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In the previous lecture, we looked at and analyzed the HITS algorithm, based on Hubs and Authorities.
This algorithm was designed with a scenario in mind where authorities might not cite each other (for example,
Ford will be very unlikely to link to Chevrolet). Hence, HITS uses the idea of conferring authority indirectly
through hubs.

In scenarios where authorities do cite each other, such as academic research work, it may be more
appropriate do have direct conferral of authority between nodes. This is the idea behind the PageRank [2]
algorithm.

Which algorithm is better may be hard to evaluate, and will depend on the query, among others. Among
others, it raises the question of how one can even evaluate the performance of an algorithm when its objective
function is not clearly defined.

1 PageRank

1.1 A first approach

Based on our intuition above, we would like to say that a page has high PageRank if it is pointed to by
many pages of high PageRank. On the other hand, if a page points to many other pages, it presumably
will not confer a lot of authority to all of them, but rather divide its authority evenly. This suggests the
following update rule, starting from an arbitrary vector, such as P (i) = 1/n for all i: the new PageRank is
P ′(i) =

∑
j→i

1
δ+(j) · P (j), where δ+(j) is the out-degree of j.

We can immediately see that at any fixpoint of this update rule, the solution has to be the solution to a
linear system in n variables. We could also converge to the fixpoint by iteratively applying the update rule.
A more concise way of writing the update rule can be obtained as follows: If M is the square matrix with
rows and columns corresponding to web pages, and Mij = 1

δ+(i) if i → j and 0 otherwise, then, treating P (i)

as a vector of web page ranks, the update rule can be written as ~Pk+1 = MT · ~Pk. Notice that the operation
has the useful property of “Mass Conservation”: the sum of the PageRanks of all pages is always exactly 1,
as it is only redivided along outlinks.

1.2 A Problem and Solution

The above solution has a problem: it may not converge, and when it does, the result may not be what we
are looking for. Specifically, if a web page has no outlinks (except, say, one to itself), then it will never pass
on PageRank weight to any other nodes, but it will receive PageRank weight. Hence, all of the weight will
collect at sinks, or, more generally, in the sink strongly connected components. All other nodes will have
PageRank 0, which is certainly not corresponding to our intuition. In addition, which sinks will end up
with all the weight will depend on the starting vector, so the PageRanks are not independent of the starting
assignment, which is another undesirable property. Finally, in the case of a cycle of two nodes, the weight
will oscillate between those nodes, but the weights will not converge.

There is a simple way to fix all of those problems at once. To motivate the approach, we notice that we
can view M as the matrix of transition probabilities of a random walk on the web graph. When the random
walk is at a node i, it choses uniformly among all outgoing links, and follows that link. Hence, the first
attempt above corresponds to computing the probabilities of being in a given state i in the limit of infinitely
many steps. We can now modify the random walk as follows: for some small ε ∼ 1/7, with probability (1−ε),
the new Markov Chain does exactly the same as the old random walk. With the remaining probability ε, the
new Markov Chain chooses a uniformly random vertex and jumps to it. This random process can intuitively
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be motivated by the model of a random surfer who gets bored and jumps to a uniformly random page with
probability 1/7 in each step.

In terms of matrices, we can express the new process as follows. Let 1p×q denote the p× q matrix of all
ones. The update step from the distribution Pk (at some time k) to Pk+1 can now be written as follows:

~Pk+1 = (1− ε)MT · ~Pk + ε · 1
n1n×1

= ((1− ε)MT + ε · 1
n1n×n) · ~Pk

=: M ′ · ~Pk

To show that this new version of PageRank converges, we can use the following well-known theorem
about Markov Chains.

Theorem 1 If the Markov Chain M is irreducible and aperiodic (the gcd of all cycle lengths is 1), then it
converges to a unique stationary probability ~π, i.e., ~π = MT · ~π.

The term “irreducible” means that the corresponding graph (of non-zero entries of M) is strongly con-
nected. Certainly, our matrix M ′ is both irreducible and aperiodic, as we added a jump probability of ε/n
between any pair of vertices, i.e., the graph is now complete. (Notice that for M that are not aperiodic,
oscillations might occur, as in the example mentioned above of a cycle of length 2. Similarly, the probabilities
of the random walk may depend on where the random walk started. This also applies if M is not irreducible.
On the other hand, if G is irreducible and aperiodic, then the probabilities are independent of the staring
point.)

For students who have seen this before, a very simple Markov Chain coupling argument (about the
simplest possible) shows that the mixing time of this chain is 1/ε, i.e., a constant. As a result, the convergence
is exponentially fast: within O(log 1

δ ) iterations, the error is at most δ.
Regarding computation, we are now dealing with a very large and dense matrix. However, the fact that

most entries are equal to ε/n allows for efficient matrix computation techniques to be applied nevertheless.
The original idea of PageRank is that the PageRank πi of a page i is an “intrinsic” measure of its quality.

At query time, we merely need to find all text-based matches and their neighborhood, and output them
sorted by PageRank.

If we do the processing at query time instead, we might be able to obtain better results by using text-
based relevance. For instance, we can prune the node set by starting from some 200 best text-based matches,
and creating a bag of words from them. Then, pages with very different bags of words can be pruned out,
i.e., if the inner product ~b · ~w between the occurrence vectors ~w and ~b is small. In addition, we can gauge
the importance of links by looking for relevant text near the anchor. A relevant empirical observation is that
most links have relevant text between 25 bytes before and 50 bytes after their own occurrence [3].

2 Topic-sensitive PageRank

In reality, we can neither compute all PageRanks at query time, nor can we pre-compute the PageRanks
for all possible queries. A middle path has been proposed by Haveliwala [4]. The idea is to precompute
PageRanks for a few landmark topics, and then express queries as a combination of these topics, and calculate
the PageRanks from the pre-computed ones.

Assume that there are T topics, and topic t is characterized by its restart probability vector ~ft. The
corresponding update rule is thus ~P ′ = (1 − ε)MT · ~P + ε · ~ft. By defining the matrix Ft = [~ft

~ft . . . ~ft], we
can express this new rule as

~P ′ = ((1− ε)MT + ε · Ft) · ~P

=: Mt · ~P

The corresponding PageRanks for topics t are now the stationary probabilities π~ft
of Mt.

From the PageRanks for topics t, we can compute those for queries q as follows. We can consider a query
as a convex combination of topics, i.e. q =

∑
t γt · t (where t just denotes a topic, and

∑
t γt = 1). Then,

we can identify with q the reset vector ~fq =
∑

t γt
~ft. The interesting observation is that the corresponding

stationary probabilities π ~fq
can be obtained as convex combinations of the probabilities for the landmark

topics:
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Lemma 2 π ~fq
=

∑
t γt · π~ft

Proof. We will show that the vector on the right is stationary for Mq. As the stationary distribution is
unique, this proves that it is equal to π ~fq

. In order to do so, we use the fact that each π~ft
is stationary for

its corresponding Mt, and then use the linearity of matrix-vector multiplication and summation:∑
t γt · π~ft

=
∑

t γt · ((1− ε)MT · π~ft
+ ε · ~ft)

= (1− ε)MT
∑

t γt · π~ft
+ ε

∑
t γt

~ft

= (1− ε)MT (
∑

t γt · π~ft
) + ε ~fq

= Mq · (
∑

t γt · π~ft
)

Hence, the PageRanks of linear combinations of topics can be efficiently computed from precomputed
topic PageRanks.

3 Single-Word Queries

To go even further, one could try to pre-compute the PageRanks for every single-word query. At first, this
may seem very daunting, as the number of words is far in excess of 100000, and hence, it appears as though
the storage requirement would be larger than 105 · 109 = 1014 PageRank values. However, more careful
indexing may reduce this requirement significantly, as most words do not appear in most pages. A simple
back-of-the envelope calculation observed by Domingos and Richardson [5], goes as follows. Let w denote
a word, and i a page. Further, let pw be the number of pages containing w, and si the number of words
contained in page i, and xw,i = 1 if word w appears in page i. Then, the total required index size is∑

w pw =
∑

w,i xw,i =
∑

i si.

Notice that the average page contains only about a few hundred words, so the last sum is only about a
few hundred times the number n of pages in the web. While this is not yet quite feasible, it is not too far
removed from current technology.

For multi-word queries, the situation is a lot more bleak: the number of distinct pairs that appear in
web pages is much higher, and the same kind of simplistic analysis does not work: the sum now becomes∑

i s2
i , which may be much larger. So far, no good ideas seem to be around about whether or how one could

perform useful precomputations for multi-word queries.
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