
Protocolsand Impossibility Resultsfor Gossip-BasedCommunication
Mechanisms

David Kempe�

Departmentof ComputerScience
CornellUniversity, IthacaNY 14853

Email: kempe@cs.cornell.edu

JonKleinbergy

Departmentof ComputerScience
CornellUniversity, IthacaNY 14853

Email: kleinber@cs.cornell.edu

Abstract

In recentyears, gossip-basedalgorithmshave gained
prominenceas a methodology for designingrobust and
scalablecommunicationschemesin large distributedsys-
tems.Thepremiseunderlyingdistributedgossipis verysim-
ple: in each time step,each nodev in the systemselects
someother nodew as a communicationpartner — gener-
ally by a simplerandomizedrule — and exchanges infor-
mationwith w; over a periodof time, informationspreads
throughthesystemin an “epidemicfashion”.

A fundamentalissuewhich is not well understoodis the
following: howdoestheunderlyinglow-level gossipmech-
anism— the meansby which communicationpartners are
chosen— affect one's ability to designef�cient high-level
gossip-basedprotocols? We establishoneof the �r st con-
creteresultsaddressingthis question,by showinga funda-
mentallimitation on the powerof the commonlyuseduni-
form gossipmechanismfor solvingnearest-resource loca-
tion problems.In contrast, very ef�cient protocolsfor this
problemcanbedesignedusinga non-uniformspatialgossip
mechanism,as establishedin earlier work with Alan De-
mers.

We go on to considerthe designof protocolsfor more
complex problems,providinganef�cient distributedgossip-
basedprotocolfor a setof nodesin Euclideanspaceto con-
struct an approximateminimumspanningtree. Here too,
we establisha contrasting limitation on the powerof uni-
formgossipfor solvingthisproblem.Finally, weinvestigate
gossip-basedpacket routing as a primitive that underpins
the communicationpatternsin manyprotocols,and as a
wayto understandthecapabilitiesof differentgossipmech-
anismsat a general level.
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1. Intr oduction

Gossip-basedcommunication. In recentyears,gossip-
basedalgorithms have gained prominenceas a method-
ology for designingrobust and scalablecommunication
schemesin large distributedsystems.The premiseunder-
lying distributedgossipis very simple: in eachtime step,
eachnodev in the systemselectssomeothernodew asa
communicationpartner— generallyby a simple random-
izedrule — andexchangesinformationwith w; over a pe-
riod of time, informationspreadsthroughthesystemin an
“epidemicfashion”. Perhapsthe mostbasicexampleof a
gossipmechanism,andoneof the mostwidely studied,is
uniform gossip: in eachstep,eachnodev choosessome
othernodew, independentlyanduniformly at random,and
sendsa messageto w. (For obvious reasons,this is some-
timescalledthe“randomphonecall” or “rumor spreading”
mechanism.)

Gossip-basedapproachesthusstandin contrastto more
rigid communicationstructuresin which nodescommuni-
cate accordingto a carefully synchronizedprotocol, and
alsoin contrastto centralizedschemes,in which a “leader
node”is responsiblefor disseminatinginformation.Gossip-
basedalgorithmshavetheadvantagethatthey areveryeasy
to implement,with eachnodefollowing a simplelocal rule
in eachtime step;andthey arehighly fault-tolerant,since
communicationwill happenin aggregate despitea fairly
high level of messagelossandnodefailures.

Thepioneeringwork of Demerset al. [5] demonstrated
thepowerof gossip-basedalgorithmsin thecontext of adis-
tributed databasesystem;subsequently, the approachhas
beenappliedto tasksincluding failure detection[24], re-
sourcediscovery [23, 10], dataaggregation [8], and, fol-
lowing theinitial work in [5], furtherproblemsin replicated
databasemanagement[1]. A numberof papershave also
studiedthedynamicsof gossipfrom a combinatorialpoint
of view (seee.g. [6, 7, 11, 12, 21]). In many of theseset-
tings, thereis an underlyingnetwork that supportsthe ab-
stractionof point-to-pointcommunication— any nodecan



contactany othernodein a givenstep— but thenodesare
alsoembeddedin anunderlyingmetricspace,andthegoals
of theapplicationarerelatedto proximity in thisspace.For
example,nodesmay wish to �nd the nearest resourceor
mirror site in a network, or be alertedif thereis a nearby
event or processfailure; here, “nearness”is with respect
to the metric spacecontainingthe points,while gossip—
thanksto the abstractionof point-to-pointcommunication
— mayproceedon a network thatis conceptuallythecom-
pletegraph.

In recentwork with Alan Demers[13], we considered
sucha framework, in which gossipingnodesarepositioned
roughly uniformly in RD ; essentially, they are placedso
thateachunit ball contains�(1) nodes.Suchasettingsug-
geststwo very naturalgossipmechanisms.Usinguniform
gossip,it canbe shown [11, 21] that if nodesforward all
informationthey receive,apieceof informationoriginating
with a givennodewill spreadthroughtheentiresystemin
O(log n) steps.At the otherextremeis neighbor�ooding
[17] in which eachnodecommunicateswith its k nearest
neighborsin a round-robinfashion. In [13], we analyzed
a “hybrid” mechanismcalledspatialgossip, combiningthe
locality propertiesof �ooding with the exponentiallyfast
disseminationof uniformgossip.For aparameter� , nodev
choosesto senda messageto nodew with probabilitypro-
portionalto d� �D

v;w , wheredv;w denotesthedistancebetween
v andw. For exponents� between1 and2, we provedthat
thetimefor apieceof informationoriginatingwith anodev
to reachnodesat distanced is boundedby O(log1+ � d) for
somesmall� , andindependentof thetotalnumberof nodes.

Gossip mechanismsand protocols. Given the increas-
ing useof gossip-basedapproaches,many distributedcom-
putationaltasksare being solved by building application-
speci�c protocolson top of a simplegossip-basedcommu-
nicationmechanism.For this reason,[13] arguedin favor
of distinguishingbetweentwo conceptuallayersin gossip-
basedalgorithms:A gossipmechanism, which simply de-
�nes thecommunicationconnectionsthataremadeduring
theexecution,anda gossipprotocol, which de�nes these-
manticsof themessagesthatareexchangedover thesecon-
nections. For example,uniform gossipandspatialgossip
are mechanisms— they specify, through randomization,
who will talk to whom in eachtime step,but they do not
specifywhat the contentsof the messagesshouldbe. We
saythataprotocolfor ahigher-level task(e.g.resourcedis-
covery, databasereplication)is basedonsuchamechanism
if this sequenceof communications— who talks to whom
— is determinedby themechanism.

A fundamentalquestionwhich is very little understood
is thefollowing: How doesthechoiceof gossipmechanism
affect one's ability to designef�cient protocols? For ex-
ample,aretherenaturalproblemsfor which it is provably

impossibleto designanef�cient protocolbasedon theuni-
form gossipmechanism?Canwe tell whenthereexistsan
ef�cient protocolbasedononemechanismbut notbasedon
another?

The resource location problemprovidesa cleansetting
in which to posesuchquestionsmore concretely. In the
mostbasicversionof theresourcelocationproblem,a sub-
setX of thenodeshold copiesof somedesirableresource,
andwe want eachothernodeto rapidly learn the identity
of an(approximately)nearestresource-holder. We will say
thata protocolis anef�cient c-approximationfor this prob-
lem if eachindividual communicationconnectioncontains
at mosta poly-logarithmic numberof messages,andafter
a poly-logarithmicnumberof steps,eachnodeknows of a
resource-holderwhosedistanceis within a factorc of clos-
est,with high probability. Moreover, we will beconcerned
in thispaperwith protocolsthatareatomic; informally, this
meansthat after a node�rst injects a given messageinto
thesystem,othernodescanonly store,copy, andforward,
but not otherwisemodify it. (We de�ne atomicityprecisely
in Section2.) While this restrictsthe classof protocols
underconsideration,it includesmostnaturalgossip-based
approachesandis motivatedin part from a security-based
standpoint,in which we want to preserve integrity of mes-
sages.In particular, if nodev wantsto considernoder its
nearestresource-holder, it shouldhave receiveda copy of a
messageoriginatingwith r .

In [13], we designedan ef�cient, atomic (1 + o(1)) -
approximationfor this problem,built on top of a spatial
gossipmechanismwith exponent� between1 and2. Given
the analysisof spatial gossip, the use of such � values
seemedhighly appropriatefor the resourcelocationprob-
lem, since the namesof resource-holdersshould diffuse
rapidly throughthe set of nodesnearthem. At the same
time, we had no proof that the particular spatial gossip
mechanismwasin any sense“necessary”for designingsuch
aprotocol.

The present work. We begin by proving that, in fact,
thereis noef�cient, atomicpoly-logarithmicapproximation
for resourcelocation basedon the uniform gossipmech-
anism. Moreover, the result extendsto show that spatial
gossipwith any exponent� 62[1; 2] cannotprovide an ef-
�cient, atomicpoly-logarithmicapproximationfor resource
location.

An importantpoint to realizeaboutthis impossibilityre-
sult is the following. If we run a poly-logarithmic num-
ber of stepsof uniform gossip,and then look at the re-
sulting patternof communication,it appearspossiblefor
analgorithmin retrospectto �nd a way of informing most
nodesof their closestresource.(We conjecturethis to be
thecase,althoughwe have not proved it.) Theobstacleto
designinga protocolseemsto bea computationalone: for



smallexponents,thepatternof communicationsis “too ran-
dom” for nodesto have any guidelinesfor choosingwhich
messagesto forward. While the problemhere is clearly
relatedin spirit to the areaof communicationcomplexity
(e.g. [16, 18]), the technicalframework appearsto be dif-
ferent— in particular, dueto theatomicitycondition.

We next considera more complex problem, the con-
structionof a minimumspanningtreeusingspatialgossip.
Speci�cally, amonga largesetof nodesroughlyuniformly
positionedin RD , supposethereis asubsetX of nodesthat
want to organizethemselvesinto a tree. (The membersof
the subsetneednot know eachothers' identitiesinitially.)
We show how spatialgossipwith � 2 [1; 2) canbeusedto
designanatomicprotocolwhich,within apoly-logarithmic
numberof steps,constructsa treeon thenodesof X of to-
tal edgelengthwithin O(log jX j) of theminimumspanning
treecost.Again,we canshow thatno suchatomicprotocol
existsbasedon theuniform gossipmechanism,or any spa-
tial gossipmechanismwith � 62[1; 2].

Finally, we considera primitive underlying a number
of gossip-basedapplications:the routing of packets from
a set of sourcenodesto correspondingdestinationnodes.
Onecanview this asan abstractcommunicationproblem
throughwhich to analyzethe power of spatialgossip. We
assumethatwe aregivena setM of messages(alsocalled
packets) � , eachof which hasassociatedwith it a source
s� anddestinationd� , suchthat eachnodev is the source
anddestinationof O(1) messages(our resultsactuallygen-
eralizeto arbitraryboundsinsteadof O(1)). The goal of
a routingprotocolis to usethecommunicationconnections
providedby theunderlyinggossipmechanismto forwardall
of the messagesto their destinations.In the process,arbi-
trarily many copiesof themessagesmaybemadeandstored
at nodes. If nodesareallowed to forward all packetsthey
haveever receivedin asinglestep,thisproblemis easy;we
areconcernedwith thecasein which only � messagesmay
beforwardedby any onenodein agivenstep,for someup-
perbound� . Weobtainthefollowing trichotomyfor spatial
gossipwith exponent� .

1. For � < 1, for any routingassignmentM , any protocol
(deterministicor randomized)will haveroutedatmost
O(� n� t2) of themessagesby time t in expectation.

2. For � = 1, thereis a simple protocol routing all of
themessagesin time O(log3 n) with high probability,
forwardingatmostonemessagein eachtimestep.

3. For � > 1, thereareroutingassignmentsM suchthat
any protocol (deterministicor randomized)will have
routedatmostO(� n2� � � t) of themessagesby timet.

Thereare two things that shouldbe notedabout this tri-
chotomy. First, the impossibility in part (1) appliesto any
permutation,whereasthe impossibility result in part (3) is

signi�cantly weaker, assertingthat thereexist badpermu-
tationsfor any protocol. This is clearly critical, sincefor
the communicationpatternsthat arisein resourcelocation
andMST construction,we know thatpoly-logarithmicrun-
ning time is possibleusing any exponent� 2 [1; 2); the
“locality” in theproblemleadsto tractablecommunication
patterns.

The secondpoint is that the obstaclesto delivering all
messagesin poly-logarithmictime arevery differentin na-
ture for exponents� < 1 andfor � > 1. The formercase
is akin to (andat the heartof) the impossibility result for
resourcelocationwhen� < 1: althoughtheremaybeafea-
sible routing of messagesin retrospect,thereis no way to
�nd it asthe protocolproceeds.On the otherhand,when
� > 1, the problemis simply oneof bandwidth— there
arenot enoughlong-rangeconnectionsmadeto evenallow
forwardingall messagesif they all have to travel a longdis-
tancein theunderlyingmetric. Hence,evenknowledgeof
futurerandomchoicesdoesnothelpin thiscase.

The three-partdistinctionin routingability is similar to
a correspondingtrichotomyin small-worldnetworks[15].
The framework thereis different; in [15], a setof underly-
ing nodesis explicitly augmentedwith “long-range”links;
here,we have a modelsupportingpoint-to-pointcommuni-
cation,andthe connectionsarespeci�ed in a step-by-step
fashionusingtheunderlyinggossipmechanism.Moreover,
we are seekingsomethingmuch strongerhere — rather
than searchingfor a single path, we wish to route an en-
tire permutation.Our routingprotocolfor exponent� = 1
alsohasa qualitative similarity to algorithmsfor permuta-
tion routingonnetworksderivedfrom thebutter�y (seee.g.
[22, 19]); in our protocol as well as those,the high-level
strategy is to begin theroutingwith “large” jumpsbetween
nodesandconvergeto thedestinationsthroughsmallerand
smallerjumps.

Finally, weshow how to extendouralgorithmfor routing
anassignmentto onein which thesystemrunsinde�nitely,
andnew routing requestsarrive continuouslyaccordingto
anunderlyingrandomizedprocess.Thisnaturallymodelsa
settingin whichtheunderlyinggossipmechanismservesas
a long-runningcommunicationsubstrateon which packets
arecontinuouslyrouted.Usingastatic-to-dynamictransfor-
mationin thespirit of [2, 4], togetherwith a resultof Hajek
[9], we show how spatialgossipwith � = 1 canform the
basisof a stableroutingprotocolwhenpacketsareinjected
ataninversepoly-logarithmicrate.

2. Preliminaries

In ourmodel,wehaveasetof n nodeswhicharelocated
in a metric spacethat de�nes a distancedu;v for any pair
of nodes. For the most part, we will think of the metric
spaceasRD , with pointsspreadroughly uniformly in the



sensede�ned in Section1. However, theresultshold for a
wider classof metric spacesasde�ned in [13], essentially
any metricspacein whichballshaveuniformly polynomial
growth. In particular, wewill alsoconsiderthemetricspace
in which the nodescorrespondto the leavesof a “virtual”
balancedbinarytree,andthedistancebetweentwo nodesis
thelengthof theuniquepathbetweenthemin thattree.

We assumethat thereis an underlyingmechanismfor
point-to-pointcommunicationwhich allows every pair of
nodesto communicate,regardlessof their distance. Fur-
thermore,we assumethat eachnodecan initiate at most
onesuchcommunicationduringany oneround.Usingthis
point-to-point communication,a gossip mechanismpro-
vides a distribution on the connectionsthat are actually
made. For two nodesu; v at distanced = du;v , we let
Bu (d) = f w j du;w � dg denotethe ball of radiusd
aroundu. Then, in the spatialgossipschemewith expo-
nent � , nodev contactsu with probability proportionalto
jBu (d)j � � . Noticethat for pointsspreaduniformly in RD ,
this distribution is identicalto the onedescribedin the in-
troduction.

In [13], it was suggestedthat the “output” of the un-
derlying gossipmechanismbe consideredas an entity of
interestin itself, called a temporal network[14]. A tem-
poral network is a graph G = (V; E) with edgelabels
� (e) thatdenotethetime at which thetwo endpointsof the
edge“communicated”(hence,thegraphmaycontainparal-
lel edges).Given a temporalnetwork, we areparticularly
interestedin the existenceof time-respectingpaths[14, 7]
— pathsP suchthat the labelson theedgesareincreasing
— sincethesearethepathsalongwhich informationcould
havemovedfrom oneendpointto theother. A gossipmech-
anismcanthenbeconsideredasa distribution on temporal
networks.

The protocolswe develop in this paperare all atomic,
in the sensediscussedinformally in the introduction. To
formalizethisnotion,wewantto capturetheideathatmes-
sagesin the protocolcanonly be stored,copied,and for-
warded,but not modi�ed in otherways. Speci�cally, we
supposethat beforethe startof the protocol,eachnodev
generatesa message� � (v) for eachtime step� . Then,in
step� of the protocol,v may senda subset(up to a �x ed
sizebound� ) of the set consistingof all messagesit has
received up to that point and the messages� � 0(v) for all
� 0 � � .

3. Basic impossibility results: messagerouting
and resourcelocation

3.1.Impossibility of routing with � < 1.

Webegin with ageneraltheoremthatimpliesour impos-
sibility resultsfor resourcelocationandMST approxima-

tion. We considera routingproblemin which thereis a set
of messagesM that mustbe delivered; for eachmessage
� 2 M , thereis a sourcenodes� whereit originatesanda
setof possibledestinationsD � . Themessageis routedsuc-
cessfullywhenit reachesany nodev 2 D � . (This includes
the naturalspecialcasein which all setsD � have size1;
we invoke this greatergeneralitybecauseit will be useful
in proving impossibility resultsfor approximateminimum
spanningtreesin a subsequentsection.)Now, for anunder-
lying gossipmechanism,we considerwhetherthereexists
anatomicprotocolto solvethismessageroutingproblemin
a smallnumberof steps.Notethat theremaybeadditional
messagessent;however, wewill beconcernedonly with the
deliveryof messagesin thesetM .

Theorem3.1 Consideran arbitrary set M of m distinct
messages� with sourcess� anddestinationsetsD � , such
that jD � j � � for all messages � . Supposethe under-
lying gossipmechanismhasthe propertythat for any pair
(u; v) of nodes,the probability that they communicate(ei-
ther becauseu calls v or viceversa) is boundedby p, and
thenumberof messagesthat canbeexchangedduring any
oneconnectionis boundedby � .

Then,the expectednumberof messagesthat havebeen
deliveredto anyoneof their destinationswithin t roundsis
O(� � p � t � (� tn + m)) .

Beforegiving theactualproof,we outlinea simplerand
more intuitive version,giving a weaker result for the fol-
lowing specialcase: eachmessage� hasa uniquedesti-
nation,theunderlyinggossipmechanismis uniformgossip,
andonly onemessagecanbeforwardedduringany commu-
nicationconnection.That is, eachnodein eachroundcalls
anothernodechosenuniformly at random,andforwardsa
copy of somemessageit holds.

Throughouttheexecution,therearen distinctmessages,
but they mayexist in multiplecopies,andatdifferentnodes.
Initially, thereis a totalof n copies(overall messages),and
sinceat mostn copiesareaddedin eachround,thereareat
most� n copiesat the beginning of round� , andtn at the
endof theprotocol.By thePigeonHolePrinciple,thereare
at least(1 � � )n messagessuchthat thereareat most t

1� �
copiesof eachof thosemessages(for any � > 0). Hence,
thereareat most t

1� � nodeshaving oneof theserare mes-
sagesatany point in theprotocol.

In orderfor a raremessageto reachits destination,the
destinationmust at somepoint during the t roundshave
communicatedwith oneof the at most t

1� � ownersof the
raremessage.By theUnion Bound,theprobabilityof this
is at most t � t

(1 � � )n , and by linearity of expectation,the
expectednumberof raremessagesreachingtheir destina-
tionsis atmostt2 = o(n) for poly-logarithmictimebounds
t. Hence,theexpectednumberof messagesreachingtheir
destinationin poly-logarithmictime is atmost�n + o(n).



Proof of Theorem3.1. Let K � (u; � ) the random event
thatat time � or earlier, nodeu hasreceivedthemessage� ,
andK � (u; � ) the0-1indicatorvariablefor thatevent.Also,
welet C� (u; v) denotetheeventthatnodesu andv commu-
nicatein round� , eitherbecauseu calledv, or becausev
calledu. Finally, we write A � =

S
u2 D �

K t (u; � ) for the
eventthatthemessage� hasreachedany of its destinations
by time t, andA � for its 0-1 indicatorvariable. Then,the
numberN of messageshaving reachedany of theirdestina-
tionsat time t canbeexpressedasN =

P
� A � .

We want to boundthe probability of the event A � . In
orderfor anodeu to receive � , it mustatsometime� com-
municatewith anodev thathadreceived� earlier, so

K t (u; � ) �
[

� ;v

C� (u; v) \ K � (v; � ):

Applying theUnionBound,thefactthatcommunication
partnersarechosenindependentlyof thedataheld,andthe
upperboundof p on theprobabilityof theeventsC� (u; v),
this yields

Prob[K t (u; � )] �
X

� ;v

Prob[C� (u; v)] � Prob[K � (v; � )]

� p �
X

� ;v

E [K � (v; � )] :

TakingtheUnion Boundover all nodesu 2 D � , we obtain
thatProb[A � ] � � � p �

P
� ;v E [K � (v; � )] :

By linearity of expectation,the numberof messages�
thathave reacheda destinationby time t is thesumof the
probabilitiesfor theeventsA � , takenover all messages� .

E [N ] =
X

�

Prob[A � ]

� � � p �
X

�;� ;v

E [K � (v; � )]

= � � p � E

"
X

� ;�;v

K � (v; � )

#

:

At time 0, eachmessage� is only known to its source
s� , so

P
v;� K 0(v; � ) = m. During eachroundof commu-

nication,exactlyn callsaremade,andeachcall transmitsat
most� messages.Hence,thereareatmostn � � pairs(�; v)
suchthatK � (v; � ) = 0 andK � +1 (v; � ) = 1. By induction,
it is easyto seethatfor all times� � t,

P
v;� K � (v; � ) � � � � n + m � � t � n + m

Hence,theabove expectationcanbeboundedas

E [N ] � � � p � E

"
X

�

(� t � n + m)

#

= � � p � t � (� tn + m);

completingtheproof.

As a corollary, we obtaina resultfor spatialgossipwith
exponent� < 1, packetswith a uniquedestination,andthe
restrictionthat at most onemessageis forwardedin each
communicationstep.

Corollary 3.2 For spatialgossipwith exponent� < 1 and
thenumberof messagesrestrictedto 1 per communication,
we obtain that in log� n rounds,the expectednumberof
successfullyroutedmessagesis O(n � log2� n), andin par-
ticular o(n).

3.2.ResourceLocation with � < 1 or � > 2.

For exponent� > 2, the impossibilityof resourceloca-
tion resultsfrom messagestraveling too slowly: with high
probability, it takes time 
( n � � 2) for a messageto travel
distancen alongthe line (this wasproved in [14]). Hence,
if thereis only oneresourceatnode1, noden will only �nd
outaboutanyresourceaftertime 
( n � � 2).

For therestof this section,we considertheresourcelo-
cationproblemfor � < 1. Let X bethesubsetof nodescon-
sistingof theresource-holders.We will saythatanatomic
resourcelocationprotocol is a t-roundc-approximationif
after t roundsof communication,eachnodev hasreceived
with highprobabilityacopy of amessagethatoriginatedat
a resource-holderr 0 suchthatdv;r 0 � c � minr 2 X dv;r .

We now show how to constructan instanceof the re-
sourcelocation problem that essentiallycontainsan in-
stanceof themessageroutingproblemdescribedabove. Let
� < 1 � � andc = n� , andconsidera setof n nodesin R
positionedat thepointsf 1; 2; : : : ; ng. Thereis a resource-
holderr j at eachpoint of theform 2j c for naturalnumbers
j = 1; 2; : : : ; n1� � =2. Considerthe nodex j at the point
2j c � 1. The protocol will only be a c-approximationif
x j receivesa forwardedcopy of themessageoriginatingat
r j , andhencewe have an instanceof the messagerouting
problemwith messages� r 1 ; : : : ; � r n 1 � � = 2

; here,message
� r j hassourcer j anddestinationx j .

From Theorem3.1, applied to spatialgossipwith pa-
rameter� < 1, m � nt , and� andt poly-logarithmic in
n, we obtainthat theexpectednumberof nodesx j having
received a copy of a messageoriginating at their nearest
resourceis O(n� log� n) = o(n1� � ). For the remaining

( n1� � ) nodesx j , the distanceto their second-closestre-
sourceis at leastby a factorc = n � largerthanthedistance
to theclosestresource,proving thefollowing corollary.

Corollary 3.3 Fix � < 1. For any � < 1 � � , there is no
atomicresource location protocol basedon spatial gossip
with exponent� that is a t-roundn � -approximation,where
t and the numberof messages � per communicationstep
arebothpoly-logarithmicin n.



4. ApproximateMinimum SpanningTrees

In this section,we investigateprotocolsfor a morecom-
plex problemin a metric space:theconstructionof anap-
proximateminimum spanningtreeon a setof N terminal
nodes. In additionto designinganef�cient protocolfor this
problem,weareinterested,asbefore,in thein�uenceof the
underlyinggossipmechanism.We �rst presenta protocol
basedon spatialgossipwith exponent� 2 [1; 2) that con-
structsa spanningtreewithin an O(log N ) factorof mini-
mum. We thenshow thatthereis no atomicprotocolbased
on spatialgossipwith exponent� < 1 that constructsa
spanningsubgraphwhoseexpectedcostis within anO(N � )
factorof minimum,for any � < 1 � � .

As in Section2, we begin with a setof n nodeslocated
at pointsspacedapproximatelyuniformly in RD . A subset
X of thesenodesof sizeN � n, calledterminals, wishesto
constructanapproximateminimumspanningtreeT on X ,
usingthe underlyinggossipmechanism.(Note that it will
not be necessaryfor all the terminalsto be known to one
anotheratthestart.)Theoutputof theprotocolis aspanning
treeT on X suchthat for eachedgee = (x; y) of T, at
leastoneof theendsx or y hasstorede. Hence,thetreeis
representedin adistributedfashionamongall theterminals.
Notice that we arenot seekingto constructa Steinertree
using the non-terminalnodesas Steinernodes. The non-
terminalsparticipatein thecommunicationanddistributed
computationeffort, but the�nal treecontainsonly terminal
nodes.

4.1.A protocol for � 2 [1; 2) .

Themotivating ideaof theprotocolis to approximately
simulateanexecutionof Boruvka'sMST algorithm[3, 20],
in which nodesrepeatedlylink to their nearestneighbors,
contractthe resultingconnectedcomponents,and iterate.
Unfortunately, if theprotocolis to run in poly-logarithmic
time usinggossip,it seemsdif�cult to implementthis algo-
rithm directly. First,usingtheguaranteefrom [13], we will
only be able to obtain an approximatelynearestneighbor
for eachnode.This posesa problem,sincetheresultingset
of edgesfrom nodesto their approximatelynearestneigh-
borsneednot be acyclic, andso the outputmay not even
be a tree. Moreover, it is not clearhow to implementthe
contractionof componentsin poly-logarithmictime.

We de�ne an atomic protocol that runs in O(log N )
phasesin expectation.In eachphase,certainterminalswill
be active, and the rest will be inactive. During a given
phase,all activeterminalstry to �nd anapproximatelynear-
estneighboramongtheotheractive terminals,andthenadd
an edgebasedon a randomsymmetry-breakingtestto en-
surethatnocyclewouldbeobtained.

In orderto obtainapproximationguaranteeson thedis-

tanceof theneighborthatcanbefoundusinggossip,were-
quire thefollowing Lemma4.1,which is aneasycorollary
of a resultin [13]. For apathP with verticesv1; : : : ; vk , let
its pathdistancebed(P) =

P k � 1
i =1 dv i ;v i +1 .

Lemma 4.1 For an exponent� 2 [1; 2), there is a constant
c and a poly-logarithmic time-boundf , such that for any
twonodesv; w andanytime� , theexecutionof spatialgos-
sipwith exponent� producesa time-respectingv-w pathP
containedin thetimeinterval [� ; � + f (n)] of pathdistance
at mostcdv;w with highprobability.1

At thebeginningof theprotocol,all terminalsareactive,
andtheprotocolendswith exactlyoneactiveterminal.Each
phaselastsfor f (n) roundsof gossip.We maintainthe in-
variantthateachinactive terminalwill know theidentity of
asingleedgeincidentto it in thetreeT.

In a givenphasej , eachnodev (not only eachterminal)
will try to determinethetwo active terminalsthatareclos-
estto it, andstorethis informationin a setS� (v), where�
denotesthe time stepwithin phasej . For purposesof ini-
tialization,we will imaginethattherearetwo “dummy ter-
minals”? 1 and? 2, eachatdistance1 from all nodes.For
activeterminalsx, thesetS� (x) beginsthephaseinitialized
to f x; ? 1g, andfor all othernodesv, thesetis initialized to
f? 1; ? 2g. Also,atthebeginningof phasej , eachactiveter-
minal x choosesa randomnumber� j (x) 2 f 1; 2; : : : ; n3g.

All nodesthenperformf (n) iterationsof thespatialgos-
sip algorithmwith anexponent� 2 [1; 2). Whenw callsv
in a given step,w sendsthe (at most two) messagescor-
respondingto the non-dummyelementsof its currentset
S� (w). This causesv to updateS� (v) in theobviousway:
it choosesthe two distinct closestnodesfrom amongthe
(at mostfour) nodesin theunionS� (v) [ S� (w). For each
terminal x 2 S� (v), nodev alsostoresand forwardsthe
randomnumber� j (x) associatedwith x.

At theendof the f (n) stepsin phasej , eachactive ter-
minal x hasa setS� (x) that consists,with high probabil-
ity, of its own name(at distance0) andthe nameof some
otheractive terminaly. If � j (x) > � j (y), thenx storesthe
edge(x; y) aspartof theeventualtreeT andbecomesinac-
tive for theremainderof theprotocol;otherwise,x doesnot
storeany edgeandit remainsactive in phasej + 1.

This de�nes thefull protocol. We notethat it is atomic,
following thede�nition in Section2. Theorem4.2provides
guaranteeson theprotocol's performance.

Theorem4.2 Afteranexpectednumberof phasesbounded
by O(log N ), there is exactly one terminal left. At that
point, the edgesstored by inactiveterminalsform a span-
ning tree whosecost is O(log N � C(X )) in expectation,
whereC(X ) is thecostof a minimumspanningtreeonX .

1In fact,[13] shows thatthelengthof thepathis dv ;w + o(dv ;w ) with
highprobability.



Proof. We �rst argue that the protocol producesa span-
ning tree. Let E denotethe setof edgesconstructed.By
inductionon j , weseethatevery terminalx 2 X hasapath
in (X ; E) to someterminalthatwasactivein phasej . Since
thereis only a singleactive terminalat theendof thepro-
tocol, this implies that (X ; E) is connected.Now, suppose
that (X ; E) containeda cycle � . We canorient eachedge
e 2 E from the terminal that storede to the otherendof
e. In this orientation,at mostoneedgeleavesany nodein
X , so� mustbea directedcycle with respectto this orien-
tation. If we considerthe terminalx on � that wasactive
for themaximumnumberof phases(saythroughphasej ),
breakingtiesfor thex with minimumvalue� j (x), thenwe
obtainthe following contradiction:x would not have con-
structedan edgeto the next nodeon C. Thus, (X ; E) is
bothconnectedandacyclic, andhenceaspanningtree.

In theremainderof theproof,wewill boundtheexpected
costof thespanningtreefoundby theprotocol,by showing
that the expectednumberof phasesis O(log N ), and the
costof edgesaddedin any onephaseis within a constant
factorof theminimumspanningtreecostC(X ). Thecen-
tral factis thefollowing lemma.

Lemma 4.3 Let j be a phasewith at least two activeter-
minals. Let x be a terminal active in phasej , and y the
closestotheractiveterminal to x. With high probability, at
theendof phasej , S� (x) will containx andanotheractive
terminaly0 with thepropertythat dx;y 0 � c � dx;y (where c
is theconstantfromLemma4.1).

Proof. Let � � denotethe time stepin which phasej be-
gins. For purposesof theanalysis,we will imaginethatfor
every nodev, thereare edgesto v from eachof the two
dummyterminals? 1 and? 2 with timelabel� � ; in thecon-
text of thediscussionbelow, it will beimportantthatsucha
singleedgeis a time-respectingpathcontainedin the time
interval [� � ; � � ].

At a given time � � � � , we de�ne the bundleof paths
incident to a node v, denotedB � (v), as follows. Let
x1; : : : ; x r be the active terminals(including ? 1 and? 2)
such that there is a time-respectingx i -v path in the in-
terval [� � ; � ] (note that r � 2.) For each x i , choose
a time-respectingx i -v path Pi whosepath distanceis as
small as possible; and assumethe indexing is such that
d(P1) � d(P2) � : : : � d(Pr ). The bundle B � (x) is
then the r -tuple of paths(P1; P2; : : : ; Pr ). We prove the
following statementby inductionon � � � � .

(� ) Let v be any node, and let B � (v) =
(P1; P2; : : : ; Pr ). Then the set S� (v) contains
distinctnodesx0

1 andx0
2 suchthatdx;x 0

1
� d(P1)

anddx;x 0
2

� d(P2).

Observe �rst that, by the initialization step,the condition
(� ) holdsat time � � .

For theinductionstep,weconsidertheeffectof themes-
sage(s)from w to v at time � + 1. Wewill supposefor sim-
plicity thatthesearetheonly messagesreceivedby v attime
� + 1; however, messagesfrom othernodesat time� + 1 are
easilyhandledby applyingthefollowing argumentsequen-
tially overeach.If thebundlesB � (v) andB � (w) justbefore
thesendingof themessage(s)areequalto (P1; P2; : : : ; Pr )
and (P0

1; : : : ; P0
s), respectively, the bundle B � +1 (v) after

thecall canbeconstructedby merging in a pathP 0
i � (w; v)

for eachP 0
i 2 B � (w), and subsequentlyeliminating the

longeroneamongtwo pathsoriginatingwith thesameter-
minal. By the induction hypothesis,there is a terminal
y1 2 S� (w) suchthat dy1 ;w � d(P0

1); hence,by the tri-
angleinequality, dy1 ;v � d(P0

1) + dw;v = d(P0
1 � (w; v)) .

Also, theothernodey2 2 S� (w) satis�esdy2 ;w � d(P0
2),

andanalogouslywe have dy2 ;v � d(P0
2 � (w; v)) . Thus,the

smallesttwo distancesfrom v to nodesin theunionof S� (v)
andS� (w) will beatmostthecorrespondingminimaof the
pathdistancesof P1; P2; P0

1 � (w; v); P 0
2 � (w; v), andsothe

inductionstepfollows.
Now, for anactive terminalx, let y betheclosestactive

terminalotherthanx itself. By Lemma4.1,therewill, with
high probability, bea time-respectingpathof path-distance
atmostc� dx;y by theendof thephase,sotheotherterminal
y0 6= x thatis containedin S� (x) at theendof phasej will
satisfydx;y 0 � c � dx;y , completingtheproof.

As a consequenceof Lemma4.3,eachactive terminalx
with high probability hasanotheractive terminaly (not a
dummyterminal) in its setS� (x) at the endof any phase.
With probability 1

2 � o(1), we have � j (x) > � j (y), and
so an edgewill be formed. Henceeachterminalbecomes
inactive in eachphasewith probability 1

2 � o(1), andsothe
expectednumberof phasesis O(log N ).

It remainsto boundthe costof the edgesaddedin one
phase.Let X j denotethe setof active terminalsin phase
j . SinceX j � X , the Steinerratio in metric spacesim-
plies that C(X j ) � 2C(X ). We know that the mini-
mum spanningtree on X j includesa shortestedgeinci-
dent to eachnode; thus, if eachnodein X j were to con-
structsucha shortestedge,the total edgelength— count-
ing an edgetwice if it is constructedfrom both ends—
would beat most2C(X j ). However, eachnodein X j ac-
tually constructsan edgethat is within a factorc of short-
est;hence,thetotal edgelengthaddedin phasej is at most
2c � C(X j ) � 4c � C(X ), completingtheproof.

4.2.Impossibility resultsfor � < 1 and � > 2.

The impossibility for exponent� > 2 can be shown
with a very simple example. Thereare n nodesat posi-
tions f 1; : : : ; ng on the line, and the set of terminals is
X = f 1; ng. It wasproved in [14] that with high proba-
bility, it will take time 
( n � � 2) until amessageoriginating



with nodes1 or n hastraveled distancen � 1, and until
thatpoint,no edgecanbestoredat eithernode.Thus,with
high probability, it takestime 
( n � � 2) until any spanning
subgraphis constructed.

For theremainderof this section,we will prove the im-
possibility with exponents� < 1. We will say that an
atomicminimum spanningtreeprotocolon a setof termi-
nals X is a t-round c-approximationif after t roundsof
communicationthe following holds: there is a spanning
subgraph(X ; E) of total costat mostc � C(X ) sothat,for
eache = (v; w) 2 E, at leastoneof v or w hasreceived
a messagethatoriginatedat theother. (Note that this is in
factamuchweakerconditionthanis satis�edby ourproto-
col above.)

As anothercorollaryof Theorem3.1,we now derive an
impossibilityresultfor atomicminimumspanningtreepro-
tocolsbasedonspatialgossipwith exponent� < 1. Specif-
ically, chooseany � < 1 � � , and let � = 1� � + �

2� , and
� = N � + � � 1. Notice that 1 < � < 1� �

� . For a given
numberN of terminals,let n = N � be the total number
of nodes,which areplacedat equaldistance1 on the line.
TheN terminalsarethenodeswith coordinatesi � � + j , for
i = 0; : : : ; N 1� � � 1 andj = 1; : : : N � , wherethe nodes
for aparticulari aresaidto form acluster.

For anedgee = (u; v) to beconsideredpartof a span-
ning subgraph,at leastoneof thenodesu; v musthave re-
ceivedamessageoriginatingat theother. In agoodapprox-
imatespanningtree,mostnodesshouldhave edgeswithin
their cluster, sowe areconsideringmessages� � (v) whose
destinationset consistsof all other N � � 1 nodesin v's
cluster. Eachnodev may generateat mostonenew such
messagein eachtime step� , sothenumberof messagesis
m � N � t.

By applyingTheorem3.1 to theabove routingproblem,
we obtain that the expectednumberof messageshaving
reachedoneof their destinationsby time t is boundedby
O(� � n � N � � n� � 1t2) = O(N �� + � � t2) = o(N ) whenever
both � andt arepoly-logarithmic, by the upperboundon
� . This is anupperboundon thenumberof edgesbothof
whoseendpointslie within thesamecluster, andhencealso
anupperboundon thenumberof edgeswith costlessthan
� � N � . Because� > 1, thiscost� � N � = N � + � � 1 � N �

is 
( N � + � � 1).
Sinceany spanningsubgraphmustcontain
( N ) edges,

of which in expectationonly o(N ) can have cost less
than 
( N � + � � 1), the solution hasexpectedcost at least

( N �N � + � � 1) = 
( N � + � ). However, theminimumspan-
ning treehascostat mostn � 1 = O(N � ), andhencethe
solutionfoundby theprotocolcannotapproximatethemin-
imum spanningtreeby a factorof O(N � ) with respectto
expectedcost,proving thefollowing theorem.

Theorem4.4 Consideranyatomicprotocolfor computing
an approximatelycheapestspanningsubgraph, basedon

spatialgossipwith exponent� < 1. If each nodecansend
only a poly-logarithmic number� of messagesper round,
and if the protocol runs for a poly-logarithmic numberof
rounds,thentheexpectedcostof thespanningsubgraph it
produceswill beat leasta factor of 
( N � ) larger thanthe
costof a minimumspanningtree, for any� < 1 � � .

5. Routing permutations

In this section,we further investigate the problem of
messagerouting. We show that for exponent� = 1, there
is a simple protocol routing a set of messagesin poly-
logarithmic time, with high probability. We completethe
trichotomypresentedin Section1 by showing thatthereare
permutationsthatcannotberoutedby any protocolbuilding
on top of spatialgossipwith exponent� > 1. Finally, we
show how to extendtheanalysisof thesimpleprotocolwith
� = 1 to apply in the caseof the protocol runningfor an
inde�nite time,with continuouslyarriving messages.

5.1.A simpleprotocol for exponent� = 1

Weconsideraprotocolwhichusesthemetricde�ned by
thelengthof theuniquepathbetweentwo leavesin the“vir -
tual” balancedbinary tree(seeSection2). This keepsthe
descriptionandproofscleaner— however, the resultsex-
tendto othermetricspacesaswell. Eachnodev hasaqueue
Qv in which it storesits currentsetof messages.Theproto-
col is parametrizedby anarbitraryqueueingdiscipline,and
in eachround,eachnodev executesthefollowing.

Choosea message� accordingto the queueing
discipline, and a communicationpartnerw ac-
cordingto the underlyingspatialgossipscheme.
If w is strictly closerto thedestinationd� thanv,
thenforward� to w; elsedonothing.

We let Z denotethe time at which the last message�
reachesits destination,andgivehigh-probabilityboundsfor
Z . Theboundscertainlydependonhow many packetsorig-
inatewith or aredestinedfor any onenode. For a nodev,
let its messagevolumelv bethenumberof messages� such
thats� = v or d� = v, andlet L beanupperboundon lv
for all nodesv. Theguaranteefor theprotocolis asfollows:

Theorem5.1 Fix a constanta > 2L � log3 n. With prob-

ability at least1 � (n � e� ( a � 2L log 3 n ) 2

16 L log 5 n + n � L � e� a
8 log n ),

all messages � havereached their destinationby time a,
i.e. Z � a.

Theproofof thistheoremwill begivenin thefull version
of thepaper. Theintuition is asfollows: we �rst boundthe
numberof messagesthatvisit any onenodev by O(L logn)



with highprobability. To thisend,it is crucialto noticethat
the pathsof differentmessagesarecreatedindependently,
whichallowsusto applyChernoff Bounds.Theprobability
of anodev seeingamessagewith destinationw atdistance
i from v is atmost2� i , andthereare2i suchnodesw, each
thedestinationof atmostL messages.

As a secondstep,we notice that any messagecan be
delayedby at mostall messageswhosepathit meets,and
eachmessage's waiting time at the front of the queueis
distributedas a geometricvariablewith successprobabil-
ity 1=logn. Becauseeachmessageis forwardedat most
logn times, its arrival time is boundedby the sum of
O(L log2 n) suchgeometricvariables,which hasexpecta-
tion O(L log3 n). We obtain the desiredhigh-probability
resultusingChernoff boundsandunionbounds.

By pluggingin particularvaluesof L anda, we obtain
thefollowing corollary:

Corollary 5.2 Theroutingis accomplishedin O(L log3 n)
with probability at least1 � 2=n. In particular, a permu-
tation is routedin O(log3 n) stepswith probability at least
1 � 2=n.

5.2.Impossibility of routing with exponent� > 1

We now completethe proof of the trichotomystatedin
Section1 by proving that there are routing assignments
whichcannotberoutedin poly-logarithmictimeusingspa-
tial gossipwith exponent� > 1.

For simplicity, weprove this resultfor themetricof path
distancesin the“virtual” binarytree(seeSection2). In our
routingassignment,eachnodei is thesourceof a message
with destinationn � i , i.e. a total of n messageshave to
crossinto theothersubtreeof heightlogn � 1.

Theorem5.3 Consideranyprotocolwhich is restrictedto
forwarding at most� messagesduring any onecommuni-
cation step. Theexpectednumberof messages that reach
their destinationby time t whenspatial gossipwith expo-
nent� > 1 is usedis O(n2� � � � t).

Proof. By de�nition of the spatialgossipmechanism,in
eachround,eachnodeu � n=2 communicateswith a node
v > n=2 with probability O(n1� � ), henceover all of the
n=2 suchnodesu, at mostO(n2� � ) pairsof nodes(u; v)
with u � n=2 andv > n=2 communicateduring any one
roundonexpectation.In eachsuchcommunication,atmost
� messagesare forwarded,and this is donefor at most t
rounds. Hence,at mostO(n2� � � � t) messagescrossinto
theothersubtreein expectation,andcrossinginto theother
subtreeis necessaryto reachthedestination.

Notice that the limitation for exponents� > 1 is very
differentfrom theonefor exponents� < 1. Here,theprob-
lem is simply oneof limited “bandwidth”, so even knowl-
edgeof future randomoutcomesis not suf�cient. On the

otherhand,for small exponents,the problemwasthe lack
of structureamongtheconnectionsthatwouldhelpin guid-
ing messages.

By choosingboth � andt poly-logarithmic in n in the
above theorem,we obtain that only o(n) messagesreach
their destinationin poly-logarithmictime.

5.3.Dynamically arri ving messages

In a real-world systememploying a gossip-stylemecha-
nism for messageforwarding, the emphasisis usually on
having the systemrun for an inde�nite amountof time,
whereastheabove analysisimplicitly assumedthatpackets
wereonly beinginjectedandforwardedstartingataspeci�c
time,andaftersuccessfuldeliveryof all packets,thesystem
wasstopped.Here,we extendtheanalysisto thecaseof a
systemrunningfor aninde�nite time.

As a simplemodelfor messagearrival, we assumethat
in eachtime step,andfor eachpair (u; v) of nodes,a new
message� with sources� = u anddestinationd� = v is
generatedindependentlywith probability 
 = O( 1

n log 4 n ).
Notethatthis meansthaton average,eachnodeu becomes
thesourceof a new messageevery O(log4 n) rounds.The
routingprotocolis essentiallyunchangedfrom theprevious
section,exceptthatwe specifythatnodesv with morethan
onequeuedpacketwill usethelongest-in-system(LIS) rule
to selectthe packet to forward. This rule speci�es that at
any time, a nodetries to forwardthepacket from its queue
whichhasits injectionlongestin thepast.In thismodel,we
obtainthefollowing guaranteeon theprotocol:

Theorem5.4 For anymessage� , thetimefromits injection
until its deliveryis at mostO(� log8 n), with probability at
least1 � 1

n � . In particular, thesystemis stable.

We usethe resultfrom Theorem5.1 in theproof, but it
is obvious that the techniquesemployed therewill not be
suf�cient. Over the executionof the protocol, any queue
lengthor waiting time will eventuallybe exceeded,so our
goalwill beto show thatsuchbadeventshappenrarely, and
in particular, thatthesystemrecoversquickly enoughfrom
them. Theproof is left to thefull versionof this paper, but
wewill presentanoutlinehere.

Strictly for the purposeof analyzingthe protocol, we
considera “batched”versionof theproblem,in which time
is dividedinto windows. Messagesarriving duringonewin-
dow arestoreduntil all messagesfrom thepreviouswindow
have reachedtheir destinations,at which point they arere-
leasedinto thesystem,androutedasin Section5.1. By the
choiceof the messagegenerationprobability, the routing
assignmentwill be suf�ciently permutation-like to give an
expectedrouting time O(log4 n). By makingthewindows
slightly longerthantheexpectedroutingtime, theprotocol
has“time to spare”.



Now, we considerthe randomvariableYj which char-
acterizeshow muchbehindschedulethe j th batchis. The
intuition of abatchhaving timeto sparein orderto catchup
with delayscausedby previous batchescanbe formalized
asthesequence(Yj ) having suf�ciently largenegative drift
whenever it exceedsa certainbound. After showing that
thesequenceis not too “jumpy”, i.e. thesequenceof differ-
ences(Yj +1 � Yj ) hasanexponentiallydecreasingtail, we
canapplyaTheorembyHajek[9] toobtainhigh-probability
boundsfor thedelaystayingboundedby apoly-logarithmic
timebound.

Finally, to completetheproof,weprovetheintuitivefact
that the delayof a batchof messagesdoesnot increaseif
they are actually releasedat their arrival times insteadof
the time at which the previous batch�nishes. Here, it is
importantto noticethattheLIS queueingdisciplineensures
that messagesfrom later batchesdo not interferewith the
completionof earlierbatches.
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