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Abstract

We analyze the volatility risk premium by applying a modified two-pass Fama-MacBeth procedure
to the returns of a large cross section of the returns of options on individual equities. Our results
provide strong evidence of a volatility risk premium that is increasing in the level of overall market
volatility. This risk premium provides compensation for risk stemming both from the characteristics of
the option contract and the riskiness of the underlying equity. We also show with a large scale Monte
Carlo simulation that measurement error in option prices and violations of arbitrage bounds induce
highly economically significant biases in the mean returns of options. In fact, our simulation results
demonstrate that biases can be up to several percentage points per day. These large biases can lead
researchers to faulty conclusions with respect to both the magnitude of the volatility risk premium and

the sign of expected option returns.
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1 Introduction

There is no doubt that stock market volatility changes over time, but whether or not volatility represents a
priced risk factor remains less certain. Theoretically, a stochastic volatility factor seems a prime candidate
for a nonzero risk premium because, in the framework of Merton’s (1973) ICAPM, it represents a variable
that drives the investment opportunity set. Empirically, support for a nonzero volatility risk premium is
varied, with some studies finding large values and some finding none. The primary goal of this paper is to
address this question using an empirical method and a data set that together should offer a much clearer
answer than has previous work.

Determining whether volatility is priced has important consequences for option pricing, interpreting
implied volatilities, and understanding investor preferences. Stochastic volatility models are the norm in
the option pricing literature, and numerous papers have demonstrated that a nonzero price of volatility risk
can improve model fit substantially. A volatility risk premium also means that implied volatilities, whether
they are from the Black-Scholes (1973) model or the model-free approach of Britten-Jones and Neuberger
(2000), cannot be interpreted as unbiased forecasts of future realized volatility. An assessment of the size
of the volatility risk premium is also useful in understanding the preferences of market participants and in
building better models of investor behavior. Finally, knowing whether a volatility risk premium exists has
important implications for understanding the purpose of options markets, namely the extent to which these
can be seen as markets for volatility risk.

In this paper we apply traditional two-pass Fama-MacBeth regressions to the returns of a large cross
section of options on individual equities. Analyzing equity options rather than index options, as virtually all
prior work has done, introduces an additional source of variation in volatility factor betas. Specifically, in
any analysis of index options, all variation in volatility betas must arise from variation in the characteristics
of the different option contracts, namely time-to-maturity, moneyness, and whether the option is a call or
a put. Because volatility factor betas are likely correlated with a number of other variables that could be
relevant in determining risk premia, it is possible that volatility betas are merely a proxy for some other
source of expected return that is also related to maturity and moneyness.

Looking at options on individual equities allows for an additional source of variation in volatility betas
that is independent from the characteristics of the option contract. Specifically, using multiple underlying
securities allow us to sort firms into groups that appear to have a greater degree of dependence between
their own return volatilities and the volatility of the market, and groups that do not. We can use this
sorting procedure to introduce additional dispersion into the betas of option portfolios. We can also use the

procedure to isolate the variation that is due solely to firm-level rather than contract-level variation.



We believe that the use of the traditional Fama-MacBeth approach posesses some significant advantages
relative to recent work that emphasizes fully specified parametric and usually continuous-time models. The
most important of these advantages is related to the highly rigid structure placed on risk premia by most
parametric option pricing models. In a pure stochastic volatility model, for example, any abnormal return
on a strategy of buying zero delta straddles must be attributed to a nonzero price ov volatility risk — there
are simply no other channels within the model to generate this result. Furthermore, parametric models
put substantial structure on the relative riskiness of different option contracts. Even if the prices of risk
are correct, misspecification in risk exposures will generate misleading conclusions about the importance
of risk premia in explaining option pricing anomalies. Of course, good empirical work typically examines
these assumption in one manner or another, and we are not suggesting that the estimation of continuous-
time option pricing models be discontinued, only that a less parametric approach might provide a valuable
complement to the existing literature.

Unfortunately, we find that traditional “off the shelf” methods cannot be applied in the setting in which
we are interested. Option markets are characterized by large bid-ask spreads, and the noise that these
spreads inject into observations of fair market value causes several significant problems. First, noisy prices
may not conform to arbitrage bounds, usually because the observed option price is below its intrinsic value.
This makes it impossible to solve for an implied volatility, for example, which is typically the first step in
computing the delta used to hedge the option. Prior work has usually dealt with this issue by throwing out
observations that do not satisfy these bounds, but because most of the discarded observations are of option
prices that are too low rather than too high, this method introduces a censoring bias. Secondly, as Blume
and Stambaugh (1982) first pointed out, noisy prices induce an upward bias in average returns.

Our empirical work is guided by an extensive simulation study that focuses on what modifications of the
standard two-pass approach are necessary to achieve the correct test size and a high degree of power. Through
this process, we identify a successful alternative to the traditional approach of throwing out observations
that do not satisfy arbitrage bounds. We also implement a new method for bias adjustment that allows
us to reduce, if not eliminate completely, the bias identified by Blume and Stambaugh. Our simulation
results demonstrate that both biases can be severe, with each causing biases in average returns of up to
several percentage points per day. Although these simulation results might appear overly dramatic, we have
found virtually identical results when we look at actual data. At the same time, our analysis shows that
other common concerns about applying traditional methods to option returns appear to be overrated — there
appears to be little worry, for instance, that nonlinearity in the return-factor relation is driving our results.

When we apply our modified two-pass approach to the data, our results strongly support the view that

stochastic volatility represents a priced risk factor, but only conditionally as the unconditional mean cannot



reliably be distinguished from zero. In particular, we find strong evidence that the volatility risk premium
varies positively with the level of implied volatilities from S&P 500 index options. This result is robust
to a variety of different portfolio construction methods and variations in our econometric approach. In
addition, we find strong evidence that these risk premia are not merely proxies for other variables that are
similarly correlated with option contract characteristics such as maturity and strike price, as the dispersion
in volatility betas that is driven by differences in underlying stocks is priced similarly to the dispersion
coming from option contract type.

In a brief application of our framework to equity index options, we demonstrate that the bias caused
by bid-ask bounce could be sufficient to reverse the observed relation between strike prices and average call
option returns. Like Coval and Shumway (2001), we find a positive relation between strike price and average
observed returns, a result that they note is consistent with the the higher CAPM betas of out-of-the-money
(OTM) call options. Our regression results indicate, however, that this effect could be entirely driven by the
bias arising from higher bid-ask spreads among OTM options. After correcting for this bias, we find that
the result reverses, suggesting that the CAPM does not provide an adequate explanation for the expected
returns of these assets. These findings lead us to believe that similar biases might help explain some of the
other puzzles that have been identified in the option pricing literature.

The prior literature on volatility risk premia is large, but almost all of it focuses on equity index options.
Early tests of risk premia focused on comparing future realized volatility with current Black-Scholes implied
volatilities, usually in a regression framework. Papers such as Fleming, Ostdiek, and Whaley (1995), Jackw-
erth and Rubinstein (1996), and Christensen and Prabhala (1998), show that realized volatilities tend to be
substantially lower than implied volatilities. Subsequent work on the estimation of structural models, most
based on the square root specification of Heston (1993), offer complementary evidence that confirmed that
the results are not artifacts of the misuse of the Black-Scholes formula. In particular, papers by Bates (2000),
Benzoni (2002), Chernov and Ghysels (2000), Jones (2003), and Pan (2002) all find large negative volatility
risk premium. A slightly dissenting voice is Broadie, Chernov, and Johannes (2005), who find no evidence
for a risk premium on diffusive volatility risk but possibly a risk premium on volatility jumps. Finally, the
presence of a risk premium is suggested by the returns-based analyses of Coval and Shumway (2001) and
Jones (2003), who find that expected returns on short delta-hedged options are often on the order of half a
percent per day, indicating the presence of a residual risk factor with a large risk premium.

Work analyzing individual equity options is relatively sparse. Bakshi and Kapadia (2003) present some
evidence, but the conclusions are weak most likely because their is only five years long and analyzes only 25
firms. Carr and Wu (2003) use a similarly limited, though slightly longer sample and find slightly stronger

evidence for a volatility risk premium, though they find it to be weaker in equity options than in index



options. On the other hand, Driessen, Maenhout, and Vilkov (2006) compare average model-free implied
variances to average realized variances and find insignificant differences, which they cite as evidence that the
volatility risk premium does not in fact exist.

Finally, both Chen (2002) and Ang, Hodrick, Xing, and Zhang (2006) analyze whether volatility is a
priced factor in the cross-section of equity returns. While Chen’s (2002) GARCH-based approach results in
inconclusive results, Ang et al. use a factor constructed from index implied volatilities and find a significantly
negative risk premium.

Our paper proceeds as follows. In Section 2 we discuss the basic modeling framework used throughout
the paper. Section 3 introduces the econometric methods we rely on, while Section 4 includes a description
of our data set. Section 5 describes our Monte Carlo study and presents its results. Section 6 contains our

main empirical findings, and Section 7 concludes.

2 Theory

In this section we motivate our approach using a standard continuous-time stochastic volatility model. We
discuss the risk exposures faced both by naked and hedged option buyers, distinguishing standard delta
hedging from a more theoretically accurate approach for eliminating underlying risk using a measure we call
“total delta.” Risk premia are first introduced mechanically as risk prices corresponding to the Brownian

motions driving each firm, but we then link these risk prices to exposure to market-level risk.

2.1 A stochastic volatility model of equity prices

We start with the following general stochastic volatility model:
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where S; is the price of the stock at time ¢, oy is its volatility, and p is the instantaneous correlation between

= pdt+01dB (1)

the stock price and its volatility. The Brownian motions B;j; and Bs, are standard Brownian motions
under the physical probability measure.

The price of a derivative on the underlying stock is represented by f(Si, o¢,t). Under standard assump-



tions, Appendix A shows that the instantaneous excess return of this derivative is
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where ¢; is the instantaneous dividend yield of stock ¢ and r; is the instantaneous risk-free rate of interest.
Both ¢; and r; are possibly time-varying but deterministic. The expected excess return is therefore given by
the following “two-beta” representation:
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Thus, the parameter A ; is the price of stock risk and Ay ; is the price of orthogonal volatility risk. The price
of stock risk is also by definition analogous to an instantaneous Sharpe ratio, that is Ay s = (yy — 7+ +q¢) /0.

The expected excess return of the derivative in Equation (3) is composed of two parts, one related to the
exposure to stock price risk (A ¢), the other related to the exposure to the volatility risk (A2:). The exposure
of derivatives to stock returns is also composed of two parts, one related to the direct relation between stock
prices and derivative prices (0f/0S5), and the other related to the correlation between volatility and stock
returns (p).

The expected excess returns of both call and put options in the model above can be either positive or neg-
ative. Under the assumption of deterministic volatility, Coval and Shumway (2001) show that the expected
excess returns of calls is positive while the expected excess returns of puts is negative. Mathematically, this
result of Coval and Shumway (2001) is a direct consequence of Equation (3), which under the assumption of

deterministic volatility is reduced to:
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The intuition for this result is that if volatility is deterministic, the expected excess return of a derivative
results from its exposure to stock price risk and the expected excess return of the underlying stock. Because
call (put) options are positively (negatively) exposed to stock prices and stock expected excess returns are
generally positive, the expected excess return of calls is positive and the expected excess return of puts is
negative. Under the assumption of stochastic volatility, on the other hand, this conclusion may not hold,
because both calls and puts are also exposed to volatility risk. Consequently, the expected excess return of

calls and puts depends on how their exposure to the volatility risk balances with their exposure to the stock



price risk. For instance, assume that the correlation between stock returns and volatility changes is zero
(p = 0), the price of volatility risk is negative (A1, < 0) and the price of stock risk is positive (A2, > 0). In
this case, the expected excess return of call options could be negative given that the call option vega (v =

0f /0c) must be positive.

2.2 Regular delta versus “total” delta

To empirically distinguish between the effects of stock-price risk and volatility, we compute the return of
options hedged against the exposure to stock price risk. The hedged portfolios are composed by a long
position in a single option contract and a position on n stocks financed at the risk-free rate (r;), where n is

given by:
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Appendix B shows that hedging one option contract with n shares of stock provides a complete hedge
against any exposure to the underlying stock price. Note that the number of shares reduces to minus the
delta of the options (A = 9f/0S) in the event that stock returns are uncorrelated with changes in volatility.
On the other hand, when volatility and stock returns are correlated it is necessary to change n to account for
the effects that common movements on stock prices and volatilities may have on options prices. We call the
hedging procedure with n shares of a total-delta hedge to distinguish from the usual delta-hedging procedure
in which the number of shares used to hedge a derivative is set equal to —df/9S.

The expected excess return of the hedged portfolio does not depend on the price of stock price risk (A1,;).
As shown in Appendix B, the excess return of a portfolio of a option delta-hedged option is:
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where H represents the value of a portfolio composed of an option hedged with n stocks. Note that the
mean return of the total-delta hedged option depends on the price of volatility risk (A2¢). This mean return
is the compensation required by investors to hold the risk related to volatility movements not common to

stock price movements.

2.3 Sources of risk premia

Assume that the market portfolio follows the following dynamics under the physical probability measure:

s
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where B, By, are uncorrelated Brownian motions. The Brownian motions affecting the individual stock

return and volatility can be rewritten as:

dBi,t = fildB?,lt + fideg,lt + dZi,t
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where B}, and B}, are the same Brownian motions in Equation (1). (The superscript i is added to avoid
confusion with the market-related Brownian motions.) The Brownian motions Z{ ; and Zj , have zero drift
and quadratic variation equal to 1—(£4,)%—(£4,)? and 1—(£5,)2—(£4,)?, respectively. Furthermore, both Z,
and Zg,t are uncorrelated with BY", and Bj',. Thus, €y, €, &5 and £h, represent the correlations between
the Brownian motions driving the stock process and those driving the market process. These correlations
are assumed to be constant. In the decomposition above the individual stock returns and volatilities are
decomposed into components that are related to market returns and to changes in market volatility and into
components that are idiosyncratic. Assuming that the price of idiosyncratic risk is zero, we conclude that

the prices of stock and volatility risks are:
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where the price of market risk is A", = (u* — ¢ + ¢i")/o}", where ¢i" is the instantaneous dividend yield
paid by the market portfolio.

The price of stock risk ( 1”) in the Equation (9) is analogous to the standard beta representation of

expected returns. To see this, note that multiplying )\i,t in Equation (9) by ot, gives:

(W —re+a) = B (1" —re+ ") + Byo(wiV/1— (p™)2A5)

i1 U%fzﬁ
ﬁ:n,t = —m (10)
Ot
i1 0%212

Volt = o
wi'/1—(p )2

The first term on the right hand side of the first equation above is analogous to the standard C AP M relation

between the expected excess return of a stock and the expected excess return of the market, as ﬁimt is the



stock beta in this context. The second term is the premium required by investors to hold a stock whose
returns covary with the volatility of the entire market. The term ﬂvol ; is the loading of this stock to the
market volatility risk and (w}* W/\g’;) is the premium required by investors for holding the market
volatility risk.

The price of volatility risk ()\éyt) in the Equation (9) also implies a beta representation that is
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In this representation ﬂ '+ is the beta of a total-delta hedged portfolio with respect to the market and BV ol,t
is the beta of the individual stock total-delta hedged options portfolio with respect to the market volatility
factor.

Equation (11) is the center of the Fama-MacBeth procedure in Section 3.3. In the first step of our

Fama-MacBeth procedure, we estimate ﬂ from the relation between the returns of a portfolio of total-

m,t
delta-hedged options on the individual stock ¢ and the market portfolio returns , we estimate ﬂi}il , from
the relation between the returns of a portfolio of total-delta-hedged options on the individual stock ¢ and
the returns of a portfolio of total-delta-hedged options written on the market portfolio. In the second step

of our Fama-MacBeth procedure, the risk premium of volatility risk (w}*y/1 — )ZA5%) + ) inferred from the

cross-section of options is estimated.

3 Econometric approach

We begin this section by providing an empirical strategy for implementing the “total delta” hedge described
in the previous section. We then discuss the process we use for forming portfolios that maximize dispersion
in volatility betas. Finally, we discuss the implementation of the Fama-Macbeth procedure and how we

address three potential sources of bias.

3.1 Computing hedge ratios

In general, our hedging strategies rely on implied volatilities and “Greeks” from the Black-Scholes model.
This approach, while approximate, is standard practice in industry and has been shown in academic research

to be quite accurate. Hull and Suo (2002), in particular, go so far as to claim that “the pricing and hedging



of a new or an existing plain vanilla instrument is largely model independent.” An important qualifier to
this statement is that hedge ratio inputs, such as deltas, must be computed using the implied volatilities of
the option being hedged. We follow this practice below.

Most of the inputs required to compute hedge ratios can be inferred from options prices using the Black-
Scholes formula. For instance, to hedge a long position in one option, we must take a position of n shares
financed at the risk-free rate, where the hedge ratio n is given by equation (5). Consequently, the hedging
procedure requires knowledge of deltas (9f/0S), vegas (0f/Jc), and the term wp/oc We take the delta and
the vega to be equal to their Black-Scholes values (computed using the option’s own implied volatility). The
last term, however, cannot be directly observed and must instead be estimated using time series regression.

To estimate wp/o, we assume that w is a constant for each firm. This is an implication of Heston’s
(1993) model of stochastic volatility. We also assume that p is constant, and we take o to equal the implied
volatility on the option. Our task is then to estimate the constant wp. From Equation (47) in Appendix A,
we can write the return on hedged option, where the hedge ratio is computed using the standard definition
of delta, as

df Soof
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Since dS;/S; = pidt + 0,dBj ,, we can rewrite this equation as
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This implies that we can estimate the quantity wp as the slope coefficient from the regression
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where y; is the average, across all options in a given day for a given stock, of the quantity
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Note that the expression above is written in terms of infinitesimal increments, while our data are observed

discretely. We therefore use a discrete approximation to the continuous time model to compute this quantity.

That is, the quantity above is estimated in a given day t with the approximation
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where o;_1 is the at-the-money volatility of the stock.

3.2 Estimating risk factor sensitivities

Given a strategy to estimate all the variables required to calculate m, we can now compute the excess
return on “total delta-heged” options. This return should, if constructed accurately, be independent of any
movements in the underlying security, even those that arise through a nonzero correlation between the stock
price and volatility processes. It therefore isolates the component of option returns that is unambiguously
related to volatility, and it is the primary subject of our analysis.

Letting H% denote the value of a hedged position in option contract j on security i, we can use the
decomposition of By in equation (8) and the form of the price of risk in equation (9) to rewrite (6) as
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This representation is useful because it isolates the two possible sources of systematic risk in hedged option
returns. One (£5;) is the sensitivity to a component of stock market returns that is independent of the
returns on equity 4. The other (5@2) is the sensitivity of equity i’s volatility process to market volatility.
Note, however, that these sensitivities are only transferred to hedged option returns to the extent the
option is sensitive to volatility movements in general. This sensitivity, which we call the normalized vega,
is equal to (1/f% x 9f¥ /o). If we divide both sides of the equation by this amount, we get a term that

should be identical across all options on the same underlying stock:
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Because the IT¥ should be identical for all options j on a given stock 3, for a given date, we will look
at averages across options on the same stock, which we denote as IT°. Note that II* can be interpreted as
a return on a zero investment strategy involving a number of hedged option positions. It is also the excess
capital gain resulting from holding a portfolio with vega (9f/00) equal to one. To see this note that by
construction our hedged portfolios have the same value as the option prices themselves (i.e. H = f), and
hence an option with vega equal to one would have capital gains over time dt equal to II*. Because of this
interpretation we call this average the one-vega PE&L.

The same derivations also apply to the options on the S&P 500 index, which we view as a proxy of the

11



market portfolio, except that by definition of B3 we have

. dH™I 1 9f™ m m
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Define II" as the average of these values across all options for a given date. We call this average the market
one-vega PEL. Equation (19) implies that the average value IT" is an estimate of the volatility risk premium
w™/T— (p™)2\5'dt.

A consequence of the definitions of the market one-vega P&L and of the stock one-vega P&L is that we
can use a time-series regression of a given stock one-vega on the market return and on the market one-vega

to estimate ﬁi}it and ﬁj,’it in Equation (11). To see this, note that we can write the stock one-vega as
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In this representation 5;& is the beta of a delta-hedged portfolio with respect to the market and BZ"}QOM is
the beta of the individual stock delta-hedged options portfolio with respect to the market volatility factor.

A concern is that neither beta is likely to be constant. For instance, ﬂinzt will vary inversely with market
volatility unless the quantity w® m{gl happens to be proportional to it. The assumption of the
constancy of ﬂi}im is also unsupported, although it will be the case in the parameterization of the Heston
(1993) model that we consider the Monte Carlo experiments in Section 5. In general, we view the estimation

of these betas via time series regression as simply an approximate way to rank stocks according to the degree

of their systematic volatility risk.

3.3 Fama-MacBeth regression

We use Fama-MacBeth regressions to understand the effect of volatility risk on expected returns of options.
We are interested in understanding whether the magnitude of the price of volatility risk implied by individual
stock options and in understanding whether the premium for volatility risk in individual stock options stems
from the relation between individual stock volatilities and overall market volatility. To do so, we examine
portfolios of options formed on the basis of maturity, moneyness, and estimates of ﬁi}iu. We sort on ﬂi}iu
rather than ﬂiﬁt because we expect the former to contribute more to the variation in expected returns given
the large risk premia that appear to exist in equity index option prices. We estimate Bl"}iu using the time
series regression described in Section 3.2 with data from the six months preceding the portfolio formation
date. Regressions are re-estimated and portfolios are rebalanced daily.

Portfolios are equally weighted across options, and portfolio returns are computed as averages of hedged

12



option excess returns, dH /H" — r;dt. From Section 3.2, we can see that this return can be rewritten as
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The portfolio return can therefore be written as
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where the last term is an error that is uncorrelated with aggregate risk factors.

As in the single-firm analysis above, the expectation of this return is linear in two betas, namely

1 0f9 1 1 Af9 o
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Also similar to the single-firm analysis is the fact that neither beta is likely to be constant. This is not only
due to the variation in firm-level ﬁz’ + and ﬁVol ;» but also because time variation in the composition of each
of the portfolios will cause some variation in normalized vegas. It seems likely, however, that some of this
variation will be eliminated by averaging across the large number of contracts in each portfolio.

Our approach is therefore to estimate these portfolio betas from the full sample of triple-sorted portfolio

returns and to use this single set of betas in a second stage Fama-MacBeth regression.

3.4 Implementation issues
3.4.1 Discretization issues

As noted above, the regressions are written in terms of infinitesimal increments, while our data are observed
discretely. We are therefore required to use a discrete approximation to the continuous time model, and for
tractability the approximation we use is linear, i.e. dX; ~ X; — X;_; and dX;/X; ~ X;/X:—1—1. A natural
concern is that the linear approximation is inadequate. Branger and Schlag (2004), for instance, argue that
even in a Black-Scholes economy the expected return on a delta-hedged portfolio will be nonzero if the hedge
is rebalanced with moderate frequency.

This bias arises from the fact that the pricing kernel in the Black-Scholes (or any other option pricing)
model is nonlinear. As a simple illustration, suppose the pricing kernel were equal to a + bR™ + c¢(R™)2. A

delta-hedged return should be orthogonal to the linear term, but the convexity of option payouts makes it
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likely to be correlated with (R™)2. Even in a Black-Scholes world, this should result in a nonzero expected
excess return.

We address this issue first by exclusively using daily data, for which the nonlinearities should be relatively
small. We then examine, in our Monte Carlo study in Section 5, whether the option’s gamma, which should
proxy for the convexity of the option’s payout, has any explanatory power for average returns. We then

repeat this procedure in actual data. In both settings, we find the resulting bias to be miniscule.

3.4.2 Measurement errors

A bigger potential issue is the presence of measurement errors in option stock prices. As is standard, we
proxy for “true” option prices by using the average of the bid and ask prices. Unfortunately, the difference
between bid and ask prices of some option contracts can be very large, and if we assume that the “true”
value of the option is merely within these quotes then errors in our midpoint estimate of the true price may
be very large as well.

As Blume and Stambaugh (1982) point out, any error in the observed price will cause an upward bias in

observed average returns. For instance, if f; is the true option price and the observed price is equal to

fe=fi(L+0dy), (24)
then Blume and Stambaugh demonstrate that expected returns computed from observed prices are given by

E[ﬁil -1

~E [ft“ —1} + Var(d;). (25)

It fi

Matters are more complicated when one considers the bias in the return on a delta-hedged portfolio. In
particular, if we are hedging an option contract by selling A shares financed at the risk-free rate, then the

observed hedged return is equal to

(ft];l — ) — Mf{pﬂ = (Jc?_l - ) _ﬁs(gtaftaa)f{t—&-l (26)

where S, is the observed price of a share of the underlying stock, Et+1 is the observed excess return of the
stock and g = A(S‘t, U)S't/ﬁ is the beta of the option with respect to the underlying stock.
Note that the observed hedge ratio 3 S(S}, ft, o) is not generally equal to its true value. This is because

any error in either the option or stock price will result in an error to the delta computed for the option

and/or the prices used to normalize that delta.
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In practice, we find that the bias in

Bs(St, i) Risr (27)

induced by errors in the option price is relatively small, and would be zero exactly in the case that stock
returns had zero mean. Errors in the stock price have a much greater effect, in part because they bias the
observed stock return, but also because they induce a nonzero covariance between the observed stock return
and A(S}, o). To understand where this covariance arises, consider the possibility that the observed stock
price is above the true stock price (5} > S;). This will cause a call option to appear more in-the-money than
it actually is, which causes an upward bias in the option delta, which in turn implies that more shares of
stock are short sold to delta-hedge when the observed stock price is above the actual stock price and, as a
result, the delta-hedged return becomes positively biased.

To deal with this bias, we derive a close approximation for it along the same lines as Blume and Stambaugh
(1982). In the discussion immediately below, we assume that stock price errors affect A(S’t, o) only directly
through their effect on the moneyness of the option. More realistically, stock price errors have an additional
effect that arises through the errors in implied volatilities that they induce, i.e. o = U(S’t). We derive the
bias in this more realistic setting in Appendix E and present the result later in this section. Our derivations
here are sufficient, however, to establish the intuition behind all of our more complex bias computations.

Assume that stock prices are observed with some error, so that S, =S, (1+9d5), where ¢, has a mean of
zero. Observation error may also be present in the stock price at time ¢ + 1, but as it has no effect on the
bias, we will ignore it here.

Under these conditions, the bias is approximately equal to half of the second derivative of the return

component, evaluated at S, = S;, multiplied by the variance of the measurement error.! This is

1 0? S
5875’3 <ﬁs(5t) ( ;H - 1)) Var(S;65)

t

B <; 5(80)S¢ <Sg:1 - 1) — B5(S¢)Si1 + ﬁS(St)S;;l) Var(d,)

This is the bias conditional on S;11. The unconditional bias is

- <; G(80)S2 1 — B5(S)Se(L + 1) + B (Se) (1 + u)) Var(s,),

where p is the mean return on the underlying stock.

Note that in most cases u is small, which suggests that we can approximate the bias by setting u to zero,

IWithout loss of generality, we assume in this derivation that the stock dividend yield and the riskless rate are zero.
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which results in

[—B5(S:) St + Bs(Si)] Var(d,) (28)

Note that the term [5¢(S;)Var(ds) is exactly the bias that would follow from Blume and Stambaugh (1982)
in the case in which 34(S;) were fixed. The term —3'(S;)S;Var(d,) therefore must be included to account
for the nonzero covariance between (35(S;) and the stock return that results from errors in the time-t stock
price. This term is not small and cannot be ignored. Finally, to compute the bias we must find the first

derivative of 34, which for regular delta-hedged returns is?

I'(S;)S: + A(Sy)

Bs(St) = 7

(30)

The above result is valid only when implied volatility is known. If volatility is not observed and must be

inverted from option and stock prices via the function

o (St, ft),

then an additional dependence on the stock price error is introduced, causing 35 to take a different form.

In particular, if we take the total derivative of

A(St, O'(St))st

ﬁs(St) = ft )

then we obtain

F(St,a'(st))st + A(St,()') dl
e ft oVT

The form of the bias in (28) is the same as before.

Bs(Se) = (32)

This is the bias of a equally-weighted portfolio of delta-hedged options. Our results, however, are primarily

based on hedging with the total delta, as defined in equation (5), which results in an option beta of

A(St)+l/(5t,0'(5t))% St
B (St) = ( ; ) (33)

v(S, 0(Se))wp
o (Se) fe

2Note that previous calculations treated the option price as a function of S, but this is not appropriate if we don’t think
that the option price is affected by stock price measurement error. The old result was:

_ D(S1)Sef(St) + A(Se) f(St) — A(St)>Se

Bl5(Si) = AL (29)

= Bs(St) +
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The form of the bias, as in (28), is unchanged, except that 85(S;) is replaced by 37(S;), which we show in

the appendix is given by

r(5) = B850 + —oh (MEgrB (1

o (S0 Ty 5 mﬁ>+N&”“”““@0 39

Rather than trying to adjust for this bias, Blume and Stambaugh’s suggestion was to examine value-
weighted instead of equally-weighted returns. While option prices can be observed readily, the zero net
supply of each option contract makes the concept of market value ill defined. In some cases, we attempt
to capture some of the benefits of Blume and Stambaugh’s insight by weighting options according to the
relative option price, or the price of the option divided by the price of the underlying stock. In this case our

portfolio return is an equal weighted average of

& ﬁ+1 A o [ St
w(St) ( 7 1) —w(Sy)B(S) ( 5, 1) (35)

where
w(Sy) o fo _ B
Sy St

and the “weights” sum to N (not 1), the number of assets in the portfolio. We will assume that the
constant of proportionality k is known exactly, which would approximately be the case in a large portfolio
if measurement errors are independent.

The first component,

o (Fon O\ kR (fen N\ _ ke 4
U/(St)< J?t 1) = S, ( ﬁ 1) =3 (ft+1 ft)

t

is very close to unbiased (exact if the true f; is a martingale). The second component in the difference,

wiSHas) (2 1),

St

has a bias that is approximately equal to

[_kftﬂ/(st) + 2%&(&) Var(d,),

where [((S;) is defined as above (either as Sg or Bp). Thus, the Blume and Stambaugh suggestion of
weighting by value succeeds at eliminating bias in the option return component, but bias adjustment is still

necessary as a result of the delta hedge.
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We do not observe Var(d,) or Var(ds), and therefore use proxies for both in the Fama-MacBeth regres-
sions. We assume that Var(dy) is proportional to the square of the relative option spread (the spread divided
by the midpoint), and therefore use the mean of the square of the relative options spreads in the portfolio
as a dependent variable in the second-pass Fama-MacBeth regression. In the simulations, we assume that
Var(d) is proportional to the square of the effective stock spread. Consequently, we use the mean across
all options in a portfolio of [—3%5(S;)S; + Bg(S:)] multiplied by the squared stock spread as a dependent
variable in the second-pass Fama-MacBeth regression. In the actual data, we assume that Var(ds) is given
by a linear function of the squared effective spread. We therefore use both the mean of [—3%(S;)S; + B4(S:)]
and the mean of [—3%(S;)S; + B¢(S;)] multiplied by the squared stock spread as dependent variables in
the Fama-MacBeth regressions performed on the actual data. We show by means of the Monte Carlo study
described in Section 5 that adding the bias adjustments above properly cleans the effects of bid-ask spreads

in the estimation of the volatility-risk premium.

3.4.3 Censoring

A third major potential concern in the implementation of the Fama-MacBeth procedure is related to the
fact that implied volatilities cannot be computed for options whose prices violate arbitrage bounds. Without
an implied volatility, it is impossible to compute the hedge ratios necessary for the computation of hedged
returns. Consequently, these options cannot, without some additional assumptions, be used in our Fama-
MacBeth procedures.

The usual procedure adopted in the literature is to discard options that violate arbitrage bounds.?
However, our Monte Carlo simulation results below show that discarding options without implied volatility
can result in serious biases. The reason is that arbitrage bounds tend to be violated when measurement
error in prices is positive, but not when it is negative. By systematically excluding positive pricing errors
when hedged option positions are put on, average measured returns will be biased upwards.

To get around this issue we include options even when they violate arbitrage bounds. We do so by
computing the hedge ratios using the implied volatility from another option on the same firm. For a put
(call) that is missing an implied volatility, our first choice is to use the call (put) with the same maturity
and moneyness. If that value is unavailabe, then we use the implied volatility on the same contract from the
previous day (or before then if necessary). This implied volatility is then used to calculate the delta and the

vega of the problematic contract.

3See for instance Santa-Clara and Saretto (2005).
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4 Data and summary statistics

The options data are from the Ivy database. The Ivy options database provides end-of-day bid and ask
quotes, open interest, trading volume, implied volatility, and option hedge ratios for the US equity and index
options market. We use options data from January 4, 1996, through December 31, 2005. The implied volatil-
ity and option hedge ratios are calculated with the Black and Scholes (1973) model for European options, or
the Cox, Ross, and Rubinstein (1979) binomial tree for American options. All options on individual stocks
are American. The dataset also includes a volatility-surface file that contains the interpolated volatility
surface for each security on each day using a kernel-smoothing algorithm. The volatility surface provides
the implied volatility for each standardized option with various times-to-maturity and deltas. The only
variable used from the volatility surface file is the thirty-day implied volatility with delta equal to 0.5. This
interpolated implied volatility is used to calculate the moneyness of options?.

Stock prices and returns are from the CRSP database. Our sample includes all listed stocks with options
over sample period. We merge our CRSP stock dataset and option dataset by matching securities” CUSIPs.
Because our main analysis also considers the transaction costs in the stock market, we utilize the stock
transaction database from TAQ. We measure the transaction cost of a stock in a given day as half of the
daily effective spread. To estimate the daily effective spread we use Lee and Ready (1991) algorithm to
match each transaction in the TAQ database to its corresponding quote, the effective bid-ask spread is then
calculated as the ratio of the quoted bid-ask spread and the transaction price. Daily estimates are obtained
as simple averages throughout the day. The procedure filters used in the TAQ database are the same as
those described in Duarte and Young (2007).

We delete a series of observations to eliminate possible data errors. Appendix C describes the data
cleaning procedures. The resulting dataset has 5,156 different stocks, more than 99 million daily call option
observations and more than 82 million daily put option observations over the period between 1996 and 2005.
Around 17 percent of these observations do not have implied volatility computed by Ivy’s database because
Ivy does not compute implied volatilities of options with vega smaller than 0.5 or with mid-point of the
bid-ask price smaller than the option’s intrinsic value. In addition, Ivy does not display implied volatilities
when the algorithm to calculate implied volatilities fails. After using the procedure described in Section 3.4
to compute the implied volatilities and hedge ratios of these options, less than two percent of the options in
the final database do not have computed implied volatility.

Table 1 presents the cross-sectional distribution of a series of variables of interest. The implied volatility

(o) in this table is the 30-day implied volatility of the options with delta equal to 50%. This implied volatility

4We define moneyness as In(K/S)/(cv/T) where K is the option exercise price, o is the stock volatility and T is the
time-to-maturity.
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is between 20 and 104 percent for the majority of stocks. The distribution of estimates of the correlation
between daily returns and changes in implied volatility (p) is in general negative with a median value of
—26 percent. The distribution of estimates of the annualized volatility of volatility (w) based on the daily
standard deviation of the changes in implied volatility indicates that the median value of w is around 84
percent. The cross-sectional distribution of the betas of the total-delta-hedged options with respect to the
market and with respect to the market volatility is also presented. The beta of the total-delta-hedged
options with respect to the market is in general negative with a median value of —0.06, the beta with respect
to the volatility of the market is in general positive with a median value of 0.23.

The results in Table 1 also indicate that the total-delta-hedge method has essentially the same per-
formance as does the standard delta method. The first row of the second panel in Table 1 displays the
distribution of the standard deviation of the daily returns of delta-hedge method estimated for an entire
year for each individual stock. These standard deviations are quite large with a mean value of 17%. These
large standard deviations of daily delta-hedged returns are caused by the fact that the standard deviation
of daily returns of out-of-the-money options is quite large, and because the bid-ask spreads of these options
is so large in relation to their prices that a significant part of the price variation of these options is related
to microstructure noise. The second row of the second panel in Table 1 displays the distribution of the
difference between the standard deviation of the daily returns of the delta-hedge method and the standard
deviation of the daily returns of the total-delta-hedged returns. These differences are in general negative
with a median value of minus five basis points, indicating that the total-delta hedging method has slightly
better performance than the traditional delta-hedge method.

The mean returns of calls and puts displayed in Table 2 indicate that the possible biases caused by
censoring options without implied volatility and by large bid-ask spreads of options are large. Table 2
presents the mean and t-statistics of daily returns, absolute bid-ask spreads and relative bid-ask spreads of
calls and puts across different times-to-maturity and moneyness. The mean returns of options in the first
panel of Table 2 are based on the usual procedure of eliminating all options without implied volatility. The
second panel of Table 2 presents the mean returns of calls and puts using all the options in the database
including those without implied volatility. Note that the mean returns of calls without censoring are in
general positive, indicating that the censoring of options without implied volatility can lead to the inaccurate
conclusion that the expected returns of in-the-money calls are negative. The second panel of Table 2 also
indicates that the mean return of the out-of-the-money puts is positive, however the large bid-ask spreads
of out-of-the-money puts displayed in the third panel of Table 2 suggests that the positive mean returns of
out-of-the-money puts may result from Blume and Stambaugh’s biases described in Section 3.4. The Monte

Carlo simulations below confirm that the signs of the mean returns of both calls and puts can be explained
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by censoring and Blume and Stambaugh’s biases.

Recall that the market one-vega P&L defined in Section 3.2 is estimated by the mean return of a portfolio
of options mimicking the return of a long position on an option with vega equal to one, financed at the risk-
free rate. Figure 1 plots the time series of the market one-vega P&L along with the time series of level of
the S&P 500 index. The market one-vega P&L is usually negative with a mean value in the period of —4.6
basis points. As previously mentioned, the mean value of the market one vega is also an estimate of the
volatility risk premium. Therefore the time series of the market one vega implies that the volatility risk
premium is negative and economically significant with a value of —4.6 basis points per day, or minus eleven
percent per year.

Figure 1 also reveals that the market one-vega P&L has positive spikes as high as 15 percent on some days.
Some of the positive spikes in the market one-vega P&L are consistent with periods when the market was
under distress, such as during the Long Term Capital Management debacle in October 1998 and September
2001. Overall, we interpret the time series of the market one-vega P&L as being consistent with the idea

that long positions in delta-hedged S&P 500 options provide an insurance against market distresses.

5 Monte Carlo analysis

We use a Monte Carlo Analysis to show that our design of the Fama-MacBeth regressions results in reasonable
estimates of the volatility risk premium. We simulate 300 ten-year time series of daily prices of puts, calls
and stocks. The simulated calls and puts have time-to-maturity between ten and 65 days and moneyness
between minus three and three. These options are written on 1,000 different stocks. For each simulation
path, we estimate a Fama-MacBeth procedure as described in Section 3.3. We also calculate average
returns of portfolios of options with different moneyness and times-to-maturity. Because the simulations are
computationally intensive, we distribute them across more than one hundred PCs.

The underlying model in our Monte Carlo simulations is a model with stochastic volatility®.  The
underlying model is a parameterization of the Heston’s model and it is described in Section 5.1. In one set
of Monte Carlo simulations, we assume that the price of volatility risk is equal to /\g’jt = —0.1. This negative
price of volatility risk is consistent with the result in Coval and Shumway (2001), that selling delta-hedged
options results in positive abnormal returns. In a second set of Monte Carlo simulations, we assume that

m

volatility is not priced Ay, = 0. This second set of Monte Carlo simulations is interesting because in the

Fama-MacBeth regression we test the hypothesis that /\;’jt = 0 and hence these second set of Monte Carlo

5 A separate set of Monte Carlo simulations with the Black Scholes model is also executed. The results are essentially the
same as those reported herein and therefore are not diplayed.
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simulations are useful for analyzing how often our Fama-MacBeth regressions would find a volatility risk
premium when there is none.

Recall that the relationships between delta-hedged option returns and prices of risks are based on con-
tinuous hedging, while we work with daily hedging rebalance in our empirical applications. To quantify the
magnitude of the error caused by the fact that we do not continuously delta-hedge the options in our appli-
cation, we run the Fama-MacBeth regressions in the Monte Carlo simulations with an additional variable on
the right hand side: The “adjusted gamma” (the gamma of the option divided by its price multiplied by the
squared stock price.). The rationale for this procedure is that if the daily delta-hedge procedure is a poor
approximation for the continuous delta-hedging procedure then options with large adjusted gamma would
have higher expected returns. (For proof see Appendix D.)

To understand the effects of measurement errors in our empirical analysis, we generate two sets of
simulated prices: One set of simulations is based on prices without errors and a second set of simulations
is based on prices with errors. In the simulations with errors, each simulated option price is assumed to
equal the “true” value from the Heston model, plus some measurement error arising from nonzero bid-ask
spreads. Errors are also introduced into stock prices by perturbing the simulated price processes with serially
uncorrelated errors.

Because option bid-ask spreads are highly related to maturity and moneyness, we calibrate our simulation
to match the averages and standard deviations of the bid-ask spreads as a fraction of the bid-ask midpoint
that we observe for the different option categories in the data. Table 2 displays these values for a variety of
maturity and moneyness buckets. The overall pattern that emerges is that OTM options have far greater
spreads than I'TM options, both for puts and for calls. In addition, both the level and variability of spreads
show a moderate tendency to decline with option maturity.

To simulate option bid-ask spreads, each stock is assigned a constant measure of the liquidity, n,, of all
the options written on it. This value is drawn from a standard normal distribution and does not change
over time. The maturity and moneyness of each option contract is then used to interpolate the values in
the first panel of Table 3. The bid-ask spread of the contract is then computed as e™+57: . Note that both
M and S change through time with the maturity and moneyness of the contract, but 7, remains the same.
This induces cross-sectional variation in option spreads, even for similar contracts, while at the same time
making the spreads of a given contract somewhat persistent through time.

In our option price data, we observe bid-ask spreads but not transaction prices. We view the spread
as providing bounds on the true value of the option, which is assumed, on average, to equal the bid-ask

midpoint. Option price errors are therefore no greater than plus or minus half of the bid-ask spread. We
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capture these assumptions in the triangular error distribution®, as illustrated in Figure 2.

Table 2 shows that the relative bid-ask spreads of options can be as large as one hundred percent.
These large bid-ask spreads can cause biases in expected returns that cannot be properly captured by the
approximations derived in Section 3.4.2 because those approximations were based on a relatively simple
second-order expansion around a zero bid-ask spread. We therefore analyze a set of simulations in which
we filter out options with bid-ask spreads above 25% of the mid price. To avoid any spurious correlations
that this filtering may cause on our return calculations at time ¢, we base this filter on the spreads observed
at time ¢t — 2. We hereafter call the procedure of deleting these optionsfiltering.

Error in hedged returns is also induced by mismeasurement of stock prices. Since our stock price data
consists solely of transaction prices, it is difficult to put bounds on these errors. We assume, therefore, that
stock price errors are normally distributed with a mean of zero and a standard deviation that is proportional
to the true price. The constant of proportionality is drawn at random for each stock from a uniform
distribution between 0.001 and 0.005. These values are close to the effective stock bid-ask spreads in the
data.

The effects of censoring options that violate non-arbitrage bounds is analyzed through two sets of Monte
Carlo simulations: In one set, options violating arbitrage bound or with vega smaller than 0.25 are not
considered in the empirical analysis”. We call the procedure of deleting these options censoring. In another
set of simulations, the implied volatility of options is calculated by replacing the implied-volatility of options

that violate non-arbitrage bounds as described in Section 3.4.

5.1 A parameterization of the Heston model with aggregate risk

The Heston model is a special case of the model discussed in the previous section. It is traditionally written
using a process for stochastic variance rather than volatility. Under the risk-neutral measure, price and
variance dynamics for a security i are
ds;
Si

avi = wy (V=) de+ Wi\ JVi (p'aB, + V1= (p)2aBy,)

= (1o —q})dt +/VidBY, (36)

where B}, and Bj*; are Brownian motions under the risk-neutral measure.
We use the same model for both the market index and for each individual equity, where the subscript

m denotes the market index. We assume that all covariances between the market index and the individual

6We also run simulations with uniformly distributed errors. The results are qualitatively similar to the ones with triangular
distributed errors.
"Recall that Ivy database does not calculate implied volatility of options with vega smaller than 0.25.
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securities are described by

dBl, = £dByy +dZ7, (37)

for j € {1,2}, where all of the Z* processes are independent zero-drift Brownian motions with instantaneous
volatilities of /1 — (53)2 That is, in the parameterization of the Heston model, we assume that &1, = €5, =0
in Equation (9). These assumptions imply a single-factor model for equity returns. They also imply a single-
factor structure in the part of each firm’s volatility risk that is orthogonal to that firm’s stock price. While
this is not the most general covariance structure possible, it should capture most of the comovement in
returns and volatilities at least approximately.

Let B{", and By, represent Brownian motions under the physical probability measure. We assume that

BT, and B3"; are priced risks and that all of the Z processes are unpriced. Specifically, we assume that
dB7, = dB;"j + A;dt (38)

for j € {1,2}. This specification of the prices of risk implies that instantaneous expected returns, under the

objective measure, are given by

dsi 7 7 1
E [ Sét] = (n —q+ Algﬂ/vg> dt. (39)

The expected return of the market is obtained by setting fi = 1. The specification in Equation (38) also

implies that the drift of the variance process, under the objective measure, is
Ky X V' Do + Aaghy/T— (002 x wiy Vi — sy x Vi (10)

The admissibility of the V;' process under the true probability measure is discussed in Duarte (2004). To
generate a positive equity premium, it must be the case that A\; > 0. The typically negative correlation
between returns and volatility shocks requires that p° < 0. The price of volatility risk can be either positive
or negative; the results in Coval and Shumway (2001) and Bakshi and Kapadia (2003) suggest that Ay < 0.

We hedge options based on their Black and Scholes hedge ratios even though option prices are generated
by the Heston model. The justification for this hedging procedure is twofold: First, in the Fama-MacBeth
regression with actual data, we will use hedge ratios that are computed by the Ivy options database. Second,
the use of Black and Scholes hedge ratios is much less computationally intensive than the use of Heston’s
hedge ratios.

The parameters used to simulate from the Heston model are described in Table 3. The parameters driving
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the risk-neutral process for the market variance are taken from Jones’s (2003) estimates from the 1988-2000
sample period. The risk-premia parameter A\; produces an equity premium of about 4% per year, while
the parameter )y is either taken to equal zero or —0.1. The parameters displayed in Table 3 result in a
volatility risk premium of —0.018. This risk premium implies that the returns of delta-hedged at-the-money
one-month straddles are around —60bp per day, which is close to the value reported by Coval and Shumway
(2001).

The parameters of the firm-level volatility processes are harder to estimate, and we know of no method
that can produce accurate (e.g. maximum likelihood) estimates from firm-level data without incurring
extreme computational costs. We therefore proceed more casually in selecting these parameters, starting
with the assumption that all firm-level parameters are random i.i.d. draws from uniform distributions. While
the specific distributions assumed are in Table 3, the parameters tend to give individual equities greater but
slightly less persistent volatility with less negative skewness than the market volatility. In the absence (to
our knowledge) of any empirical evidence on the cross-sectional distribution of the correlations between
market and stock wvariance processes, we assume this distribution to be the same as the distribution of the

correlations between market and stock price processes.

5.2 Simulation results

The simulations indicate that not controlling for measurement errors or for violations of arbitrage bounds can
seriously mislead researchers performing empirical work with options. Table 4 displays the mean simulated
returns of calls and puts when the price of volatility risk is negative. The first panel of this table displays the
mean returns of calls and puts when the simulated bid-ask spread of options is zero. Note that in-the-money
call options have positive mean returns and out-of-the-money call options have negative mean returns®. Put
options, on the other hand, have negative mean returns. The second panel of Table 4 displays the mean
simulated returns of calls and puts when bid-ask spreads are different from zero and options violating
arbitrage bounds are not thrown away. Note the dramatic difference between the mean returns displayed
in the first and second panel of this table. When bid-ask spreads are not zero, the mean returns of calls
are always positive, and in fact the simulated mean returns of deep-out-of-the-money calls are quite large.
Deep-out-of-the-money puts, on the other hand, have positive and large mean returns when measurement
error is introduced in the simulation. The positive and large returns of calls and puts are consistent with a

very large Blume and Stambaugh’s bias in the mean returns of options. The third panel of Table 4 displays

8To see this note that the volatility risk premium in Equation (11) is equal to w™4/1 — (p™)2A\J* and by Ito’s lemma
wi* = 0.5 x w
7 . v
9This result is consistent with those in Ni (2006) and are a consequence of a negative price of volatility risk.
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the mean returns of calls and puts when the options have a non-zero bid spread and censoring is applied.
Note that censoring in general decreases the mean returns of options. Again, the difference between the
results in the third panel and the results in the second panel is dramatic, indicating that the effects of
censoring options without implied volatility in the Ivy database are economically significant.

It is also interesting to note the similarity between the mean option return of the actual option sample
and the mean returns of the simulated sample. The third panel of Table 4 has a similar pattern of mean
returns as those displayed in the first panel of Table 2. Specifically, the results in these panels indicate that
censoring causes the mean returns of deep-in-the-money call options to be negative in both the actual and
simulated data. Also, the second panel of Table 2 is similar to the second panel of Table 4, which indicates
that the positive returns of deep-out-of-the-money options is driven by their large relative bid-ask spreads
in both the actual and simulated samples.

The results of the Fama-MacBeth regressions on the simulations without measurement errors indicate
that the discretization bias is small. The first panel of Table 5 displays the results of Fama-MacBeth
regressions in the simulations in which both stocks and options are observed without error. The results
of the first Fama-MacBeth regression in this panel indicate that our estimated volatility risk premium is
—0.005. This is closer to zero than the actual simulated volatility risk premium which is —0.01. The bias in
this estimation is not surprising, granting the classic errors in variables problem, which causes a shrinking
bias in the estimated risk premium. The third Fama-MacBeth regression in this panel also estimates the
coefficient on the option gamma (). This is done to analyze the effect of discretization in our estimation,
because, as previously mentioned, we would expect to see a statistically significant coefficient on gamma ()
if the discretization were causing a large bias in the estimation. Note however that the estimated coefficient
on gamma is not statistically significant in these Monte Carlo simulations. Indeed the average t-statistic of
this coefficient is only —0.21.

The simulation of the Fama-MacBeth regressions indicate that we can properly estimate the volatility risk
premium providing that we properly control for measurement errors in the options and stock market. The
second panel of Table 5 displays the results of Fama-MacBeth regressions on simulations with measurement
errors and no filtering of options. The first Fama-MacBeth regression in this table clearly shows the effect of
measurement error on the estimation of the volatility risk premium, because the estimated volatility premium
in this regression is not only large but also has the wrong sign. Indeed, the estimate volatility risk premium
without controls for measurement errors is 3.6%. Controlling for options and stock price measurement
errors change this estimation substantially. For instance, in the fourth Fama-MacBeth regression described
in Table 5, the estimated volatility risk premium is —0.009, and recall that the simulated value is —0.01.

The third panel of Table 5 displays the results of the Fama-MacBeth regressions in the simulations, where
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there are measurement errors and filtering. The first regression in this panel indicates that filtering has a
substantial effect in reducing the effects of measurement errors in the estimation of risk premium. To see
this compare the volatility risk premium estimated in the second regression of the second panel (0.39) with
the volatility risk premium estimated in the first regression of the third panel (—0.003). Finally, the last
regression in the third panel of Table 5 indicates that filtering, along with introducing controls for option and
stock bid-ask spreads essentially cleans all of the biases related to measurement errors. In fact, the estimated
risk premium in this regression is the same as the one estimated in the case where there no measurement
errors in stocks and options (see the first panel of Table 5).

The Monte Carlo simulations also indicate that our Fama-MacBeth procedure can be effectively used to
test for the presence of a volatility risk premium if measurement errors are controlled through additional
right-hand side variables in the Fama-MacBeth regressions, and options with large bid-ask spreads are
filtered. Table 6 displays the results of Fama-MacBeth regressions when the volatility risk premium is zero.
The first regression in this table does not control for measurement errors and as a result, the estimated
volatility risk premium is positive and large. The second regression in Table 6 controls for measurement
errors through the inclusion of bid-ask spread related variables. In this case, the estimated volatility risk
premium is on average —0.004 with an average t-statistic of —2.42. These results therefore indicate that
controlling measurement errors only with bid-ask spread variables in the Fama-MacBeth regression would
result in a frequent rejection of the hypothesis that the volatility-risk premium is zero when the volatility risk
premium is in fact zero. (The probability of Type II error would be high.) The third regression in Table
6 controls for bid-ask spread biases through the inclusion of right-hand side variables and through filtering
of options with large bid-ask spreads. In this regression, the average estimated volatility risk premium is
zero with an average t-statistic of 0.06, indicating that filtering plays an important role in testing for the

presence of a volatility risk premium.

6 Empirical results

6.1 An application to S&P 500 returns

To illustrate the effects of the measurement errors in the actual data, we calculate the mean returns of S&P
500 options with various times-to-maturity and moneyness. These mean returns are displayed in the second
panel of Table 7. Note that the mean returns of call options on the S&P 500 are increasing with moneyness,
in fact the deep-out-of-the-money short-term calls have a mean return close to 830 basis points per day.

This result is consistent with Coval and Shumway (2001). To correct for the biases caused by measurement
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errors we run a Fama-MacBeth regression of S&P 500 option returns on the option spreads and use this
regression to estimate the biases caused by measurement errors. These estimated biases are displayed in
the third panel of Table 7 and they can be as high as 1413.8 basis points per day. The fourth panel of Table
7 displays the bias-adjusted mean returns of S&P 500. Note that this panel implies that the mean returns
of call options are in fact decreasing with moneyness, which is exactly what we found in our simulations (see

first panel of Table 4).

6.2 Constant risk premia

The first set of results on Fama-MacBeth regressions using actual data are displayed in Table 8. All the
regressions in this and subsequent tables do not use censoring but do filter options with bid-ask spreads
above 25%. For this table, portfolio returns are equal-weighted, and all results are based on OLS regression.

In addition to the two-factor specification discussed above, we also consider models that only include one
of the two factors. The first three columns in the table correspond to specifications that exclude variables
that control for measurement error-induced biases. Several findings here are notable. First, the estimated
volatility risk premium is positive and significant for specification 1, which does not include a market return
factor. When a market return beta is included, either in isolation or together with the volatility factor, it
appears with a negative sign and is statistically significant. These results either contradict basic intuition or
most of the previous literature examining equity index options.

Including bias control variables in specifications 4-6 results in a reversal of these findings. The price of
volatility risk becomes negative, though only with marginal significance, and the price of market risk becomes
insignificantly positive. The option spread control variable, which measures the average of the squared spread
across all options in each portfolio, is highly significant, suggesting that the Blume and Stambaugh (1982)
bias is an important component of measured average option returns. Biases related to measurement error in
stock prices do not appear to be important here.

Two goodness-of-fit measures are included in the table. The first is the cross-sectional “R-squared”,
defined as one minus the ratio of the variance of the model-implied average returns to the variance of the
actual average returns. The second (RMSE) is the square root of the average squared pricing error. Both
measures are clearly improved by the addition of a volatility beta, suggesting the importance of the volatility
factor in explaining realized returns. Somewhat unintuitively, the R-squared measure can go down (or the
RMSE go up) when additional variables are added to the Fama-MacBeth regression. Because we are outside
the simple linear regression framework, the expected result is not guaranteed. In some cases the cause is the

presence of outliers in the bias control variables.
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To check the robustness of these results, we re-estimate the last specification in Table 8 with three
variations in methodology. First, we use relative price-weighted, rather than equal-weighted, portfolios.
Next, we use weighted least squares (WLS) rather than OLS in the Fama-MacBeth cross-sectional regressions.
Last, we combine both of these modifications. The results are presented in Table 9.

WLS regressions are appropriate in this case, at least as a robustness check, because of the substan-
tial cross-sectional heteroskedasticity in the portfolios we consider. Deep out-of-the-money portfolios, for
instance, are much more highly volatile than in-the-money portfolios. We therefore include WLS results by
weighting each observation in a cross-sectional regression by the inverse of its factor model error variance.

Unfortunately, Table 9 contains few clear patterns to report. The negative volatility risk premium
becomes more negative, and statistically significant, when using relative price-weighted portfolios, but the
sign reverses for both specifications estimated using WLS. Furthermore, the two goodness-of-fit statistics
(which are not themselves weighted) are much worse when prices of risk are computed using WLS regressions.

Figure 3 provides one possible explanation for these contradictory results. The figure is a scatter plot
that shows the relationship between estimated volatility betas and average returns, both computed using
the relative price-weighted portfolios. Points denoted “C” correspond to puts, while “P” refers to calls.
Grey letters indicate portfolios of in-the-money or at-the-money options, while black letters denote out-of-
the-money portfolios. The general pattern that emerges is that out-of-the-money options have low returns
and high volatility betas. At the same time, there is a group of in-the-money options whose betas appear
postively related to average returns.

In the OLS results, the variation in the observations in the bottom right part of the figure is dominant,
and a highly significant negative relation is obtained. In the WLS results, however, those observations are
downweighted due to their extreme volatility. Instead, the in-the-money options on the left side of the figure,
with very low volatilities, are much more heavily weighted. Since those options exhibit a positive relation
between volatility beta and average returns, the sign of the volatility risk premium becomes positive.

The last notable result from Table 9 concerns the controls for measurement error bias. We remarked
above that the Blume and Stambaugh bias would likely disappear were we to examing relative price-weighted
unhedged option returns. The second specification in the table shows that this result holds in practice as
well, as the significance of the squared option spread variable vanishes. In its place, however, is an increase
in the statistical significance of the biases that result from mismeasurement of the hedge ratio. Thus, bias
controls are necessary in all cases, though the controls that are important depend on how the returns are

weighted.
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6.3 Time-varying risk premia

Though the sign of the unconditional volatility risk premium is difficult to determine, it is possible that
nonzero conditional means are more easily detected. Figure 4 provides some visual evidence that this might
be the case. The figure plots the time series of realized volatility risk premia (5\\,01(1?)) estimated from the
Fama-Macbeth cross-sectional regressions run on equal-weighted portfolios using OLS. Serial correlation is
clearly evident from the picture, as are a number of spikes corresponding to periods of major market turmoil,
such as the market crash of October 1997 or the attacks of 9/11/2001.

A more formal analysis of serial correlation is provided in Table 10. In the column of results in the top
panel of the table, 5\\,01(15) is regressed on its own first lag. A significant positive autocorrelation estimate is
obtained, with a moderate R-squared of .027. The next three columns address whether the same predictor
can forecast realized market risk premia (5\M (t)) or realized factor returns. The evidence is weaker for these
variables.

Because a single lag of XVOI(t) is undoubtedly noisy, the second panel of Table 10 instead uses a 22-day
moving average of the predictor. The left-hand-side variables are unchanged. The result is that volatility
risk premia seem to have some power to predict future realized market risk premia (;\M(t)) and excess market
returns, though evidence of the latter is not strong.

In this section we re-analyze the Fama-MacBeth regressions of the previous section too see if there are
any discernable patterns in ex ante risk premia. Rather than looking at unconditional means of the S\VOl(t),

we instead consider regressions of the form

)\Vol(t) = Qyo T+ bVOIZ(t - 1) + e(t)a (41)

where Z(t) is some conditioning variable that is plausibly related to volatility (or market) risk premia. The
realized risk premia S\V(,l(t) are the same cross-sectional regression estimates used in the previous subsection.

Though theory does not provide a strong guide as to what conditioning variable to choose, most para-
metric models of option prices (e.g. Heston (1993)) assume that the asset’s own volatility drives both the
price of volatility and market risk. In the absence of obvious alternatives, we follow this literature and use
the VIX index as a proxy for overall market volatility. The VIX is a measure of implied volatility for the
S&P 500 index corresponding to a return horizon of one month. It is a “model-free” implied volatility of the
type derived by Britten-Jones and Neuberger (2000), which relies on an many options with different strike
prices but not any parametric model.

Table 11 contains results of the regression in (41) with VIX as the conditioning variable Z. Results

assuming constant risk premia are repeated from previous tables. In addition to Avr (t), we also examine
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predictable variation in the market risk premia (Ay(t)) and the intercepts (Ao(t)) of the Fama-MacBeth
cross-sectional regressions.
The notation in the table follows from the fact that expected excess returns can now be represented

(ignoring bias terms) as

(a0 + boVIX(t — 1)) + B, (ayer + by VIX(E — 1)) + By, (an + b VIX(£ — 1)),

Thus, the rows labeled 3., x VIX(t — 1) correspond to the coefficient by.,.

The first specification in Table 11 repeats a result from Table 8 showing an estimated positive price
of volatility risk and a negative price of market risk when bias controls are excluded from the regression.
In specification 2, in which volatility risk premia are allowed to vary with the level of the VIX, we see a
significantly negative constant price of risk (—1.652 x 1073) and a significantly positive variable price of risk
(0.849 x 1072). The same pattern obtains for specification 4, which includes our bias control variables. In
this specification, the market risk premium also appears to be positively related with the VIX.

As before, robustness is a concern, so we repeat this last specification using a number of different alter-
ations to our basic procedure. In Table 12, we run regressions using relative price-weighted portfolios and
weighted least squares regressions. We also consider portfolios that are sorted by implied volatility or the
ratio of implied to past realized 1-month volatility, both in addition to option maturity and moneyness. Fi-
nally, we repeat one of the specifications using regular delta-hedged, rather than total delta-hedged, returns.
Our results are very robust to all of these choices. The volatility risk premium is increasing in the level of

the VIX, and for all but one specification the market risk premium displays the same behavior.

6.4 Decomposing volatility betas

Our three-way portfolio sort picks up several different sources of variation in volatility betas. Sorting by
maturity and moneyness separates out options whose contract characteristics, such as vega, make them more
sensitive to volatility movements in general. These options should therefore be expected to vary more in
response to movements in market volatility.

In many studies, usually of S&P 500 index options, these contract-level differences are the sole source of
variation in betas. When these studies find that volatility risk is priced, a natural concern is that volatility
risk sensitivity is merely proxying for an option characteristic that is related to expected returns for a
completely different reason.

In our framework, variation in volatility betas also arises from differences in the covariances of the

underlying stock with the market return and volatility factors. Hence, we can identify variation in option
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betas that is unrelated to contract specifications like maturity and strike price.

If volatility risk is the true driver of expected option returns, at least conditionally, then each source of
variation in volatility betas should be equally important. If volatility betas are instead proxies for option
contract characteristics that are related to expected returns for some other reason, then only variation due
to contract type should appear to be priced, and variation due to differences across underlying assets should
appear unimportant.

We propose an easy way to address this question. After estimating market and volatility betas in time
series regressions, we average the volatility betas across all portfolios with the same maturity and moneyness
(keeping puts and calls separate). Thus, all variation that is due to the third sort variable, which measures
the covariance of the underlying stock’s volatility with the market, is eliminated. These average volatility
betas represent the “contract component” of the original betas. The “firm component” is then defined as
the difference between the original portfolio beta and the contract component just defined. It captures the
variation that is due to the nature of the underlying stocks.

Table 13 displays the results of Fama-MacBeth regressions in which volaility betas are decomposed into
these two components. In addition, some results using regular or “total” betas are repeated from Tables 8
and 11. Specifications 1 and 2 examine risk premia that are assumed to be constant, while 3 and 4 allow
risk premia to vary with the VIX index.

Examining the results in the second column, we see that the contract component of the volatility risk
premium is significantly negative, while the firm component is positive with borderline significance. Since
each of these terms should be identical to the “total” price of volatility risk in the first column, this result
contradicts a fundamental implication of our theory of options pricing.

The third and fourth columns, where we are allowing volatility and market risk premia to vary with the
VIX, present a very different picture. When the volatility beta is not decomposed, as we saw in Tables 11
and 12, it has a constant component that is significantly negative and a component related to the VIX that
is significantly positive. The final column of Table 13 shows that both results hold for the “contract” and
“firm” components of the volatility beta separately. Furthermore, the magnitudes of the “contract” and
“firm” effects are roughly similar. These results suggest that volatility risk is not merely a proxy for contract

characteristics.

7 Conclusion

This paper uses a large cross section of options on many different stocks to estimate the volatility risk

premium. Though we find no reliable evidence that the price of volatility risk is nonzero on average, we
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document strong evidence of a conditional risk premium that varies positively with the overall level of market
volatility. This result is robust to a variety of alternative portfolio construction methods, the use of WLS
versus OLS, and whether or not bias control variables are included in the regression.

We analyze the effects of measurement errors, violations of arbitrage bounds, and discretization on the
empirical work with options by means of a large Monte Carlo simulation exercise. Overall, our results
indicate that discretization effects are small if daily data are used. On the other hand, the bias induced by
censoring options that do not satisfy arbitrage bounds can be large, possibly resulting in biases in expected
returns as large as several percentage points per day and possibly seriously misleading researchers working
with options data. This bias arises when measurement errors cause the researcher to discard option prices
that are too high, but not prices that are too low. We propose a simple procedure to retain these data points
that has a large effect in simulations and in analysis of actual data.

Controlling for the bias in average returns due to measurement errors (bid-ask spreads) is perhaps even
more important and of a magnitude sufficient to reverse some inferences about average option returns made
in other studies. We show, for instance, that measurement error bias might be large enough to make out-
of-the-money call options on the S&P 500 index appear to have positive and large average returns, when in
fact the true returns may well be negative. Several different strategies that control for this bias are proposed
by extending the work of Blume and Stambaugh (1982).

Finally, our simulations show that the Fama-MacBeth approach, when applied to option returns, can
provide powerful and reliable inferences about the risk premia that drive the options market. A major
advantage of this framework, besides its simplicity, is that it imposes minimal parametric structure, unlike
most alternative approaches that rely on a complete specification of a stochastic volatility model for each
underlying stock. In particular, unlike other parametric methods, our approach does not automatically
generate a nonzero price of risk if average option returns are themselves nonzero — such an inference will

only be drawn given evidence of a relation between volatility betas and average returns.
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Appendix

A - Proof of Equation (3)

Ito’s lemma implies:

df 1 af f i f =y
_10f if,“f i1252f 0
neo= g s T2 % g5 T 09, T 3V 507 T G005

where the subscripts and superscripts on S, u, o, p and w were removed for simplification.
Now, let’s compute the excess returns of a derivative: Non-arbitrage implies that there is an equivalent

martingale measure under which the dynamics of the stock price and of the volatility are:

s ;
< = (r—q)dt + odBy", (43)
do = wdt+wpdBy', L+ w1 — dB

where B{ft and B;ft are Brownian motions. Non-arbitrage also implies that the price of any derivative

satisfies the PDE:

of Of 1 2g®f | Of 1 ,0°f Of
e O = 44
a T )Sas+ 555 Vo0 * 3 907 * Ba05 P57 =1 (49
Substituting the PDE above in the actual dynamics for f, we get:
a1 of of
7 = Fllu-r+aszs+@ v)a +rfdt + (45)
1L of of i f
+f(6SS t5,wp p)dB} , + < +=w\/1 — p?dB},
Define the following prices of risk:
» i )
dBi;—dB;; = A .dt= fdt
dBj, —dB,, = \jdt (46)

0—v = WP)\Zi,t"’w\/l—Pz %,t

Substituting in Equations (45), we get:
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which implies that the expected excess return of the derivative is:

E[ﬁ] —rdt =[{o

f

Sof 18f

afz
Fos T

it

B - Total-delta hedged portfolios

To hedge an option against stock price movements, one has to take a position on n stocks in a way such that
stock price movements do not have an effect on the price of the hedged portfolio. That is, we choose n that
isolates the value of the portfolio from movements in the Brownian motion B; ;. Equation (47) makes clear
that n is given by:

(% + a?ﬁ) (48)

Consequently, the excess instantaneous return of a delta-hedged option when the position on the stock

is financed at the risk-free rate is:

dH _ df +ndS —n(r —q)Sdt _df Sds S
i rdt = 7 rdt = f—i—nfS nf(r q) — rdt (49)

where H is the value of the delta-hedged option portfolio. Substituting Equations (48) and (47) into Equation
(49), we get:

1 1
@—rdt—w\/l 8fdt+fg V1 —p?dBay (50)

H 2tfa

Ito’s lemma also implies that the covariance between derivative returns and stock returns is:

cov(d; C!l]{) = 1{025% +ow(o )p%}dt (51)
_ Sof 1 9f
Bs = ?%"’ w(o)p of 0o

where (¢ is the beta of the derivative with respect to the stock.

35



C - Options database cleaning procedures

We do not use any options with non-standard settlement rules. All the options that have bid-prices equal
to 998 or offer-prices equal to 999 are eliminated because Ivy used these as missing codes in some years.
All the observations with negative bid-ask spreads or bid-ask spreads greater than five are eliminated. All
calls or put options with delta smaller than minus one and greater than one are dropped from the database.
All options with negative implied volatility are also dropped. (Ivy database uses -99.99 as a missing code
in some observations.) At date ¢, we also eliminate all options with zero open interest at date ¢ — 1. This
procedure helps to eliminate data errors that may be related to the lack of trading activity on some options.
Options with a mid point of the bid and the ask prices below 50 percent of the intrinsic value or above 100
dollars of the intrinsic value are also eliminated. We eliminate all duplicated observations of the same type
options with the same strike price and time to maturity on a given day. This guarantees that there is only

one call or put with a given strike and maturity on any given day.

7.1 D - Daily delta-hedged returns

Let H, ;ip represent the value at time 7 + h of a portfolio that was hedged at time 7. The portfolio is
composed by a long position on a derivative (fr45), and n shares of the stock financed at the risk free rate

(r). Assume that the underlying stock does not pay dividends. In this case Hr r4p is:
Hrrin = fron +nSron — erh(fT +nS;) (52)

Assume that the Black and Scholes model is used for the purpose of computing hedge ratios. In this
case, n = —0f/0S = —A,. Substituting a Taylor approximation of f,; e in the expression of H, ,, we

get:

1
HT,T+h ~ fT + ®Th + AT (ST+h - ST) + 51—‘7 (ST+h - ST)2 (53)

- T+hAT - (f‘f' - STAT) —rh (fT - S"'AT)

1 2
H: ip=0O:h+ §FTSE (S;_h - 1) —rh(Cr — S:A;) (54)

Where O, = 0f /0t and T'; = 9 f/9S?. The Black and Scholes PDE is the following relation between ©,,T",
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and A, when the underlying security does not pay dividends:
L 92
O, +rS;A, + P ST, =rC; (55)

Substituting the PDE in the approximation for H, -, and taking expectations we have:

1 S, 2
E[H, ;1] ~ 2FTSE{E[(S+h —~ 1) ] - o2h} (56)
Using ng:h’ — 1=~ puh
1
E[HT,T+h] ~ §FT872'IU’2h2 (57)

Thus, the expected excess return on a delta-hedged option over period h is approximately

h? ST,
Eldos (58)

Note that the expected return above depends on p, which is difficult to proxy for. A simple strategy is
to assume that g is unknown but constant cross-sectionally. This implies that the discretization bias in
delta-hedged returns is approximately proportional to

ST,
C.

(59)

The bias in a portfolio is clearly no more than the weighted average of this bias. This holds when we are

considering a portfolio of delta-hedged positions across different stocks, strike, or maturities.

E - Derivations of measurement error biases

Accounting for unknown implied volatility
The above result is valid only when implied volatility is known since A(St, 0(St)) then has an additional

dependence on the stock price. When implied volatility is unknown, 3% takes a different form. In particular,

if
s(s:) = 2o )
then
B(S,) = dA(S;:S’CZ(St)) % n A(St,fj(St)) (61)
_ (OA(S:,0(St)) | OA(Sy,0(S¢)) do(S)\ St | A(Si,0(St))
_< 98, | oo ds, >ﬁ+ﬂ
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Note that 0A /0o is the vanna of the option, which is equal to
dy >

V(S 0) <1_ L

Sy

do _% B _A(St,cr)
of o U(St70')

dfst_ o

To find do/dS;, note that o solves f= f(S¢, o). By the implicit function theorem

A(St,0(St))

)

Putting everything together, we have
S 7(7) dy A(St,U) St
’sz<rs7 _ S (1— ) %y
Fs(80) = (TS0, o(50) - —, ov7) vSo) ) T I
F(St,a(St))St _ A(St70') (1 _ d1 > + A(St,O'(St))
It Tt o\/T It
(St,O'(St))St A(St,O') d1
+ 62
fi ft o\T (62)
Biases in total delta-hedged returns
Now consider the case in which the total delta is used for hedging, so that
(A(S) + 1S 0(S)) 77855, ) St
Br(St) = 7 (63)
t
(St, 0 (St))w
= S
ﬁS( t) U<St)ft
We therefore have
d V(St,O'(St))
1(Sy) = Bs(Sy) + =2 ( 64
IBT( t) ﬁS’( t) ft dSt O'(St) ( )
_ s 4+ 22 (2508 — SG5v(So(5)
+ _r t
' ft (St)
wp Ov(St,0(St)) + aV(Su (St)) dU(St)> (S) )V(StaU(St))
(St)?

0S¢

i

= Bs(Se) + 7, (

Noting that dv (S, o(St))/dS: is another representation of the the option’s vanna, and that dv(S;, o(S;))/do
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is the option’s volga, which is equal to v(S, 0)d1ds /o, we have

v(St,0) 1 N V(St,O'(St))dld2 A(St,0)
Fip(e) = Bs(50)+ 5 (5 (- 2vr)
t

2 25000 ) (8,) + SE5ED (81, 0(51)
o(5:)?
wp (P2 (1= 252 ) = AS1,0(50)22) (S)) + A(S, o)
_ ﬂ/ (St) + l t o\/T
° fi o(5:)?

= 05+ ot (PG (1 05+ AGeets) (- i)

Biases in relative price-weighted returns

In some cases we examine portfolios weighted according to the relative option price, or the price of the

option divided by the price of the underlying stock. In this case our portfolio return is an equal weighted
average of

(65)
where

and the weights sum to N, the number of assets in the portfolio. We will assume that the constant of

proportionality k is known exactly, which would approximately be the case in a large portfolio if measurement
errors are independent.

The first component,

w(S;) (fgl - 1)

kSit (f}itrl - 1) gt (ﬁJrl - ft)

(66)
is probably close to unbiased. The second component in the difference,
N N S
wSyas) (2 -1)
St
kfe oo (S o [ EfiS kf
= Hep(s (B 1) = s (Mg - B (67)

S Sy S; Sy

We again determine the bias by taking half the second derivative and multiplying by the measurement
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error variance:

3o [8(5:)h(S) Var(5:5)
— 5 [(SOR(S.) + B(SYH(S)] Var(Sid)
= 5 [/ (SOR(S) + B (SO (S0) + (SO (S:) + B8 (S1)] Var(5i0)
= % [B"(S)h(S:)S7 + 28" (Sy)h' (S1)S7 + B(S)R" (S:)SE] Var(0)
Now note that R R
h(S:)SE = (’“fig‘i;“ - ’2{?) S? = kfiSit1 — kfiS,

kftSt+1 kft) Stg _ 72katSt+1 + kft

h/ 2: 72 _Jb
(52)5: < S S,

kfiSiir  _kf kfiSiv1  kfi
" 2 = —_— 27 2 = —_ 27
n'(8,)S: (6 5 5 ) 52 =6 5 2

Taking expectations over Sy, 1, assuming it is a martingale, we have
E [h(S))S7] =0

E [0(S))S7] = —kfy

" 2_@
B[1(5,)57] =475

The bias is therefore
. Ef
—kfiB'(Sy) + 2 bft

t

B(St) | Var(d)
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