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1 Dense bipartite subgraphs

We previously looked at communities as simply dense subgraphs graphs, or as subgraphs such that
each node has a large fraction of its edges inside. Another view, taken in [3], starts from the hubs
and authorities model. It argues that a structure of densely linked hubs and authorities is a common
feature of communities. Such a core, a dense bipartite graph, can be considered the “signature” of
a community

Ideally, we would like to enumerate all such signatures, and expand them to communities.
However, the complexity of doing so would be prohibitive. In fact, even finding just one large
complete bipartite graph is NP-hard. However, when the given graph is dense enough, it always
has a large complete bipartite subgraph.

Lemma 1 If a bipartite graph has Q(b1/3n5/3) edges, it contains a K3y, i.e., a complete bipartite
subgraph with 3 nodes on one side, and b nodes on the other.

Proof. For each node v on the right side, we write §(v) for the set of its neighbors, and d(v) =
|0(v)| for its degree. Each node v is labeled with each 3-element subset T' of §(v) (i.e., with all
T C §(v), |T| = 3). Notice that each node thus has many labels, namely (d(”)). Hence, taken over

3
all nodes on the right side, the total number of labels is ), (d(gy)). We assumed in the statement
of the lemma that 3", d(v) = Q(b"/3n/3). The total number of labels is minimized when all d(v)

are equal, i.e., d(v) = Q(b'/3n?/?). Even then, the number of labels is
v n /
Y, (M) = (RO — ) = Q(nd). (1)

But the total number of distinct labels is only (3) = O(n?). Hence, by the Pigeonhole Principle,
some label must appear at least b times. The b nodes on the right side sharing the label, and the
three nodes on the left side who form the parts of the label, together form a K3,. ]

By considering a-tuples instead of triples for labels, we can obtain the generalization that any
bipartite graph with Q(b'/*n2=1/%) edges contains a K p.

While it is interesting to know that sufficiently dense graphs will contain a K4, it does not
necessarily help us in finding one, in particular if the graph is not dense. For large a and b, the
problem is NP-hard in general, but we may still be interested in speeding up the search for smaller,
and practically important, values, such as finding K3 ¢ graphs. By brute force (trying all 9-tuples of
nodes), this would take ©(n?) steps. A first and simple improvement is given by realizing that we
only need to look at triples of nodes on one side. Given nodes v1, v9, v3, we can take the intersection
of their neighborhoods (1), 6(v;). If the intersection contains at least b elements, then a K3 has



been found, else those three nodes cannot be part of a K3y. This reduces the running time to
O(n*).

The ideas underlying this improvement can be extended further. Obviously, any node of indegree
less than 3 can be pruned, and similarly for outdegrees less than . Once nodes have been pruned,
we can iterate, as the degree of other nodes may have been reduced. In addition, if a node reaches
indegree exactly 3 (or outdegree exactly b), it can be verified easily if it and all its neighbors form a
K3y, after which they can either be reported (and pruned), or just pruned. These heuristics, while
not useful in a worst-case scenario, help a lot in practice.

Building up large bipartite graphs can be likened to finding dense areas of a 0-1 matrix, which
is a task known as association rule mining in the data mining community. A common approach
there is to take simple rules, and combine them into larger rules. The idea is that any subgraph
of a larger complete (or dense) graph must itself be complete (or dense). Hence, looking only at
combinations of small dense graphs rules out a lot of unnecessary attempts. By starting from K ;
graphs, extending them to Kj 2 and K1, then to Ka9, K31, and K 3, etc., we make sure to only
look at relevant data, which leads to a lot of speedup in practice (though again no theoretical
guarantees in the case of dense graphs).

2 Spectral techniques

Another approach to finding sub-communities is to look at higher eigenvectors of the adjacency
matrix (or cocitation matrix), and nodes with large positive or negative entries in those eigen-
vectors (hub-authority weights) [2]. Such nodes intuitively identify hubs and authorities of sub-
communities.

Some intuition why this may work well can be gained from the following matrix B, representing
a graph.

22000
22000
B=]00 3 3 3
003 3 3
003 3 3
The largest eigenvalues of B are A\; = 9 and A2 = 4, and the corresponding eigenvectors are

e1=[00111)F and e3 = [1 100 0], respectively. The sub-communities found are K33 and Ko .
In general, eigenvectors tend to separate out different disconnected (or only sparsely connected)
components. Thus, they can be used to discover some corresponding community structure.

3 Modularity

Modularity [1, 4] measures when a specific division into communities is a good one, i.e., when there
are many edges within communities and few edges between them. That is, modularity indicates
how much non-random characteristic a graph exhibits.

For a graph G = (V, E), we consider a partition P = {S1, ..., St }, and write e(S;) := {(u,v) €
E|u,v € S;} for the number of edges inside component S; for i = 1,2,..., k. Then, the number of



edges within communities is

So, the fraction of edges inside communities is

e(P) _ Xy le(Ss)]

m m

where m denotes the number of edges in G. In order to characterize if a partitioning is good,
we would like to characterize how much of the actual structure it captures. We can do this by
comparing the fraction of edges inside communities to the fraction of edges that would end up
inside communities if the graph were random (conditional upon its degree distribution). If the
partitioning is good, then we would expect the former to be significantly larger than the latter.

More formally, we write d(S;) := ), cg, d(v) for the number of edge endpoints inside S;. Then,
the expected number of edges entirely in 5; is

1 d(s;) d(S;)?

§d(Si) om 4m

because each of the d(S;) edge endpoints in S; has a probability of d(S;)/2m of having its random
partner be in S;, and each edge in S; is counted twice (once per endpoint). We define the modularity
q(P) of a partition P as the difference between the actual fraction of edges inside, and the expected
fraction: asiy?

q(P) = eP) _ X, g — dme(P) =3¢, d(S:)?

m m 4m?

The goal of any algorithm is then to find a clustering of large modularity. Notice that one
(desirable) feature here is that the number of clusters k£ need not be specified. It is part of the
“right” solution.

In [1], it is found that when the modularity ¢(P) is above about 0.3, the partition P repre-
sents a significant community structure. Beyond some empirical results, not much is known about
this (fairly new) measure. It is not even known if it is NP-hard to find a clustering maximizing
modularity, though that seems likely.

As an example, observe the following two graphs. In these graphs, the clustering of maximum
modularity is actually achieved by the “natural” clustering into the connected components. The
corresponding modularity values are given below.
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