0, €1,.., €.

(b) Let f(x) = b-+Ax be an affine map and C' a convex set. Let u,v € f(C)and A € [0, 1].
There exist x,y € C with f(x) = u, f(y)=v. Hence (since C' is convex) A\x + (1 — Ny € C,
and

fOAx+(1=XNy)=b+AAx+ (1 = N)y)
=Ab+ (1 -AN)b+ AAx+ (1 - \)Ay
=Af(x) + (1 =Nf(y)
=Au+ (1 - \)v,

so Au+ (1 —A)v € f(C). This shows f(C) is convex.

(8) For some b and some matrix A we have T(x) = b + ax. We have b = T((0,0)) =
(1,1) while the columns of A are A((1,0)) = T'((1,0)) — b = (3,2) — (1,1) = (2,1) and
A((0,1)) =T((0,1)) = b =(2,4) — (1,1) = (1, 3). Therefore A = ﬁ al Since T"(x)

for all x, we have Jacobian Jr = det A = 5. We have H = T'([0,1]?), and for u € [0, 1%,
Ti(u) =14 2uy + ug, To(u) =1+ uy + 3uy. Hence

/mydajdy—//f)e“l 202 duyy dus
—/ (e — D)e " duy
0
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= 5(6 —1)(1 —e?).



(13) Let T be as in problem 12, so T'([0, 1]%) = Q¥ and Jp(u) = (1—uy ) 1 (1 —ug)k~2-- - (1—
ug—1). Then by Theorem 8.20,

/ it xk dx
Qk
= / T1 Tk( ) JT(U) du
0,1]

. r +.+rt+k—1_ 1o rg+..+rp+k—1 Tk—1 re+1 Tk
—/ 2R 002 (1 — )3Tk s (= o)™k dua

1 1
(/ 7'2+ Arpt+k—1 du ) . (/ qu 11(1 . 'U/kfl)rk+1 dukl)
0 0
| (/ i )
0

B (7"1!(7“2+ e+ k— 1)!) (rg!(T3+ e+ k— 2)!)
(ri1+..+rp+k)! (ro+..+ry+k—1)!

(et )

Many factorials cancel, leaving this equal to

rolrl e e+ D)1 _ rilrel - g Irg!
(ri+-+rm+k)! rm+1  (ri+-+r+ k)

(I) We have
Ji(p) = Jacobian of (®5(p), 3(p)) = Ni(p),
Jo(p) = Jacobian of (®3(p), P1(p)) = Na(p),
J3(p) = Jacobian of (®4(p), P2(p)) = N3(p),
and so

[or= [ (@@)10) + 2@E)L0) + LEE)LE)] &= [ 1@w)NE) .

with the first equality being just the definition of evaluating a differential form.
(IT) The wedge product is

wAW = (1129 + 23)25 dry Adry Adoy Adas Ados — 323 dog A dzy A doy A das A dos.
The permutation 41235 requires 3 interchanges, and the permutation 42135 requires 4, so

wAW = (x1x2x4 + x3x4 3:):4) dry A dzre A des A dzg N dxs.
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Next, dw has only one nonzero term:

dw = T179 + 23) dws A dry A dey A dog = 223 doy A dzy A das A day.

8x3(
(ITT) Suppose w = Y| fi(x) dz;. Using the change of variable t = ¢(s),dt = ¢'(s) ds and

the chain rule, we get
/ w = / Z Fi(v(0)i(t) dt

- / Z;fi(v(cp(S)))%(so(S))SO’(S) ds
:/abilfi(a(s))o/ 5) ds

_ / o, (1)

(IV) One choice is v(t) = (cost,sint), t € [0, 7]. This gives

/y dx:/ sint(—sint) dt = I
v 0 2



