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Abstract

Alizadeh, Brandt, and Diebold [2002. Journal of Finance 57, 1047–1091] propose estimating sto
volatility models by quasi-maximum likelihood using data on the daily range of the log asset price pr
We suggest a related Bayesian procedure that delivers exact likelihood based inferences. Our appr
incorporates data on the daily return and accommodates a nonzero drift. We illustrate through a Mon
experiment that quasi-maximum likelihood using range data alone is remarkably close to exact lik
based inferences using both range and return data.
 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Alizadeh, Brandt and Diebold (ABD, 2002)propose estimating stochastic volatility mod
by quasi-maximum likelihood using data on the daily range of the log asset price process
procedure is simple yet highly efficient, compared to standard daily return-based inferenc
two reasons. First, the daily range is a much less noisy measure of daily volatility than abso
squared daily returns (seeParkinson, 1980, andAndersen and Bollerslev, 1998). Second, ABD
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demonstrate that the distribution of the log range is close to being Gaussian, which res
fairly accurate Kalman filter based quasi-maximum likelihood estimates.

We address three open issues in ABD’s range-based estimation approach:

(1) the use of an approximate as opposed to exact likelihood function,
(2) the use of only daily range data when daily return data are also readily available, and
(3) the assumption of a zero drift of the log asset price process to derive the distribution

log range.

We accomplish this by developing a closely related Bayesian procedure based on the ex
distribution of the daily log range and log return, relying heavily on the simulation-based
niques introduced byJacquier, Polson and Rossi (JPR, 1994).

We implement our procedure in the context of a Monte Carlo experiment to examine t
tent to which exact likelihood inferences based on both range and return data dominates
approximate likelihood approach based on range data alone. We find that the gains in ef
are minimal. Our results confirm ABD’s conjecture that the distribution of the log range is
ficiently close to being Gaussian to deliver virtually exact maximum likelihood estimates.
also suggest that, at least in the absence of a drift, absolute or squared daily returns cont
information not already revealed through the daily range.

2. Model

Consider the following stylized stochastic volatility model:

dSτ

Sτ

= µdτ + hτ dWSτ ,

(1)d lnhτ = κ(ln h̄ − lnhτ ) dτ + β dWhτ .

In this model, the log volatility lnhτ evolves as a mean-reverting Ornstein–Uhlenbeck pro
with mean lnh̄ and mean reversion parameterκ > 0. The two Brownian motions are assum
independent.

Since we observe stock prices at discrete timest ∈ {0,1,2, . . . , T }, we discretize the mode
by assuming that the return volatility is constant atht over the intervalt − 1 < τ � t . Within
each interval, the stock price then follows a standard geometric Brownian motion:

(2)
dSτ

Sτ

= µdτ + ht dWSτ for t − 1< τ � t,

and the conditional distribution of log volatility from one discrete interval to the next is app
mately:

(3)lnht | lnht−1 ∼ N
[
lnht−1 + κ(ln h̄ − lnht−1), β

2].
This discretization of the continuous time stochastic volatility model is not original.

shared byABD (2002), Duffie and Singleton (1993), Gallant et al. (1997), Harvey et al. (1994),
Jacquier et al. (1994), Kim et al. (1998), andTaylor (1994), among others. Like us, these auth
assume that for discrete time periods the volatility is constant and that from one period
next the log volatility is conditionally normal and mean reverting.
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For t − 1� τ � t , let xτ = lnSτ − lnSt−1, so thatxt is the log return for the period ending
time t . Define therange Dt as

(4)Dt = max
t−1�τ�t

xτ − min
t−1�τ�t

xτ .

Under the assumption thatxτ is a martingale, ABD derive the density function ofDt and illustrate
that it is approximately lognormal.

Our approach differs from that of ABD in that we focus on thejoint distribution ofxτ andDτ

and in that we allow for a nonzero drift inxτ . The drift is assumed to be constant and is deno
by a.

We decompose the joint distribution of the range and return as

(5)p(Dt , xt | a,ht ) = p(xt | a,ht )p(Dt | xt , a,ht ).

The first term on the right is Gaussian and is therefore trivial to evaluate. The second te
density of the range conditional on the contemporaneous return, is nonstandard and is de
Appendix A. The appendix further shows thatp(Dt | xt , a,ht ) is in fact independent ofa.

3. Econometric method

We rewrite the discretized volatility model in more familiar notation as1

(6)lnht = α + δ lnht−1 + σνt .

We will assume that we have diffuse prior information about the parameters of the stoc
volatility process, meaning

(7)p(α, δ, σ ) ∝ 1

σ
1σ�σ̄ .

The lower bound onσ is set to a small positive number and is required to insure proper p
riors (seeJohannes and Polson, 2005). In practice, as long as the algorithm is initialized with
reasonable value ofσ , the bound is never hit.

We analyze this model followingTanner and Wong’s (1987)principle of data augmentation
In this framework, we calculate the posterior distribution of the model parameters nume
using Markov chain Monte Carlo methods, in which a Markov chain is constructed to ge
the posterior as its invariant distribution. By generating a sufficiently long chain, the pos
distribution may be characterized with arbitrary precision.

The chain is constructed by alternatively drawing latent data (in this case, theT return volatil-
ities) given the model parameters and drawing model parameters given latent data.

Given latent volatilities, drawing the model parameters in this case is simple, since the
conforms to the standard Gaussian linear regression framework. Parameter draws are b
standard OLS estimates,α̂, δ̂, andσ̂ . Specifically,σ is drawn from the inverted gamma distri
ution IG

( 2
σ̂2(T −3)

, T −1
2

)
. Given the draw ofσ , the distribution of[α, δ]′ is bivariate normal with

mean[α̂, δ̂]′ and covariance matrixσ(H ′H)−1, whereH is a(T − 1) × 2 matrix whoset th row
is equal to[1, lnht ].

1 Other studies, such as JPR, equivalently choose to model the log variance process.
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The draw of the latent volatility path is more complicated because it is from a nonsta
distribution. In addition, the high dimensionality of the latent data makes the application o
dard random number generation methods difficult. We therefore adapt the approach of J
decompose the multivariate draw into a sequence of univariate draws.

Rather than drawing theh vector all at once, we instead draw each elementht conditional on
the rest of the vector (denotedh−t ). Since this draw is also conditional on the current draw of
parameter vector (denotedθ for shorthand), we can write our “target density” as

(8)ft (ht ) = p(ht | h−t , x,D, θ),

wherex andD denote the time series of returns and log ranges.
The Markovian nature of the process greatly reduces the relevant conditioning set, so

density may be written as

(9)ft (ht ) = p(ht | ht−1, ht+1, xt ,Dt , θ).

As in JPR, we “cycle” through theh vector drawing a new value to replace the old for eact .
At the end of each full cycle, a new draw from the parameter vector’s conditional distrib
replaces the previous draw.

Using Bayes rule, we can decompose the target distribution into the product of some s
kernels:

ft (ht ) = p(ht | ht−1, ht+1, xt ,Dt , θ)

∝ p(ht | ht−1, θ)p(ht+1 | ht , θ)p(xt | ht , θ)p(Dt | ht , xt , θ)

(10)∝ 1

ht

exp

{
−1

2

(
lnht − m1

s1

)2} 1

ht

exp

{
−1

2

(
xt

ht

)2}
p(Dt | ht , xt ),

where

(11)m1 = α(1− δ) + δ(lnht+1 + lnht−1)

1+ δ2
and s2

1 = σ 2

1+ δ2

result from completing the square of the first two lognormal kernels.
Because this is the density of a nonstandard distribution, we perform draws from it usi

Metropolis–Hastings algorithm. We therefore form what JPR term a “cyclic Metropolis cha
Since the Metropolis algorithm is an accept/reject procedure, we must select a propos

sity to generate candidate values ofht . Ideally, this proposal density should approximate
target density closely. To the extent that the two differ, the proposal density should “bla
the target, meaning that it sufficiently often generates candidate values that are in the tail
target distribution. If the blanketing is poor or if it is excessive (too many draws in the tail o
target), then the convergence of the chain may be slow.

As a proposal density we use an approximation ofp(ht | ht−1, ht+1,Dt , θ). Because we do
not condition onxt , the proposal density should on average have a higher variance than the
density. This could potentially result in a slow-mixing chain, but it is otherwise unproblem
In any case, sincext contains relatively little information aboutht when compared withDt , this
effect will prove to be minor and of no real concern.

We approximate the densityp(ht | ht−1, ht+1,Dt , θ) by first decomposing it, as we did wit
the target density, into the product of simpler kernels, or

(12)p(ht | ht−1, ht+1,Dt , θ) ∝ p(ht | ht−1, θ)p(ht+1 | ht , θ)p(Dt | ht , θ),
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wherep(ht | ht−1, θ) andp(ht+1 | ht , θ) are lognormal densities forht andht+1, respectively.
The third kernel,p(Dt | ht , θ), is of a nonstandard distribution. ABD show, however, thatDt is
approximately lognormal with mean lnht + 0.43 and standard deviation 0.29.2

Letting p∗(Dt | ht , θ) denote this approximate lognormal distribution forDt , our proposa
density is

fp(ht ) ∝ p(ht | ht−1)p(ht+1 | ht )p
∗(Dt | ht )

∝ 1

ht

exp

{
−1

2

(
lnht − m1

s1

)2} 1

Dt

exp

{
−1

2

(
lnDt − 0.43− lnht

0.29

)2}

∝ 1

ht

exp

{
−1

2

(
lnht − m1

s1

)2}
exp

{
−1

2

(
lnht − m2

s2

)2}

(13)∝ 1

ht

exp

{
−1

2

(
lnht − m

s

)2}
,

wherem1 ands1 are the same as before,m2 = lnDt + 0.43, s2 = 0.29,

(14)m = m1s
−2
1 + m2s

−2
2

s−2
1 + s−2

2

and s = 1√
s−2
1 + s−2

2

.

In summary, the proposal density forht is lognormal with mean parameterm and variance para
meters2. Furthermore, the density does not depend on the previous draw ofht .

The Metropolis–Hastings algorithm dictates that the probability of replacing the old draht

with the candidate drawh∗
t is equal to

(15)min

[
ft (h

∗
t )fp(ht )

ft (ht )fp(h∗
t )

,1

]
.

If the draw is not accepted, the new value ofht is set equal to the previous draw. Draws perform
in this way, when combined with draws from the conditional distribution ofθ = [α, δ, σ ], pro-
duce a Markov chain whose invariant distribution is the joint distribution ofθ andh.

Exceptions to this procedure occur for the draws of the first and last values of the vo
process,h1 andhT . For hT , the draw is the same, except that the conditioning variablehT +1
no longer exists. Forh1, the conditioning variableh0 does not exist. We will assume, howev
that the process has been running for a sufficient period prior to the beginning of our sam
that the valueh1 is distributed according to the stationary distribution of the process, if su
distribution exists.Appendix Bdetails these variations of the procedure.

4. Monte Carlo results

Here we present simulation evidence to compare our approach with those of both AB
JPR. Parameter values are from JPR, where we consider three sets of parameters corre
to their “intermediate” case for the coefficient of variation ofht . Under these parameters, w
simulate volatility pathsht of length 500 according to(6). Within each period, we simulat

2 In fact, the skewness and kurtosis of the true density are slightly lower than those of the lognormal. The appr
density should therefore be expected to perform well in “blanketing” the target density, which should help av
slow-mixing problem identified byMengersen and Tweedie (1996).
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Brownian motion with mean zero and volatilityht by discretizing the interval into 1000 su
periods. The range and return are computed for each period from these simulated values

We generate 5000 Monte Carlo samples for both the method outlined in Section3 and a
Bayesian version of the method presented in ABD. The two approaches are identical exc
the ABD method replaces the true likelihood for bothDt andxt with the approximate lognorma
likelihood for Dt only. Thus, the ABD approach differs both because it uses an approxim
and because it does not use returns data.

For each sample, we run the Gibbs sampler for 11,000 iterations and discard the firs
The remaining draws are averaged to compute posterior means, and these estimates ar
compute the means and root mean squared errors reported inTable 1. Results for the return-base
estimates are taken directly from JPR, where we have halved their reported numbers forα andσ

since we are working with a log volatility rather than log variance model.
The results illustrate the benefits of using the range, particularly for estimating the vo

of volatility parameterσ . For this parameter, the RMSEs of the two range-based estimat
approximately half as large as those for the JPR approach in all three cases. For the ot
parameters, the improvement is limited to the low and medium persistence cases. For t
persistence case, the range-based estimates ofα andδ are actually less precise (both more bia
and variable) than the return based estimates.

Intuitively, and as ABD illustrate, the improvement for estimating the volatility of volat
parameterσ comes from the fact that the higher signal to noise ratio of the range allow
range-based estimators to better differentiate noise in the volatility proxy from fluctuatio
volatility. The more volatility fluctuates, or the lower the persistence of volatility, the gre
is the potential benefit from range-based volatility estimation. The improved precisionα

Table 1
Monte Carlo simulation results

Low persistence Medium persistence High persistence

α δ σ α δ σ α δ σ

True parameter values
−0.368 0.900 0.182 −0.184 0.950 0.130 −0.074 0.980 0.083

Return-based estimates (from JPR)
−0.435 0.880 0.175 −0.280 0.920 0.140 −0.110 0.970 0.115
(0.170) (0.046) (0.034) (0.170) (0.046) (0.033) (0.070) (0.020) (0.040)

Range-based estimates using ABD method
−0.429 0.884 0.187 −0.238 0.936 0.135 −0.122 0.967 0.088
(0.122) (0.033) (0.018) (0.097) (0.026) (0.015) (0.079) (0.021) (0.013)

Range and return-based estimates using exact likelihood
−0.437 0.882 0.190 −0.242 0.935 0.137 −0.124 0.967 0.089
(0.125) (0.033) (0.017) (0.099) (0.026) (0.015) (0.080) (0.021) (0.012)

Notes. The table reports means and root mean squared errors (in parentheses) for three separate Monte Carlo
Return-based estimates are values taken from JPR. Since their model is written in terms of log variance, we div
α andσ parameters by two for comparison with our results, which are in terms of log volatility. The final two s
results are each based on our own calculations, where each statistic is computed from 5000 Monte Carlo simul
every case, volatility time series are generated using the parameters reported in the top row, and intraday price
then simulated conditional on those volatilities using the Euler discretization with 1000 time steps per day. Rang
estimates use the approach of ABD, which relies on a Gaussian approximation of the density of the log rang
and return-based estimates use the Bayesian method developed in this paper, which differs from the ABD appr
because it incorporates returns data and because it uses the exact likelihood function.
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and δ are a by-product of estimatingσ more precisely (sinceδ andσ are linked through the
unconditional volatility of volatility). It appears from our results that for the high persiste
case this indirect effect on the estimates ofα andδ is swamped by other differences betwe
the estimators. For example, JPR use loose but proper conjugate priors while we use im
diffuse priors. Although the effects of this difference should be very minor, it could explai
results forα andδ in the high-persistence case.

Finally, the results suggest that little is to be gained from using the exact likelihood o
range and return data relative to the approximate likelihood of the range data alone em
by ABD. One caveat here is that we simulated log prices by assuming a zero drift in orde
consistent with JPR and ABD. In a situation where the drift is likely to be large, such as
alternative asset classes, our new method may prove more useful since it is able to acc
nonzero drift without difficulty.
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Appendix A. Conditional distributions of the range

Consider a driftless Brownian motionxτ with volatility h over the intervalτ ∈ [0,1]. We want

(A.1)Prob[D ∈ dD, x1 ∈ dx̄ | h],
whereD = M − m and

(A.2)M = max
t−1�τ�t

xτ , m = min
t−1�τ�t

xτ .

Assumex0 = 0, so thatx1 can be interpreted as a log return.
Decompose the joint density:

Prob
[
(M − m) ∈ dD, x1 ∈ dx̄ | h]

(A.3)= Prob[x1 ∈ dx̄ | h]︸ ︷︷ ︸
P1

×Prob
[
(M − m) ∈ dD | x1 = x̄, h

]
︸ ︷︷ ︸

P2

.

The densityP1 is just Gaussian. The joint density ofM andm is

Prob[M ∈ dv, m ∈ −du | x1 = x̄, h]

=
∞∑

k=−∞

4k2

h2

[
(2k(u + v) − x̄)2

h2
− 1

]
φ
(2k(u+v)−x̄

h

)
φ
(

x̄
h

)

(A.4)− · · ·
∞∑

k=−∞

4k(k − 1)

h2

[
(2k(u + v) + x̄ − 2v)2

h2
− 1

]
φ
(2k(u+v)+x̄−2v

h

)
φ
(

x̄
h

) .

A change of variable yields the densityP2:

Prob
[
(M − m) ∈ dD | |x1| = |x̄|, h]

=
∞∑ 4k2

h2

[
(2kD − |x̄|)2

h2
− 1

]
φ
(2kD−|x̄|

h

)
φ
( |x̄|) (

D − |x̄|)

k=−∞ h
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k=−∞

2k(k − 1)

h2

(
2kD − |x̄|)φ

(2kD−|x̄|
h

)
φ
( |x̄|

h

)

(A.5)− · · ·
∞∑

k=−∞

2k(k − 1)

h2

(
2(k − 1)D + |x̄|)φ

(2(k−1)D+|x̄|
h

)
φ
( |x̄|

h

)
for D � |x̄|, whereφ(z) = exp(−z2/2)/

√
2π .

Finally, we note that the zero drift assumption was unnecessary, as the conditional de
the range given the contemporaneous return does not depend on the drift of the process.
Gaussian componentP1 depends on the drift ofx, and that is in the obvious way.

To see the drift independence ofD, assume instead thatxτ had drifta. Then if 0< τ < 1:[
xτ

x1

]
∼ N

(
a

[
τ

1

]
, σ 2

[
τ τ

τ 1

])
.

The conditional distribution ofxτ given x1 has meanaτ + τ(x1 − a) = τx1 and variance
σ 2(τ − τ2). Thus, the marginal distribution ofxτ is independent ofa.

For 0< τ1 < τ2 < 1, the covariance betweenxτ1 and xτ2 is also independent ofa simply
because the conditional covariance of a multivariate normal is never a function of its
Thus, the entirepath of xτ between 0 and 1 is independent ofa after conditioning onx1, which
means thatD is independent ofa as well.

Appendix B. Drawing latent volatility for t = 1 and t = T

The proposal and target densities presented in Section2 must be modified to draw the fir
and last values of the latent volatility process.

For the final period volatility,hT , the target density is somewhat simpler due to the lack
subsequent period. For this value, the target density becomes

fT (hT ) = p(hT | hT −1, xT ,DT )

∝ p(hT | hT −1)p(xT | hT )p(DT | hT , xT )

(B.1)∝ 1

hT

exp

{
−1

2

(
lnhT − m1

s1

)2} 1

hT

exp

{
−1

2

(
xT

hT

)2}
p(DT | hT , xT ),

where now

(B.2)m1 = α + δ lnhT −1 and s2
1 = σ 2.

As before, the proposal density used is a lognormal with mean and standard deviatio
meters

(B.3)m = m1s
−2
1 + m2s

−2
2

s−2
1 + s−2

2

and s = 1√
s−2
1 + s−2

2

,

wherem2 ands2 are the same as before.
Similarly, the target density for initial volatility,h1, reflects the fact that there is no preced

volatility. If the volatility process is stationary, however, then the draw ofh1 should be consisten
with the stationary distribution, which is lognormal. We therefore write the target density a
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product of the unconditional density and some more familiar terms:

f1(h1) = p(h1 | h2, x1,D1)

∝ p(h1)p(h2 | h1)p(x1 | h1)p(D1 | h1, x1)

∝ 1

h1
exp

{
−1

2

(
lnh1 − α/(1− δ)

σ/
√

1− δ2

)2} 1

h2
exp

{
−1

2

(
lnh2 − α − δ lnh1

σ

)2}

× 1

h1
exp

{
−1

2

(
x1

h1

)2}
p(D1 | h1, x1)

(B.4)∝ 1

h1
exp

{
−1

2

(
lnh1 − m1

s1

)2} 1

h1
exp

{
−1

2

(
x1

h1

)2}
p(D1 | h1, x1),

where

(B.5)m1 = α(1− δ) + δ(lnht+1 + lnht−1)

1+ δ2
and s2

1 = σ 2

1+ δ2
.

Again, given the previous definitions ofm2 and s2, the proposal density is lognormal wi
mean and standard deviation parameters

(B.6)m = α(1− δ2)

1− δ
+ δ(lnh2 − α) and s = σ.
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