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Chapter 10:

(16) Let 0i; = [P0y --s Di—1,Dis -s Dj—1, Pj+1, --, Pk) (the simplex with p;, p; missing.) Then

k
60’ — Z(_l)z[p(h «y Pi—15 Pi+1, "7pk]7
=0
k
820' = Z(—].)Z <Z U]z + Z . Ozg)
=0 i<t J>i

A given o0;; (= 0ji), say 094, appears once with ¢ = 2,j = 4 and once with j = 2,7 = 4,
giving a contribution of
(—1)20'24 + (-1)30'24 = 0.

Similarly we get, after switching the names of the indices in the second sum,

Fa= 3 T wz R

i= j<i 1>]
Z z+yaﬂ + Z z+g+1

(4,9):9<i (4,9):5<i

=0

For a chain ¥ = ®; + .. + ®,, we have 9*¥ = > 7| §?°®; so it’s enough to show 9?® = 0 for
all surfaces ® = T o o (where o is affine and 7" is C”, as in 10.30.) Then 0® = T'(0o) and
0*® = T(0%¢) = 0 since §%c = 0.

(20) Suppose ® is a k-surface of class C” in an open V C R", w is a (k — 1)-form of class C’
in V, and f is a C’' function on V. Then fw is a (k — 1)-form of class C' on V so by Stokes

Theorem and 10.20a,
/ fw:/d(fw):/df/\w+/fdw.
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(21)(a) For = Y92 e have

x2+y2
0 x 0 Y
dn=— | ——— ) de ANdy — — dy N\ d
g 6x(x2+y2) rAay dy (x2+y2) yrar
x+y2 . 21.2 $+y2 . 2y2
=—"——dz AN d ——dx N d
(22 + y2)?2 x Y+ (22 + y2)2 xr Y
= 0.

(b) For ®(t,u) = (1—u)'(t)+uy(t) (0 <t <2m,0 <u < 1) we have 0P = 1 +72+73+7
where
v :[0,27] — B, y(t) = ®(¢,0) =T'(2);

Y2 :[0,1] = E,  (u) = ®2m,u) = (1 —u)T'(0) + uy(0)
(which traces a line from I'(0) to ~v(0));
730 [0,27] = E,  73(t) + (271 —t,1) = v(27 — t);

V(0,1 = B, yu(u) = (0,1 —u) = ul'(0) + (1 — u)7(0).
Each ~; is the image of one side of the rectangle, going counterclockwise. Also 74 = —7, and
v3 = —7 (as surfaces), so
0= / dn
o

(d) In any open set where x # 0,

9 retan Y= L TV _ Y
Ox T 14 (3)2 2?2 2?4+ y?
‘ Y 1 1 T
—arctan® = ——— . - = ——
oy r 14 (E)Q r 2?2+ y?
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y):xdy—yd:v

d (arctan =
x x? + 52

Similarly, where y # 0,

x y dr —x dy
d|—arctan— | = —=—-——— =1
Y Tty
(24) Let w =), a;(x) dx; be a 1-form of class C” in E with dw = 0, and let p € E. Define
f(x) = f[pﬂ w, for x € E. By Stokes Theorem, for x # y and v(t) = (1 — t)x + ty,

0—/ dw—/ w—/ w—/ w—i—/
[p.x,y] ap,x,y] [p,x] [p,y] [x,y]

=760~ £+ [ D a0 dt = )+l [ o)
Taking y = x + he; we ge;

fly)—fx) [
T_/0 ai(x + the;) dt — a;(x) as h— 0,

since the; — 0 uniformly in ¢, as h — 0. Thus (D, f)(x) = a;(x), so w = df .

(25) It is enough to prove exactness separately in each connected component of E, so we
may assume F is connected. Fix p and x in E and let ~;,72 be any two C’ paths from p to
x. We assume these are parametrized by [0, 1] in such a way that +/(1) = 0. This ensures
that the path ~ obtained by following v, for p to x followed by ~5 backwards from x to p is
a C' closed curve, and hence by assumption

o fomf o]

It follows that we can define f(x) = fl“x w where T'y is any C’ path from p to x, since this
will not depend on the choice of I'y. A fixed x € F has a convex open neighborhood in F,
and for y € E we can take I'y to be a path from p to x followed by a straight line from x
to y. The proof in Exercise 24 then applies to show that w = df.

Note that in the case of E = R*\{0} we can take I'y to be any path not passing through
0, and there is always such a path consisting of at most two line segments. This means that
we really only need (1) for closed paths 7 consisting of at most 4 line segments, as we simply
require Iy to be a path of at most two line segments, in the definition of f(x).

(I) Let w = M dx + N dy, so dw = (%—JX - —> dx N dy. Therefore the following are

equivalent:



(i) the differential equation is exact;
(i) dw =

(iii) w is closed;

(V) w = dF for some F;

)
)
)
(iv) w is exact;
)
) w= 8Fda:—{—8de,

(vi

. 6F
(vii) M =9%E and N = 2F

Y
(IT) Define @ : [0, 1]> — R3 by ®(z,y) = (z,y, z* + y?). Let

Ji(z,y) = Jacobian of (y,z" 4+ y*) = det [4x3 2y] = —4z°,

1 0
J3(z,y) = Jacobian of (z,y) =det I = 1.

3
Jo(z,y) = Jacobian of (z* + y*, ) = det {495 29] 9y,

Then
1 1
/cu:/ / [w i (2, y) + yda(z,y) + (2 + 7)) Js(x,y)] da dy
b 0 0
1 1
:/ / [—4a* = 20" + 2" +y?] dx dy
0

1
dy
0




(IIT) Use Stokes Theorem: [(w = [ dw. We have dw = (yz + 2y + 1) dz A dy A dz so

2 4 gl
/dw:/ //(yz+2y+1)dzdydx.
E —2Jz2 JO

Now
! 22 's
/(y2+2y+1)d2=(y—+2y2+2) =5y+1
0 2 0 2
while . ,
5) 5) )
/x2(2y+ ) dy = (Y +y)m2 17—
i 2 2
1 224
do= [ (24— >2* —2%) dov = (240 — ~2° — —2%)| =",
E —2 4 3 9 3




