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This paper presents a robust optimization model for n-person finite state/action discounted stochastic games
with incomplete information. We consider n-player, non-zero sum discounted stochastic games in which
none of the players knows the true data of the game and each player considers a distribution-free incom-
plete information stochastic game to be played using robust optimization. We call such games “discounted
robust stochastic games”. Discounted robust stochastic games allow us to use simple uncertainty sets for the
unknown data of the game, and eliminate the need to have an a-priori probability distribution over a set
of games. We prove the existence of equilibrium points and propose an explicit mathematical programming
formulation for an equilibrium calculation. We illustrate the use of discounted robust stochastic games in a
single server queueing control problem.
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1. Introduction

There has been an extensive body of research on stochastic games in various fields including opera-
tions research, mathematics, and economics since the 1950s. The first paper on finite state/action,
discrete time, two person zero-sum stochastic games was introduced by Shapley (1953). Many
extensions to this basic model have been proposed after this seminal paper such as games with
infinite states and actions, n-person games, games with incomplete information, continuous time
games, and semi-Markov games among others.

Our research is motivated by the fact that in many practical applications, the data of the
game is not known exactly, but it is known that it belongs to a set over which we may not have
probabilistic information. Futhermore, solutions to stochastic games may be very sensitive to payoff
and transition probability data for which the estimates could be inaccurate. In this paper, we
focus on finite state/action, discrete time, non-zero sum, discounted stochastic games in which the
payoffs and/or the transition probabilitites among states are ambigious and players adopt a robust
optimization approach to cope with the ambiguity. Here, we use the conventional terminology used
in decision analysis where ambiguity refers to quantities with unknown probabilities, unlike the
term “uncertainty” that refers to random quantities with known probability distributions.

Since it considers two or more competing decision makers acting as adversaries, a stochastic
game could be viewed as a generalization of a Markov Decision Process (MDP) (Filar and Vrieze
(1997)). They could also be viewed as a collection of auxillary one-shot matrix games (Shapley
(1953)). Hence, two lines of related research in the literature are MDPs and one-shot games. Some



authors have addressed the issue of ambiguity in the transition probabilitites of MDPs. A Bayesian
approach is presented by Shapiro and Kleywegt (2002), where a prior distribution on the transition
matrix should be known. Satia and Lave (1973), White and Eldeib (1994), and Givan et al. (1997)
have modeled an MDP where the transition matrix lies in a given set, which is most typically a
polytope. Nilim and Ghaoui (2005) considers robust control in MDPs where a proof of the robust
value iteration is presented. Bagnell et al. (2001) considers a similar problem and present the robust
value iteration without proof. Iyengar (2005) considers robust dynamic programming problems and
provides an independent proof of the robust value iteration. It is important to note here that these
recent efforts consider the robustness in the context of MDPs, where an opponent player is not
modeled explicitly.

Using a worst-case approach has been prevalent in game theory since the “max-min” formulation
of von Neumann’s and Morgenstern’s. For instance, Gilboa and Schmeidler (1989), Lo (1996),
and Marinacci (2000) have presented a max-min approach to cope with ambiguous uncertainty
in normal form games. Although these authors adopt a worst-case approach, their models are
fundamentally probabilistic and are based on prior probability distributions. Futhermore these
authors address complete information games and adopt a worst-case approach with respect to
players’ behaviors towards each other, rather than adressing ambiguity in the data of a game.
Harsanyi (1967,1968) modeled incomplete information games by considering that each player could
use a prior probability distribution to obtain a conditional distribution on the data of the game
unknown to himself. Unlike these approaches, a robust optimization approach to ambiguos payoff
uncertainty in one shot games is considered by Aghassi and Bertsimas (2006). In that work, the
authors prove the existence of a robust equilibrium and formulate the robust game by considering
that the payoffs belong to a polytope, yielding a method to compute an equilibrium point.

The incomplete information case within the repeated games is first introduced by Aumann
and Maschler (1968). Sorin (1984) and Sorin (1985) consider stochastic games with incomplete
information on one side that have a single nonabsorbing state. It is proven in that paper that these
games have a min-max and a max-min value. However, there is no explicit computational scheme
for these values. In a more recent effort, Rosenberg et al. (2004) consider two-player zero-sum
stochastic games with incomplete information where the incomplete information is described by
a finite collection of stochastic games, and a game is to be played out of the finite set of games
over which a probability distribution is specified. That paper focuses on stochastic games in which
one player controls the transitions. In other words, they consider that the evolution of the game
is independent of one of the opponents’ actions and only depends on one player’s actions. We
note that the approach adopted in Rosenberg et al. (2004) is based on the approach proposed in
Harsanyi (1967,1968), and requires a probability distribution over set of games.

In this paper, we consider n-player, non-zero sum discounted stochastic games in which none of
the players knows the true transition probabilities and/or payoffs of the game and each player uses
a robust optimization approach to address this ambiguity. We call such games “robust stochastic
games”. We propose a distribution-free model for discounted stochastic games with incomplete
information relaxing the assumptions on former efforts and present an explicit mathematical pro-
gramming formulation for equilibrium calculation. Specifically, in section 2, we review basic ideas
on discounted stochastic games and robust optimization, followed by the formulation of discounted
robust stochastic games. In section 3, we prove the existence of a robust equilibrium point. In sec-
tion 4, we show that when the ambiguity in the transition data comes from a polytope instersected
with the probability simplex, the robust equilibrium can be formulated as a feasibility problem,
the solution of which gives an equilibrium point of the discounted robust stochastic game. We also
show in this section that if there is data ambiguity in the game, the approach players adopt for
this ambiguity may differ, resulting in different ambiguity perspectives for the players. In section
5, we present an application of discounted robust stochastic games to queueing control. Finally,
section 6 concludes the paper with remarks and future research directions.



2. Problem Setup
2.1. Stochastic Games

This section reviews basics of stochastic game theory, as presented in Shapley (1953) and Fink
(1964). In stochastic games, the play proceeds from one state to the other according to transition
probabilities controlled jointly by two or more players. It consists of states and actions associated
with each player. Once the game starts in a state, each player chooses their respective actions.
The play then moves into the next state with some probability and continues from thereon. The
probability that the game moves into the next state is determined by the current state and the
actions chosen in the current state.

Let the set of states S ={1,..., M} and the set of players I = {1, ..., N} be finite. If the play is in
state s, player i can choose the action a € A%, where A! of cardinality m! is the set of actions of
player i in state s. Suppose that each player makes a ch01ce in state s, i.e., we have an action tuple
as = (al,...,at,...,al) € A,, the set of all p0531ble action tuples in state s. Then the game moves
into state k& with probablhty Py >0, Zk:l sack = 1.

At each stage, players may consider to use mixed strategies. Let z¢ be the probability distribution
over the set A%. In other words, the probability vector for player i in state s is z} = (2% ,, ..., 2’

.; mi )’
where z} , >0 Zk L T4, = 1. If we denote the set of mixed strategies of player i in state s by X7,
then X is the m! _dimensional probability simplex:

X, ={z, e R} |Z$sk—

We consider a certain class of strategies as introduced by Shapley (1953), namely, stationary
strategies. Stationary strategies prescribe a player the same probabilities for her choices each
time the player visits a certain state, no matter what route she follows to reach that state. Let
us represent the stationary strategies of a player i by z‘ = (zi,...,2%,;) and denote the set of
mixed strategies of all players in the state space of the game by z = (z,...,z"). We denote the
mixed strategies of all players for all states except for player ¢ by z=¢ = (z',..., =, !, ... V).
The following notation is used to distinguish a mixed strategy of player ¢ from those of others:
(z7%u') = (21, ..., uf, 2 L 2). Finally, we use the following notation. X*=T], ¢ X!, X, =
Hz’EIX:Si , and X = HieIXi'

Let {Ri}2°, denote the sequence of costs to player 7 throughout the process. The expected cost at
stage t to player i resulting from the strategy z € X and the initial state s is denoted by E . (R}).
The discounted value of a strategy = € X to player i is defined by

= Z /BtEs,w (Rz)a
t=0

where 0 < 3 < 1 is the discount factor. To ease the notation, given z7* € X%, we denote the value
of the B—discounted stochatic game to player i starting in state s by v¢. If the need arises, we
denote the B—discounted value to player i in state s corresponding to z € X by vi(z).

Let C:,, be the immediate cost to player i induced by a, in state s. Suppose that players
minimize their expected overall costs throughout the process and that they choose their actions
independently of each other at a given state. It is shown in Fink (1964) that Vi € I,s € S, given
z %, the value v¢ to player i in state s, satisfies

M
‘i:uIlrg;(ll Z H.Ts am'U/s az{ sas +’BiZPSGSkUIi}' (1)
k=1

ag€A; m;él



It is in fact another result that, for any z = (2, ...,2") € X, there exists a unique corresponding
value vi, Vi € I,Vs € S. We are now ready for the following definition.

DEFINITION 1. A tuple of stationary strategies z = (z*,...,z") € X is a Nash equilibrium point in
a stochastic game if and only if, Vi € I and Vs € S, v¢(z!,...,z") <vi(z 7% ut),Vul € X

The interpretation of equation (1) is that if a player knew how to play optimally from the next
stage on, then, at the current stage, he would select the strategy that minimizes the expected
immediate cost at the current stage plus the total expected future costs. Hence, player 7 is not only
concerned with the immediate outcome of his actions but also with the future consequences of his
strategies in the current stage.

We next state an equivalent equilibrium definition for the purposes of developments in what

. i . . N . . M .
follows. Let gi(z, %, ul;v") =32, ca, H%g Toap Uy i {Cra, + B 2ot Prask i }-

DEFINITION 2. A point £ € X is a Nash equilibrium in a stochastic game if and only if, 3 v =
(vi,...,vY), such that, Vi€ I,Vs € S,
—i

,Us = mn gs(xs

i i Y N R B
min yugiv') and € argming ¢ i gy (7", ug; v°). (2)
8 8

)

This definition states that z’ is an optimal (stationary) strategy for player i in state s if, when
equation (1) is satisfied, the corresponding minimizer of the objective function of player i is the
strategy that other players expect player ¢ to use. If this statement holds for all players and all
states, then no player would wish to deviate from their strategies, resulting in an equilibrium.

2.2. Raobust Optimization

This section briefly reviews the basics of robust optimization, as introduced in Ben-Tal and
Nemirovski (1998). Consider the following optimization problem P, : min,cgn f(z,7) s.t. F(z,7) €
K Cc ®R™, where v € ®M is the data vector, z € R" is the decision vector, and K is a
convex cone. Suppose that the data of P, is uncertain and all that is known about the
data is that it belongs to an uncertainty set U € R®™. Now, consider the problem P =
{Py}, ey, where the constraints F(z,7) € K must be satisfied no matter what the actual
realization of v € U is. An optimal solution to the uncertain problem P is defined as
a solution that must give the best possible guaranteed value under all possible realiza-
tions of constraints. Formally, it should be an optimal solution of the following program:
Pgp: mingepn{sup, oy f(z,7) s.t. F(z,7) € K, Vy€U}. Problem Py is called the robust coun-
terpart of P, and its feasible and optimal solutions are called robust feasible and robust optimal
solutions, respectively Ben-Tal and Nemirovski (1998). Prior work, e.g. Bertsimas and Sim (2004),
Ben-Tal and Nemirovski (1998) has also shown that for many function types and uncertainty
sets, the robust counterpart problem Pg can be solved as a single optimization problem of size
comparable to a deterministic version of the problem.

2.3. Formulation of Robust Stochastic Games

In this section, we formalize our robust model for incomplete information stochastic games and
the robust equilibrium concept by considering that both payoffs and transition probabilities of the
game belong to respective uncertainty sets. In discounted robust stochastic games, it is assumed
that the players commonly know the uncertainty set of payoffs C; at each state and the set of
transition probabilities P; out of each state. Unlike the approach in Rosenberg et al. (2004), players
need not have distributional information on the uncertainty sets with respect to which they adopt
a worst-case approach. Now, in light of the results summarized in the previous section, we notice
the following: If a player knew how to play in the robust stochastic game optimally from the next



stage on, then, at the current stage, she would play with such strategies so that she minimizes the
mazimum expected immediate cost at the current stage and also minimizes the mazimum expected
costs possibly incurred in future stages. Hence, if optimal robust values for player i exist, given
z %, they must satisfy the following,

w!= min max Z H Ty, amus i {C\a, + B; Z Py cwil, (3)
WRIGEC I,
where the inner maximization problem is with respect to the ambiguous transition probabilities
and immediate costs. Note that we could have modeled each player as wishing to minimize her
expected maximum total cost, rather than her maximum expected total cost. We use the latter
model for the following reasons. In the former case, players would have the advantage of observing
each others’ randomized actions before they adopt their own perspectives on the ambiguous data.
In the latter case, the adversaries do not have this advantage and the worst-case perspective on
the ambiguity is considered with respect to the mixed strategies. Note that while the latter results
in a pessimistic approach, the former model would be overly pessimistic.
To ease the notation, let us define

¥, (é & Z H Ty, amus al{Csas +IBIZPsaskwk}
as€As T#L#}

Equation (3) now reads as follows.

w; = mln ma.X Id) ( s;Ps;$;i7ui;wi)' (4)

wi€XE CseCs
PyePs
We will in fact show that such robust values exist. Similar to condition (2), we are now ready to
state our definition of equilibrium in discounted robust stochastic games.

DEFINITION 3. A point z is a robust equilibrium point in a robust stochastic game if and only if,
3 w=(w!,...,w"), such that, Vi€ I,Vs € S,
w! = min max ¥ (C,, Py;z; % u
uie€Xf CseCls

sw') (5)

Psep; ~ . ) )
T’ € argmin, iexi Max 9, (Cy, Py, ulswh). (6)
Cs€Cs
Psep;
Equivalently, a tuple of strategies z = (z!,...,z"V) is a robust equilibrium point in a robust

stochastic game if and only if, Vi € I and Vs € S, wi(z,...,z") <wi(z7% u?),Vu' € X°.

3. Existence of Equilibrium

Our proof of existence of equilibrium points in discounted robust stochastic games parallels Fink’s
(1964). However, a different point-to-set mapping (correspondence) is defined that takes into
account the robustness. This mapping uses a maximum expected total cost function with respect
to mixed strategies. We show that the fixed point of this suitably constructed correspondence is
an equilibrium point.

Let Wi={w! € R},cs, W ={W'},cr. The infinity norm on W is defined as follows: ||w — 0]||o =
maXier,ses |w; - 0;| )

Given the strategies of all other players, z_*, we define a mapping below that takes any robust
value vector for player 4, w', and minimizes the maximum expected total cost with respect to the
mixed strategies for player ¢. The next theorem shows that this mapping is a contraction mapping
and Theorem 2 below shows that such a robust value vector exists for any given z;*



THEOREM 1. Let 72 goi Wi — R be defined by

7 (w')= min maxz/) ( s Ps;xs_i,ui;wi).
8:Ts uleXi CseCs
PsGPs

For x € X, define v,(w) : W =W by (7,(w))is = ,),: w_i(w"). The function 7v,(w) is a contraction
mapping. o

Proof.
Let w,0 € W. For z}* fixed, Vi€ I,s € S,

—i

7i l(wz) = min max Tﬁ ( s ﬁs;.’Bs aui;wi)

8,Tg u’L eXl CSECS
Pep,
= ¢;(C;('T;Zau:Z)’Psz(x;Z’u:z’wl);xs Lughw'),
where u*’ is the minimizer, and Ci(z;%,u}*) € C; and Pi(z;*, ut*,w') € P, are the optimizers that
now depend on (z; %, uz?). Slmllarly, w1th 2 and Ci(z]%, 2% ) € CS,P (277, 22,0 € P,, we have

vt _i(6') = min  max W(CS,PS,:I:S ,zs,ﬁz)
5:Ts zieXi CseCs
PsEPs

:¢Z(C;( sza Zg ) Psz( sia :zaez) ;ia :Zvoz)

Now, . . . .
Tt = (6)
= 9y ( é(wz} uy'), Py uyt w')s ot uphw') — 4y (Colay ', 250), Py (a7, 2,0, 07)s 277, 2515 67)
S ACHCE s(ﬁvs_’az:’aw’),w;’,zs“'a w') =9y (Cy(a", 277), Py, 277, 0')27 7, 2,4, 67)
= ‘,I"samz*z{ sas si’ s +/BZ sagk sz’ :Z’w;c)w}c}
aseAsm 1
- Z H‘Tsamz*z{ sas s.’ Zs +IBZ sask ;i’ 21’91)91}
ags€Agm=1
m#i
S Z H‘Tsamz*zlg{z sask Zg ’ :’wk)( 0;6)}
ags€Agm=1
75
< Z H'Tsamz*zﬂ Z sask ( s ’ :’wk))”w 9“00 ,8”&1—9“00
aseAsm;ﬁl

The second to the last inequality above follows from the fact that

E: *1 * % E: *1 —z *z i z
H‘Tsamz sas Ts ’ Zg W 0 < Hxsamz sas Ls yZs 70)

as€As m=1 as€EAs m=1
m#i m#i

because for a given (x;%,2:%,0;), [Pl (725, 05) k=1, is the maximizer of
Yi(Cy, Py, 225 0%) over P, € P,.
Similar to the above arguments, we have for z,* fixed that , Vi€ I,s € S,
Y0~ (") < Bl O]l

sw

Thus, ||7e(w) =72 (0)|]s0 < Bllw — 0]|c-



THEOREM 2 Applzcatzon of Banach’s Theorem. For any T € X, andViel,s €S, there exists

a unique w; such that w} =min,; csi maxgs, co, ¥i(Cs, Pzt ulswh).
Pseps

Proof.

Note that (W, ]|.||s) is a complete metric space and by Theorem 1, 7y, : W — W is a contraction
mapping. Therefore, by Banach’s Theorem, 7,(w) has a unique fixed point, w. That is, there exists
a unique vector, w, such that v,(w) = w, which means
Lw), Viel,s€S. (7)

87

w! = min max ¢ (C,, P,;z, %, u
ul€eSi Csecs
Psep;
O
The above theorem states that for all players, states, and any given ¢ € X ¢, a unique robust
value vector w' exists satisfying (7). This also implies that if 3 < 1, and we consider any fixed z*,
applying the above transformation over and over again starting with an arbitrary robust value
vector, will converge to the unique fixed point of the transformation.
We next state the definition of upper-semi continuity for correspondences and Kakutani’s fixed
point theorem (Kakutani (1941)).

DEFINITION 4. A correspondence ¢ : S — 2° is upper semi-continuous if y™ € ¢(z"), lim,_,o, 2" = z,
lim,,_, o, y" =y imply that y € ¢(x).
THEOREM 3. (Kakutani’s Fized Point Theorem). If S is a closed, bounded, and convex set in a

FEuclidean space, and ¢ is an upper semi-continuous correspondence mapping S into the family of
closed, convex subsets of S, then 3 z €S, s.t. z € ¢(x).

Let fi(z]%uljw?) = maxg e, Pi(Cy, Py 7t ul;w?).
PsePs

Define the metrics dx, (5, us) = max;er ||zt — ul||0o, dwi(w',0") = max,es||wl — 6], and
di(p,q) = dx,(xs,us) + dyi(w',0). We need the following lemma to show that f? satisfies the
properties needed to use Kakutani’s theorem.

LEMMA 1. Let p= (z,,w'), q= (us,0?). } 3

Given € >0, 35(e) > 0 such that if for any p,q € X, x W¢, di(p,q) < (¢), then, VC, € C,, VP, €
P,, [¢i(Cy, Py x5, w) —ng(és,ﬁs;us,ei)‘ <e.

Proof. B

Since, C, € C, and C, is bounded Vs € S, we have ‘C‘ < K, where K < oo. Tt is clear that
robust values are bounded. Hence, we have Vi € I, s € S, that |w!| < W, where W < co. Note that

wi(ésaﬁs;xsawi) - ¢2(ésaps;usaei) =

N B N M B
1Y J] 27 Coaa +8: D> (] 20 ) O Prash)
k=1

as€As m=1 as€Ag m=1
N N M
m ~ m
= > I wliapCons =8 >0 (]] wlap) O Pracs3)
as€As m=1 as€As m=1 k=1

N

N
= Z ésas(H x:am H us ,am +131 Z ZPS“S H xs amwk H ’U,s agh HZ

as€A; m=1 as€Ag k=1



N M N
Z Csas H 3)5 alt H u:agn 181 Z ZPSGS H x;namwk H us amez
ag€Ag ag€Ag k=1
M | N N
< K Z H‘Is al Hus a? +18’l Z Z‘H J?;nagnwllc Hu:namgz‘
as€As |m= as€As k=1 |m=1
Let
min{e, 1 min{e, 1 min{e, 1
61(0) = el sg=_mnrell - tel)
3K(2N -1)[[,Z, mi 3M B; H mé SWMpB;(2N —1) H, L mZ
and let 0(¢) = min{d; (€),d2(€), d3(€) }. Now, d;(p,q) < §(¢) implies that, Vi € I,s € S, and Va! € A¢,

m

T ym = Ugym +m  and  wi =0, +7;, where |a,n | < d(e), and |7v;| < d(€). We will make use of
the following algebraic identity.

Z Ha:‘lgb)( H ug,lag”) ’

IC1,...,N merl melIC
TI/>1

1]

m=1

N
m m I | m
5,07 + Ots,agn) - Us,q
m=1

where I¢ = {1,..., N}\I. Note that []

O | < (B1()I1 < 6,(), and that

mel
N N
m m m m
H s,agt + asvagn) H ’U,S’a Z H as,ag% H usvagn )
m=1 m=1 IC1,...,N |mer meIC
131

Hence, we have

N N
m m m m m
K> @y +al) - [T wi| <& > 30 (11 edn|| 1] wiep
ag€EAg [m=1 m=1 as€Ag IC1,..., N |mel meIC
[1]>1
kY ¥ m kY ¥ ‘
S H as,agn < ! (6) - g
as€Ag IC1,...,N |[mel as€Ag IC1,...,N
[T]>1 [T]>1
We also have
M N N M N N
m i m m i m i
B 2 2\ e = 1L wiipOi = 2 2 1] (e + g = 1] i
as€Ag k=1 |m=1 m=1 as€Ag k=1 |m=1 m=1
M N
=B 3 D | i @i=t+wi >0 Jlatup J] wi
as€Ag k=1 |m=1 IC1,....Nmel meIC
[I1>1
M N
m i m m
<6 X Y| T et fk =0l 45w 35" X |T o | TT 2
as€Ag k=1 |m=1 ag€Ag k=1 IC1,..., N melrl meIC
1>
M
m
<A Y Yl Y S |[Tems
as€Ag k=1 as€As k=1 IC1,...,N [meI

[11>1
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ag€Ag k=1 as€Ag k=1 IC1,...,N
|[I|>1

Thus,

$:(Cy, Py w i)—W(a,ﬁs;us,e")s
M

+:81 Z Z Hxsamwk Husamez < §+2§:6

ag€Ag k=1 |[m=1

N
IR | Ey Husam

as€Ag [m=1

O
The following two lemmas are direct consequences of Lemma 1 and the definition of

filzyt ulswh).
LEMMA 2. The function fi(z;% ul;w?) is continuous Vi € I, and s€ S.
LEMMA 3. fi(z.;% u’;w’) is convez in u’ for fized z;* and w'.

We need the following transformation and definition in order to prove Lemma 5, which is required
to show the upper semi—continuity result in the main existence theorem below (Theorem 4):

Let 'y _i(wh) = o (7).

Deﬁne

(27 = {w' = (wi,...,wl,) : wi = min max ¢(Cy, Py;z; 7, ulsw'),s € S},
ul €St CseCs
PseP;

and denote the s element of 7¢(z %) by 7i(z%).

Proof of Lemma 4 follows directly from Fink (1964) and Lemma 1 above. Proof of Lemma 5
follows directly from Lemma 4 as shown in Fink (1964). These proofs are presented using our
notation in the Appendix. Lemma 4 is used to prove Lemma 5, and Lemma 5 is used to show the
upper semi-continuity result required by Kakutani’s fixed point theorem.

LEMMA 4. o (x,") is continuous on X,
Furthermore, “the set {al ilw' is bounded } is equicontinuous.

LEMMA 5. Ifz7%" — w_i and TH(z™"") - w! as n — oo, then T (z7!) = wi.

8

THEOREM 4. (Existence of Equilibrium in Robust Stochastic Games)

Suppose that uncertain transition probabilities and payoffs in a discounted robust stochastic game
belong to compact sets and that the set of actions and players, who use stationary strategies, are
finite. Then, an equilibrium point of this game exists.

Proof.

We show the existence of an equilibrium point that satisfies conditions (5) and (6) by using
Kakutani’s fixed point theorem. We will show that the fixed point of a suitably constructed corre-
spondence is this equilibrium point. To this end, let

$@) = () €X | v} Cargmin e max (G, Puss i),
) IfjeP: o
and w; = min max 1/)’( s, Ps; g ul;w'),Vs € S i €T}
uleXt CSECS
Pyep;
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Note that by definition, ¢(z) C X, Vz € X.

Next, we show that ¢(z) is a convex set. Suppose that (z%,. ,zN) (v - ,’UN) € ¢(zt, ...,z
Then, Yul, and s € S,i € I, w: = fi(z,;% 2}w') = fi(z;% viw') < fi(z;% ul;w'). Hence, for any
A€0,1]] and VieI,s€ S,

wy = Ai(@7", 250" + (1= N fi(77, v50") < f277, ug;w07)
By the convexity of fi(z;% u’;w'), we obtain
wy = fi(z7 (N2 + (1= Nvg)iw’) SAf(257 2550°) + (1= N fi (277 v w') < fi(2) ug;w'),

and hence, (\)(2',...,2Y) + (1 = N)(v',...,o") € ¢(z*, ..., z™).

Finally, we must show that ¢(x) is an upper semi-continuous correspondence. Suppose z,, — ,
Yn — Y, and y,, € ¢(z,,). Taking a subsequence, we have 7/(z7"") — w! and by Lemma 5, 7i(z~%) =
w'. Using the triangle inequality, we have Vi € I, s € S that

fale,fypw) —wil _ S ,
< | fizhyl W) = fila vy T (e ""))IHJ“( a7t ye T (a) — w
= |fiz; ylw') — iz, yi™ mi (@) + | (2 P) — wi = 0 as n— oo,

Therefore, wé = fi(z, ¢, y¢;w?), and since 7i(z~%) = w’, we obtain that

—i

w! = min max ! (C,, Py;z7%, ulsw?).

uieXiCseCs

PyePs
Therefore, y € ¢(z), completing the proof that ¢ is an upper semi-continuous correspondence. The
fact that ¢(x) is a closed set for any z follows from the fact that it is an upper-semi continuous
correspondence. Therefore, ¢ satisfies the assumptions of Kakutani’s fixed point theorem. O

4. Calculation of an Equilibrium Point

Now that we have proved the existence of an equilibrium point in a discounted robust stochastic
game, our next step is to calculate such a point. We will show that when the ambiguity in the
probability transition data of the game belongs to a polytope intersected with the probability
simplex, the problem of finding an equilibrium point could be cast as a feasibility problem that
has multi-linear constraints. For simplicity, we only consider ambiguity in the transition data in
constructing a feasibility problem that characterizes an equilibrium point. An analogous approach
can be used to consider ambiguity both in payoffs and the transition data of a game.

Recall the definition of a robust equilibrium given in Conditions (5) and (6). These conditions
are equivalent to the requirement that Vi € I, s € S,3¢* € R such that (x%,¢’) is an optimizer of the
following robust mathematical program Py with the objective value at optimality being equal to
wy:

Py:={w,=ming} : g¢}> max¢}(C,, Pux;",ul;w’), 1u} =1,u} > 0}.
Uy, g4 Ps€Ps
Here, (x ¢, i) is treated as data. Define the uncertain probability transition matrix induced by a

strategy (x~¢, u):
M, M

P § : ]‘_[‘TsaS sal sask

agEAg m=1
m#i s=1,k=1

Denote the st row of P(x% u’) by p,(x~,uf). Let p, denote the uncertain transition probability
vector associated with the starting state s, that is, P, = [Psa,k]ascas;kes- Let 1 be a vector of ones
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. . . HN:1 m?mi
of appropriate dimension. Let E!(x;*, C*) e R n#i denote the matrix a row of which is given
by the vector

N
m 7
I | Ty amC —i
g s,ag ,ak
m=1

m#i at€l,...,mi
Note that we have the following requirement in Pg:

¢, > max (G, Pyyx, ",y w') = max fp, (x ', u)w' +17E; (x,, C)u, (8)
s €Pg s
We assume that for any alternative combination of the players, the uncertain transition probabili-
tites belong to a polytope intersected with the probability simplex.

Let Q, € RULLL me)(MITL1 m3) be a matrix of 0s and 1s (such that each of its rows that cooresponds
to a pure strategy combination a, € A, satisfies ), ¢ Iss,as,k =1). In other words, we assume
that the transition probabilities belong to the following uncertainty set: P = {p,,s€S :A,p, >
b,,Q,p,=1,p, >0}, where A, € Rl:M Il m:,

Consider the maximization problem in Py, where (x;?,ué,w") is regarded as data. Given that
the uncertainty set is as stated, for fixed (x;% u’, w’), this maximization problem is equivalent to
the following LP:

{I%axﬁﬁs(x_i, ul)wi : Asf)s Z bs7 Qsﬁs = 1’ ﬁs Z 0} (9)

; N P -
Define the column vector z! = [Hﬁi%.’,Cg’lagn’u;a'w;c]agneAgn;ageAg;kes such that the indices

of zi match the ones of P,. Let Yi(x;i,wi) € RIIn=imiMm; be the matrix such that
Yi(x,%, wi)u! =zi. Let m! and n’ be the dual variable vectors of problem (9). The dual of problem
(9) is ’

{min [jb,]:[1]] [m;] : [As] [m?] > BY' (xF, wiyul, mi <0}, (10)

my,ng sl n.ZS Qs n’; s S s 7 8 8§ —

By the definition of our uncertainty set, problem (9) is feasible and it is clear that it is bounded.
By strong duality, problem (10) is bounded and feasible and its optimal objective value is equal to
that of problem (9). Therefore, if (x~%, u’, w’) satisfies condition (8), then (8) is equivalent to the
condition that Imi € R’ and Ini € RIZ1 ™ such that:

K3
nS

- 1B, 0t > (o] | ()

A, I m} S R N
|:15:| |:n?9 :|.Z/8Ys(‘xs ’w)us

m; <0
Conversely, if condition (11) is satisfied, then problem (10) is feasible. Then by weak duality,
any feasible solution [[bs]'; [1]'] [TS] of problem (10) is greater than or equal to any solution

2

Bp,(x~% u’)w’ of problem (9), so,

dh - 1B, Ot > (1017 ] | ] 2 e,
Pg

s

Therefore conditions (8) and (11) are equivalent. This proves:
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LEMMA 6. Condition (8) is equivalent to condition (11).
Let

M, M
[ Z H x;namt?sas ] ’

as€As m=1 s=1,k=1

and denote the s* row of T*(x) by ti(x). Let t! denote the variables representing the transi-
tion probabilities adopted by player ¢ according to i’s worst-case perspective, associated with the
starting state s. That is, t} = [t%, ;]a,ca.kes-

THEOREM 5. A stationary strategy 18 a robust equzlzbmum pomt with the robust value vec-
tor w', iff Vi€ ls € S,dm: € R+, ni € RITZ: mi e RMILZ1m: gych that for j = 1,...,m
(w",:cs,m ni, t) satisfies

8778

37

w, = 1" B, (", C")a, + Bt (z)w

i Vit i i 1 Vi iV~ o ] [ e b (i (V) i
4, B, 001+ 16,1 Vile )t 2wl > 011 [ | - By 0

8

[gj’[’,’:'] BY: (2, w)z > 0

S

11:1:]_, m.ZsSOa wZZO; Ast;sta Qst.zs‘:l

8

Proof.
Recall problem Pr. By lemma 6, if x is a robust equilibrium point, Vi € I,s € §,3¢: € R, m’ €
Rl ni € R ™3 guch that (x, ¢, mi, ni) is an optimizer of

w!=min q (12)
5qs7ml anl .
- 1B 0t > o] |

[gs] [r:f] > AY (x; ,whul, mi <0, 1ui=1, ui>0

Let e ; be the j** unit vector. Dual of the above is:

max v} At b, Quti=1, vi<[el JB (", L+ Blel] Y (g with i =1,..mi. (13)

The statement in the theorem follows from strong duality and Theorer}rvl 2. For the othe}g direction,

now suppose a given x,,w’, and that Vi € I,s € S,3mi € R, n? € RILi=1ms ¢ RMILi=1 ™ such
that (w’,x,, m{,n’,t’) satisfies the above system. Let

87 Vs

vi= min [e} ] E/(x;",C)1+ el ] Yi(x;, wt!

3 i s s 8§?
JEL,...,m}

ij=1,...m

Exl

di= (5007 [ 17, O

Then, for (x;% w'), (x},q:, m% n’) is feasible for problem 12, and (vi,t!) is feasible for problem
(8) with i > ¢¢. By weak duality v! <¢’, so V! =¢'. Hence, (x,q¢},m’, n’) is optimal for problem
12. Hence, (x%,¢') is optimal in Pg. Therefore, x is an equilibrium point of the discounted robust
stochastic game. 0
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5. A Queueing Control Application

Game theoretical analysis has been widely applied to queueing control problems, e.g., Altman
and Shimkin (1998), Heyman (1968), Sobel (1969), Stidham and Weber (1989), Yechiali (1971),
and to flow control problems in particular, e.g., Altman (1994b), Altman (1994a), Altman and
Hordijk (1995). In this section, we present an application of our robust model for incomplete
information stochastic games to a single server queuing system. Such a queueing control problem
arises in telecommunication systems (Altman (1994a)). In this problem, a controller, called player 2,
dynamically controls the flow of arriving customers into a finite buffer. The service rate, controlled
by the service controller (player 1), depends on the state of the system and varies in time, and is
unknown to both of the controllers. The goal of the controllers’ is then to design robust strategies
that could guarantee the best performance under worst-case data conditions. We next provide the
details for our model.

Let X; represent the number of customers in the system at time £, t =0,1,2,.... The state space
is denoted by X ={0,1,...,L}, where L < oo is the buffer size. It is assumed that at most one
arrival can occur at the beginning of a time slot. At the end of each time slot, if the state is = the
service controller (player 1) chooses an interval from a finite set of possibly disjoint intervals of
service rates. Hence, the exact service rate is unknown and belongs to an interval. Formally, if the
state is z, service controller choses an interval I} € AL, where Al is a finite collection of possibly
disjoint closed intervals. That is, A} = {I}}/_,, I} = [Ej’ﬁj]' At the beginning of a time slot, if
there are  customers in the system, the flow controller chooses an arrival rate A from a finite set
A? of arrival rates. We assume that no arrivals are allowed when the buffer is full. Let us denote
the unknown service rate by fi. We assume that the alternative sets of both players are the same
for all states, that is, AL = A', A2 = A% Vz € X. Therefore, we have the following transition rule
that is unknown commonly to both players:

- Sy AA+g), 0<z<L-1, y=z+1
p(ylz, fi, A) = 1-X/ (A +j), y=z=0
1_/2/()‘-"/1)7 y=z=1L
The immediate payoff function that is frequently used in the literature on flow control models
is defined as follows (see Altman (1994b)):

Cla, i, \) = e(z) + 0(R) + p(»),

where 11 denotes the midpoint of a service rate interval. C(z, i, \) represents the cost that the flow
controller pays the service controller given the state of the system and the alternative pairs. Hence,
in this two-person zero-sum model, player 2 is the minimizing, whereas player 1 is the maximizing
player. Here, c¢(z) is a nondecreasing real function in z, # > 0 is an increasing real function in J,
and p is a nonpositive real function of . ¢(z) can be interpreted as the holding cost per unit time,
0 as the cost associated with the service rate, and p as the reward associated with an entering
customer. Note that the exact immediate costs are known to both players.

We set up an instance of this problem with two alternatives for the server controller at each state.
First alternative for player 1 is a service rate of one customer per 14 to 16 seconds, and the second
is a rate of one customer per 19 to 21 seconds. Note that the mean for the first and the second
alternatives are between 14 and 16 seconds, and between 19 and 21 seconds, respectively. We set up
nine more instances of the same problem by enlarging the range of the means for both alternatives
by 2 seconds for every new instance. Hence we obtained Table 1 for service rate intervals for each
instance.

In each state, the flow controller’s (player 2) first and second alternatives, 1/A; and 1/X,, are
to permit one customer into the system every 15 and every 20 seconds on average, respectively.
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Table 1 Intervals of rates for different instances

instance number 1 2 3 4 5
1 [1/16,1/14] | [1/17,1/13] | [1/18,1/12] | [1/19,1/11] | [1/20,1/10]
2 [1/21,1/19] | [1/22,1/18] | [1/23,1/17] | [1/24,1/16] | [1/25,1/15]
instance number 6 7 8 9 10
I [1/21,1/9] [1/22,1/8] [1/23, 1/7] [1/24,1/6] [1/25,1/5]
Lo [1/26,1/14] [1/27,1/13] [1/28,1/12] [1/29,1/11] [1/30,1/10]

Note that since players may use mixed strategies, a convex combination of the two alternatives
could be chosen in any state. Under these sets of alternatives, we set up the following scenario for
payoff functions depicted in Figure 1. This scenario indicates that in the first few states, the service
controller pays the flow controller so that he admits more customers into the system, which would
be beneficial for the service controller. However, after the admission of approximately 2 customers,
the flow controller pays some amount to the service controller so that the admitted customers
get served. From this point up to approximately 20 customers in the system, the alternative pair
of (in = 1/15sec™, Ay = 1/20sec™") incurs the highest amount paid by the flow controller to the
service controller, because the cost to the flow controller is high for higher service rates, and the
reward associated with an entering customer is low. On the other hand, the alternative pair (5 =
1/20sec™t, \; =1/15sec™') that indicates a relatively slower service rate with respect to the flow
rate, is less beneficial from the service controller’s perspective, since the flow controller pays the
service controller less for lower service rates, and the service controller pays the flow controller more
for higher admission rates. Up until to the state of 20 customers in the system, alternative pairs
(uy = 1/16sec™, Ay = 1/15sec™!) and (u; = 1/20sec™, A\, = 1/20sec™!) incurs costs to the flow
controller that lie between these two extreme cases described, with higher service rates incurring
slightly more cost to the flow controller. This cost scenario also indicates that after approximately
20 customers in the system, the pair (u; = 1/15sec™t, Ay = 1/20sec!) becomes preferable from
the flow controller’s perspective. This is so, since choosing slower rates when the service controller
serves at a higher rate is beneficial for the flow controller.

Based on the service rate intervals of this birth and death process, we first calculate the intervals
of transition probabilities to obtain the ambiguous transition data of the game for each instance in
Table 1. We solved each instance using Theorem 5 and by setting 8 =0.95. From the equilibrium
strategies, we calculated the expected service and arrival rates at equilibrium for each state from
the two players’ perspectives. From these rates, we calculated steady state probabilites, the average
number of customers in the system (L), the average amount of time a customer spends in the
system (W), and the average value of the game from the point of view of each player. The average
value for a player is calculated by weighting the value to a player starting in a state by the
respective steady state probabilities from that player’s perspective, and taking the summation over
the states. Furthermore, we solved the nominal zero-sum discounted stochastic game by ignoring
the uncertainty in service rates and considering the midpoints of the service intervals. We also
calculated each of the above quantities for this nominal stochastic game. Note that each instance
has the same rate as its midpoint. The results are depicted in Figures 2, 3, and 4. Figure 2 indicates
that as far as the service controller is concerned, the average number of customers in the system
is less than that of the nominal solution when there is uncertainty in the system. From the flow
controller’s perspective, L increases as the intervals becomes larger. Note that these are pessimistic
points of views for both players since an increase in the number of customers would be an advantage
to the service controller, whereas it would be a disadvantage to the flow controller. Consequently,
the gain that the service controller achieves decreases and the cost to the flow controller increases
as the length of the service intervals increases. On the other hand, average waiting time for a
customer decreases from the service controller’s perspective, and increases from the flow controller’s
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Figure 1 Payoff functions

perspective. The reason for this is that in the robust equilibrium, the service contoller assumes the
pessimistic perspective of having less customers in the system, whereas the flow controller assumes
the opposite. Note that, although this stochastic game is zero-sum, the resulting values differ for
each player when they play robustly. Hence, we justify here that although our example is a zero-
sum game, formulations for zero-sum games cannot be used to solve discounted robust stochastic
games, despite the fact that one player pays the other player a fixed amount.

We next compare the results obtained for the average values, L, and W associated with the robust
equilibrium and those with the nominal equilibrium under its respective worst-case probability
transition data. This comparison allows us to contrast the robust equilibrium against the nominal
solution under its worst possible data scenario, and to determine the uncertainty scenarios where
the robust equilibrium performs better or worse, should the data attain worst-case values for the
nominal equilibrium strategies. In order to obtain the latter for each instance, we first fixed the
nominal strategies for each player and solved the resulting formulations in which transition data
are treated as variables. The objectives in these formulations yield the maximum value (maximum
cost) and the minimum value (minimum profit) for players 2 and 1, respectively. Note that results
of the nominal solution under its worst possible data scenario do not pertain to an equilibrium.
Figure 5 shows that for the fifth instance, the robust equilibrium yields less gain for the service
controller than that of the nominal solution’s under its worst-case data. This is possible in the
context of stochastic games since, unlike the dotted line, the dashed line in Figure 5 pertains to
a robust equilibrium point where no player is willing to deviate from their strategies. In robust
equilibrium, players reach an equilibrium by not only considering their opponents’ stratgeies but
also the worst-case transition data with respect to the opponents’ strategies. The dotted line is
obtained by taking into account the nominal stochastic game’s equilibrium strategies with respect
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to their own worst-case transition data. Considering that the opponent is playing with nominal
strategies and their respective worst-case data, a player could be willing to deviate from using
nominal strategies unless they face an equilibrium. Here, the dotted line is not associated with an



18

210 T T T T T T T
— — robust equilibrium avg values (from the perspective of the flow controller)
avg values for nominal stg at its worst—case data(from the perspective of the flow cont.)
200 B
190 F -7 A
180 T R
[ -7
= Phe
g -
&170+ -7 B
© Pe
-
©
160 B
150 -
140 |
130 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10

instance number

Figure 6  robust equilibrium average values vs average values for nominal strategies at their worst-case data
25 T T T T T T T T
— — L, for robust strategies (from the perspective of the service controller)
L, for nominal stg at its worst-case data(from the perspective of the serv. cont.)
20 .
\
\
\
\
\
\
151 \ .
\
\
. \
\
\
\
10+ \ .
\
\
N
N
N
N
5 | N -
AN
0 Il Il Il Il Il Il Il Il
1 2 3 4 5 6 7 8 9 10
instance number
Figure 7 L values for robust equilibrium vs for nominal strategies at their worst-case data

equilibrium point, hence is not a stable point from which the players would be willing to deviate.
This phenomenon becomes prevalent for the flow controller when the uncertainty in the service
interval rates are relatively less (up to instance 5), as seen in Figure 6. This implies that for our
example, as the uncertainty gets larger, using robust strategies is beneficial for the flow controller,
as far as he/she is concerned with the average value of the game. Figures 7 and 8 indicate that,
using robust strategies usually leads to a larger number of customers in the system. However, we
just observed that robust strategies yield better (less) average values for the flow controller when
the interval length for the service rates increases. Since having more customers in the system is
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Figure 9 Simulation results for average values of the game to player 1

costly for the flow controller, this may seem unusual. However, it is not, and the explanation is as
follows: Our computational results indicate that nominal startegies at their worst-case data scenario
and robust strategies yield very similar steady state probabilities. However, the value (cost) of the
game to the flow controller starting in any given state given by the former is always greater than
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the one given by the latter strategies. Therefore, although robust strategies yield slighltly higher
number of customers in the system, they provide less average values.

Finally, we fixed the robust policies for both players and simulated the transition data for the
instance numbers 1,3,5,7,9, and 10, and calculated the corresponding values by solving equations
14. Our sample size is 50. For each sample transition data, we also set the strategies for players to
their nominal strategies and re-calculated the corresponding values by solving Equations 14 one
more time.

N M
wi= " J]27p{Ciae + 8D Praswi}. (14)
as€As m=1 k=1

For each instance, we calculate the standard deviation of its sample, when robust and nominal
strategies are fixed, and when transition data is simulated from a uniform distribution over the
corresponding probability transition interval of the instance. Figure 9 depicts that for instances
1,3, and 5, the robust equilibrium strategies yield less standard deviation than that of the nominal
equilibrium strategies. However, as the uncertainty increases the robust equilibrium strategies yield
higher standard deviation values. The reason for this is that when the intervals of probability
transition data enlarges, both players adopt overly conservative strategies, since they see the system
in a very pessimistic way. For instance, when players use robust optimization, for the instances
7,9, and 10, the flow controller assumes that the service controller is going to serve at lower service
rates, and the service controller assumes that the flow controller is going to admit less customers
into the system. Hence, to protect themselves, players play with the overly conservative slow service
and arrival rates. As a result, the service controller perceives that the number of customers in
the system will be very low, and the flow controller perceives that it will be very high. When the
transition data is simulated uniformly from a large interval, we observe substantial discrepancies
between the realized (observed) average service and flow rates, and the assumed rates that the
players intended to play with. Consequently, for the large uncertainty scenarios, we observe higher
standard deviations when players play robustly.

6. Concluding Remarks and Future Research

In this paper, we consider n-player, non-zero sum discounted stochastic games in which none of the
players knows the true transition probabilities and/or payoffs of the game and each player adopts
a robust optimization approach to data ambiguity. We offer an alternative equilibrium concept for
stochastic games with incomplete information. We propose a distribution-free model that relaxes
the former approaches’ assumptions on the player who has incomplete information and on whether
the transitions are controlled by a single player. Our approach lends itself to computational results
via a feasibility formulation for an equilibrium of a discounted robust stochastic game. We finally
illustrate the use of discounted robust stochastic games in a queueing control context.

We determined several properties of discounted robust stochastic games in this research:

e An equilibrium exists even if there exists players who do not adopt a robust optimization
approach. This stems from the fact that when there are no uncertainty sets for the data of a
stochastic game, best response functions are already continuous, as shown in Fink (1964). Hence,
we can construct a correspondence that satisfies Kakutani’s theorem and that includes players who
may play non-robustly.

e In our existence proof we have assumed that the players commonly know the uncertainty set
of payoffs C, at each state. The results of this existence theorem hold, even if each player has
different sets for uncertainty.

e The zero-sum property is most likely to vanish for stochastic games in which the payoff uncer-
tainty is a common set for all players, and in which there exists a player who plays robustly.
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o If there is ambiguity in any data of the game, the players’ approach to this ambiguity may
differ.

e If the stochastic game is a two person zero-sum game but the transition data is ambigious, then
the equilibrium values for the players do not negate each other. This implies that although such
games are zero-sum, formulations for zero-sum stochastic games could not be used for analyses and
properties that pertain to zero-sum games cannot be expected to hold in the presence of ambiguity.

e As dilemmas are common in game theory, it is possible to find dilemmas in discounted robust
stochastic games. As in normal form games, discounted robust stochastic games could encompass
different equilibrium points with different values and probability perspectives for players. In this
sense, an equilibrium may not imply the best of what the players could do. For instance, the
equilibrium values obtained by the minizing player in a two player discounted stochastic game
could be less than that of its nominal counterpart. An equilibrium, in fact, means that given the
probability perspectives adopted by the players, no player is unilaterally willing to deviate from
his/her own strategy (Nash equilibrium). Consequently, based on the uncertainty sets used, it could
be possible to have robust equilibrium points that does not have desirable properties. This issue
is in parallel to discussions on the drawbacks of Nash equilibrium. Hence, the question of stability
and perfection (see van Damme (1991)) also arises in the context of discounted robust stochastic
games.

There are several new research directions that emerges as a result of the current research. An
interesting one from a practical point of view is to explore equilibrium points in the flow control
model of section 5, assuming that the flow controller does not use robust optimization. Another
line of promising research would be to extend the ideas in this paper to limiting average stochastic
games.

Appendix

THEOREM 6 (Banach’s Theorem and Proofs from Fink (1964)). Let (W,p) be a complete
metric space and let v: W — W be a contraction mapping. Then there exists a unique fized point
of the function ~y.

LEMMA 4 (Fink (1964)). of ;(z,") is continuous on X *. Furthermore, the set {o! ;|w’ is bounded }

s,w?

18 equicontinuous.

Proof.
Let
bt (T5) = (O uyh), Py uy )y o, uy s wh),
o i () = ¥ (Coly, 20), Py, ', 2. )i, 5 20t w).
Furthermore,
i (Y5 ") — o ui(277) < POy, us), Py 'yt )sy s uytswf)
- ,lp;(cr;(xs—z,u:z),Psz(ws—z,uzz)’x;z’u:z’wz)’
Fo(ar) —ad () < WOy 2, Piley 2 sy 2 )
= P (Colys " 2.°), Py 2. )iy 5 25 w')

If w? is restrained to be in a bounded region, then the right hand sides can be made uniformly
small because of the uniform continuity of 9! on compact sets. O

LEmMA 5 (Fink(1964)). If 27" = z~% and 7i(z7"") > w! as n— oo, then 7 (z7%) = w!

s*
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Proof.
We have

0= ()] < o = i [ ) =t () (@) )
Now, by assumption, as n — o0 |w; — 75(z *")| = 0 and |y! _(r*(z"*")) — ! _;(w’)| = 0. Note
that |7—sz (‘xii,n) - fYZ P (Ti(xii’n)” = ‘ai,ri(z_isn)(mgi,n) - ai,ri(zfi’n)(

3 in Fink (1964). Hence, |w' =7 _i(wi)| =0 as n— oo. a

z;%)| = 0 as n — 0o by Lemma
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