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(1) FIRST PROOF: Since X∗ is finite dimensional, it is isomorphic to its dual X∗∗, so X∗∗

is finite-dimensional. The map x 7→ x̂ is an isometry from X into X∗∗ so X is isometric to
a subspace of the finite dimensional space X∗∗. Therefore X is finite-dimensional.

SECOND PROOF: Suppose X is infinite dimensional. Then there exist linearly indepen-
dent vectors x1, x2, . . . in X. Fix n ≥ 1. By Theorem 5.8 there exist f1, . . . , fn ∈ X∗ with
fi(xj) = 0 for i, j ≤ n with j 6= i, and fi(xi) = 1 for i ≤ n. We claim these fi are linearly
independent. In fact, if

∑n
i=1 cifi = 0 then for each j we have 0 =

∑n
i=1 cifi(xj) = cj. Thus

the dimension of X∗ is at least n, for all n, so this dimension is infinite.

(2)(a) We have |f(x)| = |〈x, y〉| ≤ ‖x‖‖y‖ for all x, so ‖f‖ ≤ ‖y‖. In the other direction, if
f 6= 0 then y 6= 0 so ‖f‖ ≥ f(y/‖y‖) = 〈y, y〉/‖y‖ = ‖y‖. Thus ‖f‖ = ‖y‖.

(b) Let Ax(y) = B(x, y). From the definition of sesquilinear, Ax is linear. Also |Axy| =
|B(x, y)| ≤ M‖x‖‖y‖ for all y so ‖Ax‖ ≤ M‖x‖ < ∞. Therefore Ax is a bounded linear
functional, so there exists wx such that Axy = 〈y, wx〉 for all y and ‖wx‖ = ‖Ax‖ ≤ M‖x‖.
For x, v ∈ H and c a scalar we have for all y that

〈y, wcx+v〉 = Acx+vy = B(cx+ v, y) = c̄B(x, y)+B(v, y) = c̄〈y, wx〉+ 〈y, wv〉 = 〈y, cwx+wv〉,

so wcx+v = cwx + wv, meaning that the map Tx = wx is linear. As noted we have ‖wx‖ ≤
M‖x‖ so T is bounded. Therefore we have

B(x, y) = Ax(y) = 〈wx, y〉 = 〈Tx, y〉.

(3)(a) T ∗2 = (V −1)∗T ∗1 V
∗ = V T ∗1 V

−1 so T ∗2 T2 = V T ∗1 V
−1 · V T1V

−1 = V T ∗1 T1V
−1 =

V T1T
∗
1 V
−1 = V T1V

−1 · V T ∗1 V −1 = T2T
∗
2 . Thus T2 is normal.

(b) We have λ /∈ Spec(Ti) if and only if Ti − λI has an inverse S defined on all of Hi.
(Note having the inverse defined on all of Hi means the range of Ti − λI is all of Hi.) Now

T2 − λI has inverse S ⇐⇒ (T2 − λI)S = S(T2 − λI) = I

⇐⇒ V −1(T2 − λI)V · V −1SV = V −1SV · V −1(T2 − λI)V = I

⇐⇒ V −1(T2 − λI)V has inverse V −1SV

⇐⇒ T1 − λI has inverse V −1SV.

Thus T2−λI is invertible if and only if T1−λI is invertible, so they have the same spectrum.
(c) For p(z, z̄) a polynomial, let Si(p) = 〈p(Ti, T ∗i )xi, xi〉. From the proof of the Spec-

tral Theorem, Si determines µi, so it is enough to show S1 = S2. We have p(T2, T
∗
2 ) =

1



V p(T1, T
∗
1 )V −1 so

S1(p) = 〈p(t1, T ∗1 )x1, x1〉 = 〈V −1p(T2, T
∗
2 )V x1, x1〉 = 〈p(t2, T ∗2 )V x1, V x1〉

By taking x2 = V x1 we thus get S1 = S2 so µ1 = µ2 (call the common value µ.)
(d) We claim that E2(A) = V E1(A)V −1 for all A. For i = 1, 2 there is an isometry

Ui from L2(K,µ) onto Hi such that for φ the identity on K, Ei(A) = UiMχA◦φU
−1
i . For

polynomials p(z, z̄), Ui is given by Ui(p) = p(Ti, T
∗
i )xi, so

U2(p) = p(T2, T
∗
2 )x2 = V p(T1, T

∗
1 )V −1V x1 = V p(T1, T

∗
1 )x1 = V U1(p),

and since such polynomials are dense in L2(K,µ), we have U2 = V U1. Therefore V = U2U
−1
1

and
E1(A) = U1MχA◦φU

−1
1 = U1U

−1
2 E2(A)U2U

−1
1 = V −1E2(A)V.

(4)(a) Changing variable, x to −x, in the first integral gives

T (ϕ) = lim
ε→0

∫ ∞
ε

1

x
[ϕ(x)− ϕ(−x)] dx.

Now | 1
x

[ϕ(x)− ϕ(−x)] | ≤ 2‖ϕ′‖∞, so the integrand is bounded on (0,∞), and it is 0 outside
some compact interval. Therefore the limit exists and

T (ϕ) =

∫
(0,∞)

1

x
[ϕ(x)− ϕ(−x)] dx.

(b) Clearly T is linear, so we show it’s continuous. Suppose ϕn → ϕ in D(R). Then
there exist N and A such that supp(ϕn) ⊂ [−A,A] for all n ≥ N , and ϕ and all derivatives
converge uniformly on [−A,A]. Therefore there exists M <∞ such that ‖ϕ′n‖∞ ≤M for all
n ≥ N . Therefore∣∣∣∣1x [ϕn(x)− ϕn(−x)]

∣∣∣∣ ≤ 2‖ϕ′n‖∞ ≤M for all n ≥ N, x ∈ (0, A].

Therefore by bounded convergence we have

T (ϕn) =

∫
(0,A]

1

x
[ϕn(x)− ϕn(−x)] dx→ T (ϕ).

(c) Choose A so supp(ϕ) ⊂ [−A,A]. Let ψ(x) = ϕ(x)− xϕ′(0)− ϕ(0). Then

ψ′(x)− ψ′(−x) = ϕ′(x)− ϕ′(−x),
ψ(x) + ψ(−x)

x2
→ ϕ′′(0) as x→ 0,

2



ψ(x) + ψ(−x) = −2ϕ(0) for |x| ≥ A.

Therefore all integrals are well-defined in the following computation:

(∂T )(ϕ) = −T (ϕ′)

= −
∫ ∞

0

1

x
[ϕ′(x)− ϕ′(−x)] dx

= −
∫ ∞

0

1

x
[ψ′(x)− ψ′(−x)] dx

=
1

x
[ψ(x) + ψ(−x)]

∣∣∣∣∞
0

−
∫ ∞

0

1

x2
[ψ(x) + ψ(−x)] dx

= −
∫ ∞

0

1

x2
[ψ(x) + ψ(−x)] dx

= −
∫ ∞

0

ϕ(x) + ϕ(−x)− 2ϕ(0)

x2
dx.
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