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Abstract

Alizadeh, Brandt, and Diebold [2002. Journal of Finance 57, 1047-1091] propose estimating stochastic
volatility models by quasi-maximum likelihood using data on the daily range of the log asset price process.
We suggest a related Bayesian procedure that delivers exact likelihood based inferences. Our approach alsc
incorporates data on the daily return and accommodates a nonzero drift. We illustrate through a Monte Carlo
experiment that quasi-maximum likelihood using range data alone is remarkably close to exact likelihood
based inferences using both range and return data.
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1. Introduction

Alizadeh, Brandt and Diebold (ABD, 200pyopose estimating stochastic volatility models
by quasi-maximum likelihood using data on the daily range of the log asset price process. Their
procedure is simple yet highly efficient, compared to standard daily return-based inferences, for
two reasons. First, the daily range is a much less noisy measure of daily volatility than absolute or
squared daily returns (s&arkinson, 1980andAndersen and Bollerslev, 1998Second, ABD
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demonstrate that the distribution of the log range is close to being Gaussian, which results in
fairly accurate Kalman filter based quasi-maximum likelihood estimates.
We address three open issues in ABD’s range-based estimation approach:

(1) the use of an approximate as opposed to exact likelihood function,

(2) the use of only daily range data when daily return data are also readily available, and

(3) the assumption of a zero drift of the log asset price process to derive the distribution of the
log range.

We accomplish this by developing a closely related Bayesian procedure based on the exact joint
distribution of the daily log range and log return, relying heavily on the simulation-based tech-
nigues introduced byacquier, Polson and Rossi (JPR, 1994)

We implement our procedure in the context of a Monte Carlo experiment to examine the ex-
tent to which exact likelihood inferences based on both range and return data dominates ABD’s
approximate likelihood approach based on range data alone. We find that the gains in efficiency
are minimal. Our results confirm ABD’s conjecture that the distribution of the log range is suf-
ficiently close to being Gaussian to deliver virtually exact maximum likelihood estimates. They
also suggest that, at least in the absence of a drift, absolute or squared daily returns contain little
information not already revealed through the daily range.

2. Modd

Consider the following stylized stochastic volatility model:

dS;
T

dinhy =k(nh —Inh)dt + BdW),. (1)

=pudt +h;dWse,

In this model, the log volatility Ik, evolves as a mean-reverting Ornstein—Uhlenbeck process
with mean Inz and mean reversion parameter- 0. The two Brownian motions are assumed
independent.

Since we observe stock prices at discrete timed0, 1, 2,..., T}, we discretize the model
by assuming that the return volatility is constantiatover the intervak — 1 < t < ¢. Within
each interval, the stock price then follows a standard geometric Brownian motion:

dS;
St

and the conditional distribution of log volatility from one discrete interval to the next is approxi-
mately:

=udt+h;dWg, fort—1<1t<t, (2)

InA, [Ink,—1~N[Ink,_1+k(nk —Inh,_7), B?]. (3)

This discretization of the continuous time stochastic volatility model is not original. It is
shared byABD (2002), Duffie and Singleton (1993%allant et al. (1997)Harvey et al. (1994)
Jacquier et al. (1994Kim et al. (1998) andTaylor (1994) among others. Like us, these authors
assume that for discrete time periods the volatility is constant and that from one period to the
next the log volatility is conditionally normal and mean reverting.
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Fort —1<t <1t letx; =InS; —InS;_1, so thatx, is the log return for the period ending at
timer. Define therange D, as

D;= max x;— min x;. (4)
1—1<r <t t—1<t<t

Under the assumption that is a martingale, ABD derive the density functionfof and illustrate
that it is approximately lognormal.

Our approach differs from that of ABD in that we focus on jbiat distribution ofx, and D,
and in that we allow for a nonzero drift . The drift is assumed to be constant and is denoted
by a.

We decompose the joint distribution of the range and return as

p(Dy,xi la,hy) =px; la, h)p(D; | x;,a, hy). %)

The first term on the right is Gaussian and is therefore trivial to evaluate. The second term, the
density of the range conditional on the contemporaneous return, is nonstandard and is derived in
Appendix A The appendix further shows thatD; | x;, a, h;) is in fact independent af.

3. Econometric method

We rewrite the discretized volatility model in more familiar notatioh as

|nh,=a+5|nh,_1+avt. (6)

We will assume that we have diffuse prior information about the parameters of the stochastic
volatility process, meaning

1
p(a’s’a)O(;]-OZ(_T' (7)

The lower bound o is set to a small positive number and is required to insure proper poste-
riors (seeJohannes and Polson, 2006 practice, as long as the algorithm is initialized with a
reasonable value af, the bound is never hit.

We analyze this model followingianner and Wong's (198 frinciple of data augmentation.
In this framework, we calculate the posterior distribution of the model parameters numerically
using Markov chain Monte Carlo methods, in which a Markov chain is constructed to generate
the posterior as its invariant distribution. By generating a sufficiently long chain, the posterior
distribution may be characterized with arbitrary precision.

The chain is constructed by alternatively drawing latent data (in this casg,rétern volatil-
ities) given the model parameters and drawing model parameters given latent data.

Given latent volatilities, drawing the model parameters in this case is simple, since the setup
conforms to the standard Gaussian linear regression framework. Parameter draws are based ol
standard OLS estimate®, §, andé . Specifically,o is drawn from the inverted gamma distrib-

ution |G(=z2—, I31). Given the draw of, the distribution of«, 81 is bivariate normal with
62(T-3) 2

mean[&, 8]’ and covariance matrix(H'H)~1, whereH is a(T — 1) x 2 matrix whoseth row
is equal to[1, InA,].

1 Other studies, such as JPR, equivalently choose to model the log variance process.
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The draw of the latent volatility path is more complicated because it is from a nonstandard
distribution. In addition, the high dimensionality of the latent data makes the application of stan-
dard random number generation methods difficult. We therefore adapt the approach of JPR and
decompose the multivariate draw into a sequence of univariate draws.

Rather than drawing thie vector all at once, we instead draw each elenkgmonditional on
the rest of the vector (denotéd,). Since this draw is also conditional on the current draw of the
parameter vector (denotédor shorthand), we can write our “target density” as

Sithy) =p(hy |h—,x,D,0), 8

wherex and D denote the time series of returns and log ranges.
The Markovian nature of the process greatly reduces the relevant conditioning set, so that the
density may be written as

ft(ht) =p(hy | hea, ht—i—la xt, Dy, 0). (9)

As in JPR, we “cycle” through thé vector drawing a new value to replace the old for each
At the end of each full cycle, a new draw from the parameter vector's conditional distribution
replaces the previous draw.

Using Bayes rule, we can decompose the target distribution into the product of some simpler
kernels:

fithe) =p(hy | hi—1, hyqa, x4, Dy, 0)
o p(hs | hi—1,0)p(hig1 | he, ) p (s | he, O)p(Dy | By, x5, 6)

1 1/Ink —m1\2) 1 1/x\?
—expy— = ———— ) (—expl—= (" Dy | ey x1), 10
X I, Xp{ 2( 51 ) I, Xp 2<ht) p(Dy | by, xp) (10)
where
a(l—-8)+8(Unhy1+1Inh,_1) 2 o2
= and =— 11
" 1+ 42 51 1+ 82 (11)

result from completing the square of the first two lognormal kernels.

Because this is the density of a nonstandard distribution, we perform draws from it using the
Metropolis—Hastings algorithm. We therefore form what JPR term a “cyclic Metropolis chain.”

Since the Metropolis algorithm is an accept/reject procedure, we must select a proposal den-
sity to generate candidate values/of Ideally, this proposal density should approximate the
target density closely. To the extent that the two differ, the proposal density should “blanket”
the target, meaning that it sufficiently often generates candidate values that are in the tails of the
target distribution. If the blanketing is poor or if it is excessive (too many draws in the tail of the
target), then the convergence of the chain may be slow.

As a proposal density we use an approximation 6f; | h;_1, h;11, D, 0). Because we do
not condition ony;, the proposal density should on average have a higher variance than the target
density. This could potentially result in a slow-mixing chain, but it is otherwise unproblematic.
In any case, sincg, contains relatively little information abodt when compared witlD;, this
effect will prove to be minor and of no real concern.

We approximate the densipy(h; | hy—1, h 41, Dy, 6) by first decomposing it, as we did with
the target density, into the product of simpler kernels, or

phe 1 hy—1, hey1, D, 0) < p(hy | hi—1,0) p(hisa | he, O) p(Dy | By, 0), (12)
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wherep(h; | hy—1,0) and p(h,41 | hy, 6) are lognormal densities fdr; andh, 1, respectively.
The third kernelp(D; | h;, 9), is of a nonstandard distribution. ABD show, however, thats
approximately lognormal with mean i + 0.43 and standard deviation2® 2

Letting p*(Dy | k¢, 0) denote this approximate lognormal distribution 0y, our proposal
density is

fp(hz) & p(hy | hi—) p(hir1 | he) p™(Dy | hy)
N Ink, —m1\?2) 1 exol 1 InD, —0.43—Inh, \?
ht P 2 S1 D; P 2 0.29

1eX 1/Inh, —m1\? ox 1/Inh, —mp\?
d_ —_—— —_— [ —_—
n P T2\ T R 2\"%

1 1/Inh, —m\?
—expl—=(—— ) . 13
(X hy P 2( s ) } (13)
wherem ands; are the same as beforep; =In D, + 0.43, 50 =0.29,
-2 -2
1
mzw and s= —— . (14)

-2 -2
N ) [.—2 -2
1 2 Sq + Sy

In summary, the proposal density flor is lognormal with mean parameterand variance para-
meters2. Furthermore, the density does not depend on the previous draw of

The Metropolis—Hastings algorithm dictates that the probability of replacing the old/graw
with the candidate draw; is equal to

min[ft(h?)fp(ht),l}' (15)
Ji(he) fp(hi)

If the draw is not accepted, the new valud:pfs set equal to the previous draw. Draws performed
in this way, when combined with draws from the conditional distributio ef [«, §, o], pro-
duce a Markov chain whose invariant distribution is the joint distributiof ahd/.

Exceptions to this procedure occur for the draws of the first and last values of the volatility
processhi andhy. For hy, the draw is the same, except that the conditioning variable
no longer exists. Fok1, the conditioning variablég does not exist. We will assume, however,
that the process has been running for a sufficient period prior to the beginning of our sample so
that the valuer; is distributed according to the stationary distribution of the process, if such a
distribution existsAppendix Bdetails these variations of the procedure.

4. Monte Carloresults

Here we present simulation evidence to compare our approach with those of both ABD and
JPR. Parameter values are from JPR, where we consider three sets of parameters correspondin
to their “intermediate” case for the coefficient of variation/gf Under these parameters, we
simulate volatility paths:, of length 500 according t¢6). Within each period, we simulate

2 |n fact, the skewness and kurtosis of the true density are slightly lower than those of the lognormal. The approximate
density should therefore be expected to perform well in “blanketing” the target density, which should help avoid the
slow-mixing problem identified bivlengersen and Tweedie (1996)
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Brownian motion with mean zero and volatility by discretizing the interval into 1000 sub-
periods. The range and return are computed for each period from these simulated values.

We generate 5000 Monte Carlo samples for both the method outlined in S&ctind a
Bayesian version of the method presented in ABD. The two approaches are identical except that
the ABD method replaces the true likelihood for b@handx; with the approximate lognormal
likelihood for D; only. Thus, the ABD approach differs both because it uses an approximation
and because it does not use returns data.

For each sample, we run the Gibbs sampler for 11,000 iterations and discard the first 1000.
The remaining draws are averaged to compute posterior means, and these estimates are used to
compute the means and root mean squared errors repoifalll Results for the return-based
estimates are taken directly from JPR, where we have halved their reported numbeas éor
since we are working with a log volatility rather than log variance model.

The results illustrate the benefits of using the range, particularly for estimating the volatility
of volatility parameter . For this parameter, the RMSEs of the two range-based estimators is
approximately half as large as those for the JPR approach in all three cases. For the other two
parameters, the improvement is limited to the low and medium persistence cases. For the high
persistence case, the range-based estimatesiofis are actually less precise (both more biased
and variable) than the return based estimates.

Intuitively, and as ABD illustrate, the improvement for estimating the volatility of volatility
parametelr comes from the fact that the higher signal to noise ratio of the range allows the
range-based estimators to better differentiate noise in the volatility proxy from fluctuations in
volatility. The more volatility fluctuates, or the lower the persistence of volatility, the greater
is the potential benefit from range-based volatility estimation. The improved precisian for

Table 1

Monte Carlo simulation results

Low persistence Medium persistence High persistence

o 8 o o $ o o $ o

True parameter values

—0.368 Q900 Q182 —0.184 Q950 Q0130 —0.074 0980 0083
Return-based estimates (from JPR)
—0.435 0880 Q175 —0.280 Q920 Q0140 —0.110 Q970 0115
(0.170 (0.046 (0.039 (0.170 (0.046 (0.033 (0.070 (0.020 (0.040
Range-based estimates using ABD method
—0.429 0884 Q187 —0.238 0936 Q0135 -0.122 Q967 Q088
(0.122 (0.033 (0.018 (0.097 (0.026 (0.015 (0.079 (0.02) (0.013
Range and return-based estimates using exact likelihood
—0.437 0882 Q0190 —0.242 0935 Q137 -0.124 Q967 0089
(0.125 (0.033 (0.019 (0.099 (0.026) (0.015 (0.080 (0.02) (0.012

Notes. The table reports means and root mean squared errors (in parentheses) for three separate Monte Carlo exercises.
Return-based estimates are values taken from JPR. Since their model is written in terms of log variance, we divide their
o ando parameters by two for comparison with our results, which are in terms of log volatility. The final two sets of
results are each based on our own calculations, where each statistic is computed from 5000 Monte Carlo simulations. In
every case, volatility time series are generated using the parameters reported in the top row, and intraday price paths are
then simulated conditional on those volatilities using the Euler discretization with 1000 time steps per day. Range-based
estimates use the approach of ABD, which relies on a Gaussian approximation of the density of the log range. Range
and return-based estimates use the Bayesian method developed in this paper, which differs from the ABD approach both
because it incorporates returns data and because it uses the exact likelihood function.



M.W. Brandt, C.S. Jones/ Finance Research Letters 2 (2005) 201-209 207

and$ are a by-product of estimating more precisely (sincé ando are linked through the
unconditional volatility of volatility). It appears from our results that for the high persistence
case this indirect effect on the estimatesxofnds is swamped by other differences between

the estimators. For example, JPR use loose but proper conjugate priors while we use improper
diffuse priors. Although the effects of this difference should be very minor, it could explain the
results fore ands in the high-persistence case.

Finally, the results suggest that little is to be gained from using the exact likelihood of the
range and return data relative to the approximate likelihood of the range data alone employed
by ABD. One caveat here is that we simulated log prices by assuming a zero drift in order to be
consistent with JPR and ABD. In a situation where the drift is likely to be large, such as with
alternative asset classes, our new method may prove more useful since it is able to account for
nonzero drift without difficulty.
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Appendix A. Conditional distributions of therange

Consider a driftless Brownian motian with volatility 4 over the intervat < [0, 1]. We want

ProdD e€dD, x1 €dx | h], (A1)
whereD =M —m and
M= max x., m= min x;. (A.2)
=1t <t t—1<r<t

Assumexg = 0, so thatx1 can be interpreted as a log return.
Decompose the joint density:

Prof(M —m) € dD, x1 €dx | h]

= Prol{x1 € dx | h] x Prod(M —m) €dD | x1 =X, h]. (A.3)
—_—
Py Py

The densityP; is just Gaussian. The joint density &f andm is
ProdM € dv, m € —du | x1 =X, h]
_ 3 %2[(21«(” +9 —9? 1]¢(%)
k=0 ¢(%)
o i 4k(1;12— 1) [(Zk(u + v)h;r;z —20)% 1}¢(%)
¢(%)

(A.4)

k=—o00

A change of variable yields the densifg:
Prof(M —m) €dD | |x1| = |X|, h]
0o 42 =n2 2%D—|%|
_y g[@w 1) _1}¢( 7 )(D—m)

- h? h2

k=—o00
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* 2k(k —1) (BB
3 T(21<D—|x|)¥
k=—00 ¢(7)
) Zk(k—l) ) d’ 2(k—1)D+|x|
_...kg T(Z(k—l)D+|x|)(¢¢ —) (A.5)

for D > |x|, wheres (z) = exp(—z2/2) /v/ 2.

Finally, we note that the zero drift assumption was unnecessary, as the conditional density of
the range given the contemporaneous return does not depend on the drift of the process. Only the
Gaussian compone®y depends on the drift of, and that is in the obvious way.

To see the drift independence bf assume instead that had drifta. Thenif O< 7 < 1:

B CH )]

The conditional distribution ok, given x; has mearut + 7(x1 — a) = tx1 and variance
o2(t — 12). Thus, the marginal distribution of. is independent of.

For 0< 11 < 2 < 1, the covariance between, andx., is also independent af simply
because the conditional covariance of a multivariate normal is never a function of its mean.
Thus, the entirepath of x,; between 0 and 1 is independentwoéfter conditioning onx1, which
means thaD is independent of as well.

Appendix B. Drawing latent volatility for t=1and ¢t =T

The proposal and target densities presented in Se2tionst be modified to draw the first
and last values of the latent volatility process.

For the final period volatilitys 7, the target density is somewhat simpler due to the lack of a
subsequent period. For this value, the target density becomes

Sfr(ht) = p(hr | hr—1, x7, DT)
o« plhr | hr—)pxr | hr) p(DT | AT, XT)
1 1/Inhr —m1\?) 1 1/ xr\?
—expl —( —— —exp{ —=| — Dr | hr, , B.1
x D{ 2( o ) I M3 hT) p(Dr | hr, xT) (B.1)
where now

mi=a+d8Inhr_1 and s%:oz. (B.2)
As before, the proposal density used is a lognormal with mean and standard deviation para-
meters

-2 -2
s 1
m= masy ~ ¥ m2sy” and s= ——— (B.3)

-2 -2 ’
s, "+ [.—2 -2
1 2 51 + Sy

wherem ands; are the same as before.

Similarly, the target density for initial volatility;1, reflects the fact that there is no preceding
volatility. If the volatility process is stationary, however, then the drawioshould be consistent
with the stationary distribution, which is lognormal. We therefore write the target density as the
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product of the unconditional density and some more familiar terms:

f1th1) = p(h1 | h2, x1, D1)
x p(h))ph2 | h) p(x1 | h1) p(D1 | h1, x1)

aiexp{_}<w>z}iex {_}('nhz—a—élnhl>2}
o2\ vime ) e 2 -

! ex 1(x ’ (D1 h )
X — —=| —
h1 P 2\ h1 P&, X1

1 1/Inhy —my1\?)] 1 1/x1\?
« h—lexp{—é(#) }h—lexp{—§<h—i) }P(D1|h1»x1), (B.4)
where
a(1—=38)+8(nh; 1 +Inh,_1) o2
mi1 = 1+82 and S]Z_: m (B5)

Again, given the previous definitions ef, ands», the proposal density is lognormal with
mean and standard deviation parameters

142
m:%—i—&(lnhz—a) and s=o. (B.6)
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