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ABSTRACT

We construct a mathematical model for in vitro molecular selection with amplification. Using

DNA-protein binding as the illustrative example, we obtain an expression for the probability

that a randomly selected molecule from the final in vitro selection products is the molecule

with the highest binding affinity. Experiments of this type have been reported for several

examples of DNA binding proteins. Our study requires a model of the DNA-protein binding

constant between DNA molecules and the target protein. The relationship between binding

constants and selection probabilities is presented under simplifying but reasonable assump-

tions. From our analysis, we find that for successful in vitro selection experiments there

should be a certain relationship between the number of PCR cycles and the concentration

of free protein. The results obtained should be widely applicable to a variety of selection-

amplification procedures.



Modeling in vitro selection-amplification 2

Introduction

In vitro selection of molecules is a developing technology that is being used in a wide range

of biological studies such as protein-DNA interactions (Kinzle and Vogelestein 1989, 1990,

Murtin et al. 1989, Blackwell and Weintraub 1990, Thiesen and Bach 1990, Pollock and

Treisman 1990, Rebar and Pabo 1994), protein binding sites on RNA (Tuerk and Gold

1990, Lin et al. 1994, Peterson et al. 1994), catalytic properties of RNA molecules (Joyce

1989a,b, Beaudry and Joyce 1992, Lehman and Joyce 1993, Bartel and Szostak 1993, Lin

et al. 1994, Lorsch and Szostak 1994, Prudent et al. 1994, Wilson and Szostak 1995), and

catalytic properties of single-stranded DNA molecules (Breaker and Joyce 1994, Cuenoud and

Szostak, 1995). The basic principle of in vitro selection can be summarized as follows. First

a library of random sequences—DNA, RNA or protein sequences—is constructed. Some

of the molecules in the library are assumed to have a specific function in which we are

interested, and a selection procedure is used to isolate those molecules. These molecules are

then amplified by some means, and this population is subjected to selection. This cycle is

then repeated.

In this paper, the goal is to characterize one class of these problems, namely finding

DNA molecules that bind to a given protein. This protein will be called the target protein.

The intention is to select DNA molecules that strongly bind to the target protein and to

determine the contribution of each individual base involved in the protein-DNA interactions

under some reasonable assumptions. In order to study this, we first synthesize a library

of random sequences consisting of all DNA molecules that might bind to the protein. The

DNA molecules are flanked by two primers for amplification by the polymerase chain reaction

(PCR). These DNA in the library are presented to the target protein. Some of the DNA

molecules will bind to the target protein. The DNA-protein complexes are separated from

unbound DNA molecules by gel electrophoresis. We refer to this as the selection step. The
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small amount of DNA present in the DNA-protein complexes are eluted from the protein

and then amplified by PCR. We refer to this as the amplification step. These two steps,

selection and amplification, constitute one selection-amplification cycle. The experiment

is repeated for several cycles. Figure 1 shows the mechanism of in vitro selection. The

idea is that each cycle selectively enriches the DNA molecule population in relation to their

binding affinity. After many cycles, the DNA molecules with the highest binding affinity

will dominate. Thus, the DNA molecules with highest affinity should be selected by the

process. In Section 2, we construct a mathematical model for in vitro selection and present

some results using the theory of branching processes. In Section 3, we model the binding

constant between a DNA molecule and the target protein. Then we study the probability

that the best binding molecules can be selected after m selection-amplification cycles. Our

goal here is a mathematical understanding of selection-amplification experiments. In section

4, we derive a relationship between the number of PCR cycles and the concentration of free

protein needed for successful in vitro selection experiments. We defer all our proofs to the

appendix. A discussion of the extension of our results to other classes of in vitro molecular

selection-amplification problems appears in section 5.

(Note to the editor: Insert Figure 1 around here.)

A mathematical model

Consider an experiment in which many DNA molecules with different sequences are allowed

to bind to a single type of protein molecules. Using equilibrium binding affinity of the DNA

molecules to a target protein, we can divide the DNA library into several groups. Each

group is composed of molecules with equal binding affinity. In our analysis, we also assume

that there is only one binding site in each DNA molecule. Suppose that in the initial library
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we have N different groups of molecules. Let ni and Ki, i = 1, 2, · · · , N be the number of

molecules and the binding constant of i-th group, respectively. The binding constant K of a

DNA molecule to a target protein is defined as follows. In a DNA-protein binding experiment

at equilibrium (DNA molecules with a single sequence), let pT and p be the concentration

of total and free protein in the binding reaction. Let DT and D be the concentration of

total and free DNA molecules respectively. Let DP be the concentration of DNA-protein

complexes. Then

DP = K ×D × p, DP + D = DT .

It follows that

DP =
K × p×DT

1 + K × p
.

Thus the fraction of the DNA molecules that are bound to the target protein is

f =
K × p

1 + K × p
. (1)

If we assume that DNA molecules bind to the protein independently, then each DNA molecule

binds to the target protein with probability f . For group i molecules, we define fi =

Ki × p/(1 + Ki × p). We will discuss the limitations of this assumption in the section 4,

Implications and Limitations. Therefore, in the selection step of an selection-amplification

cycle, a group i molecule binds to the target protein with probability fi. We select only

DNA molecules that bind to the target protein in the selection step. These probabilities,

f1, f2, · · · , fN , then describe the distribution of the selected DNA molecules.

Amplification is the result of PCR which can be modeled by a branching process (Sun

1994). Suppose the efficiency of the PCR reaction cycle is λ. Then, in each PCR cycle,

a molecule generates two copies with probability λ and remains one copy with probability

1−λ. We assume that the amplification by PCR is completely accurate. We carry out l PCR

cycles in the PCR amplification step. The experiment of selection and PCR amplification is

repeated for m cycles.
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We define the following parameters:

N = number of different groups of DNA molecules;
ni = number of group i DNA molecules;
Ki = binding constant of a group i DNA molecule;
fi = probability of a group i DNA molecule binding to the target protein;
λ = efficiency of PCR;
l = number of cycles in the PCR amplification step;
m = number of experimental cycles.

First let us just consider one group of molecules, all with the same sequence and denote

the corresponding parameters without subscripts. Under the above assumptions we have the

following theorem. This theorem gives the generating function, expectation, variance and

the limit behavior of the number of DNA molecules after m selection-amplification cycles.

Theorem 1 Suppose initially we have one molecule. Let Nm be the number of DNA molecules

after m selection-amplification cycles (including selection and l PCR amplification cycles).

Then we have

1. The generating function gm(x) of Nm satisfies the following recursive equations.

g0(x) = x,

gm+1(x) = gm(fhl(x) + f), m = 0, 1, 2, · · · ,

and hl is defined recursively by

h0(x) = x,

hl+1(x) = hl(λx2 + λx), l = 0, 1, 2, 3, · · · ,

where f = 1− f, λ = 1− λ.

2. The expectation and variance of Nm are

E(Nm) = Am,
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V ar(Nm) =
V ar(N1)Am−1(Am − 1)

A− 1
,

where

A = f(1 + λ)l, V ar(N1) = f(1 + λ)l−1[(2− f − fλ)(1 + λ)l + λ− 1].

3. If A = f(1 + λ)l > 1, then Nm/Am converges with probability 1, and in mean square

to a random variable Wl as m tends to infinity, and

E(Wl) = 1, V ar(Wl) = V ar(N1)/(A2 − A).

4. P (Wl = 0) = ql decreases with respect to l and liml→∞ ql = f. That is when l is

sufficiently large, Zm vanishes with probability approximately f .

Now we consider the general case. The next corollary describes the results of letting the

number m of selection-amplification cycles tend to infinity. The first result gives the prob-

ability that DNA molecules from groups i = 1, 2, · · · , I, ([1, I]) vanish from the subsequent

population of molecules, and the second result gives the probability that a randomly chosen

molecule from this population is from groups i ∈ [1, I] given that DNA molecules do not

vanish after the experiment as first m and then l tend to infinity. Suppose, without loss of

generality, that f1 > f2 > · · · > fN . Let N (i)
m be the number of group i molecules after m

selection-amplification cycles and for any I, S(I)
m =

∑I
i=0 N (i)

m . Then we have the corollary:

Corollary 1 Let ni be the initial number of group i molecules, fi be the probability that an

group i molecule being selected in one selection step, and λ be the efficiency of PCR. Then

1. The probability that DNA molecules from groups [1, I] vanish in the subsequent popu-

lation satisfies

lim
l→∞

lim
m→∞

P{S(I)
m = 0} =

I
∏

i=1
fi

ni .
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2. Under the condition that S(N)
m 6= 0 for all m,

lim
m→∞

S(I)
m /S(N)

m =
{

1, S(I)
m 6= 0, for all m.

0, otherwise.

Thus given S(N)
m 6= 0 for all m, the probability that a randomly chosen molecule is from

groups [1, I] tends to 1−
∏I

i=1 fi
ni

1−
∏N

i=1 fi
ni as m then l tend to infinity.

The case of a large initial number of molecules

In practice, biologists have usually done three to eight selection-amplification cycles (Kinzle

and Vogelestein 1989,1990, Murtin et al. 1989, Blackwell and Weintraub 1990, Thiesen and

Bach 1990, Pollock and Treisman 1990, Rebar and Pabo 1994). Theoretical analysis as m

tends to infinity can not be applied in this case. In this section, we will study the case

where the initial number of molecules in each group is large and the number of cycles is

relatively small. We will also model the binding constant of a DNA molecule and analyze

the connection between the binding constants and the selection process.

In Theorem 1, we obtained the expectation and the variance of the number of molecules

generated from one initial molecule after m selection-amplification cycles. Each molecule is

selected and amplified independently by our assumption. Therefore, if we start from a large

number ni of group i molecules, from the strong law of large numbers, we have

lim
ni→∞

N (i)
m

ni
= [fi(1 + λ)l]m.

Therefore, when ni is large, we can approximate N (i)
m by ni[fi(1+λ)l]m. This approximation

is good only when ni is relatively large compared to fi(1+λ)l−1[(2−fi−fiλ)(1+λ)l+λ−1]Am−1
i (Am

i −1)
Ai−1 ,

where Ai = fi(1 + λ)l. This condition is hard to obtain in practice.

If the above conditions are satisfied for each group of molecules, we can use ni[fi(1+λ)l]m

to approximate N (i)
m . Then the probability that a randomly chosen molecule in the final
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product after m selection-amplification cycles is from groups [1, I] is approximately

P (I) = E
∑I

i=1 N (i)
m

∑N
i=1 N (i)

m
≈

∑I
i=1 ni[fi(1 + λ)l]m

∑N
i=1 ni[fi(1 + λ)l]m

=
∑I

i=1 nifm
i

∑N
i=1 nifm

i
. (2)

From now on, we will use the following assumption:

Assumption (A). The probability that a randomly chosen molecule in the final product

is from groups [1, I] is given by Equation (2).

From Equation (1), we have the relationship between fi and the binding constant Ki,

fi =
Kip

1 + Kip
,

where p is the concentration of free proteins at equilibrium. Substituting the above equation

into Equation (2), we have the probability that a randomly chosen molecule in the final

product is in groups [1, I],

P (I, p) =
∑I

i=1 ni(Kip/(1 + Kip))m

∑N
i=1 ni(Kip/(1 + Kip))m

. (3)

Differentiating with respect to p, we have

(P (I, p))′p

= C





I
∑

i=1
ni(

Kip
1 + Kip

)m 1
1 + Kip

N
∑

j=1
nj(

Kjp
1 + Kjp

)m−

I
∑

i=1
ni(

Kip
1 + Kip

)m
N

∑

j=1
nj(

Kjp
1 + Kjp

)m 1
1 + Kjp





= C





I
∑

i=1

N
∑

j=I+1

ninj(
Kip

1 + Kip
)m(

Kjp
1 + Kjp

)m

[

1
1 + Kip

− 1
1 + Kjp

]





≤ 0,

where C = m
p

(

∑N
i=1 ni( Kip

1+Kip
)m

)−2
. Therefore, P (I, p) is a decreasing function of p and

approaches its maximum of
∑I

i=1 niKm
i

∑N
i=1 niKm

i

as p tends to 0. Our goal in a selection experiment is to

enrich the DNA molecules with high binding affinity. Because dependence on K is maximized

as p goes to 0, in a binding experiment experimental conditions should be carefully designed
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so that the concentration p of free proteins is small. Letting p tend to 0 in Equation (3), it

follows that

P (I) = lim
p→0

P (I, p) =
∑I

i=1 niKm
i

∑N
i=1 niKm

i
. (4)

In the following, we will use Equation (4) as the probability that a randomly chosen sequence

in the final product is from groups [1, I].

Modeling the binding constant

For a specific target protein, let us suppose that a DNA sequence I = i1i2 · · · ik of length k

in base pairs has an equilibrium binding constant (Cantor and Schimmel 1980, Koblan, et

al. 1992)

KI = exp(−G(I)/(kT )) = exp(−βG(I)),

where T is the temperature and G(I) is the total free binding energy. If I(0) = i(0)
1 i(0)

2 · · · i(0)
k

and G(I(0)) = minI G(I), then I(0) is said to belong to the consensus sequence for the target

protein. We use this terminology because binding sites are often of the form ARY GR · · ·T ,

but note that here consensus sequence just means the set of sequences with minimum free

energy of binding. In the following, we assume that in the initial library, every DNA molecule

is represented an equal number of times; that is, if nI and nJ are the numbers of DNA

molecules with sequences I and J respectively, nI = nJ for any I and J . Under the above

assumptions, we have the next theorem.

Theorem 2 Suppose there is a unique consensus sequence I(0) = i(0)
1 i(0)

2 · · · i(0)
k . Let P (m)

con

be the probability that a randomly chosen molecule whose sequence is the unique consensus

sequence after m selection-amplification cycles. Then the following hold:

1. Assume that all the positions contribute independently in the sense that the energy

function G(I) satisfies

G(I)−G(I(0)) =
k

∑

µ=1
σµ(iµ),
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where σµ(i) is a function on {A,C, G, T}. Then

(P (m)
con )−1 =

k
∏

µ=1
(exp(−mβσµ(A)) + exp(−mβσµ(C))

+ exp(−mβσµ(G)) + exp(−mβσµ(T ))).

In particular, if the binding energy is independent of state i different from the consen-

sus, that is σµ(i) = δ/(mβ)I(i 6= i(0)
µ ), then

(P (m)
con )−1 = (1 + 3 exp(−δ))k.

2. Suppose that the bases in DNA molecules have nearest-neighbor interactions in the

sense that the energy function satisfies

G(I)−G(I(0)) =
k

∑

µ=1
σµ(iµ) +

k−1
∑

µ=1
σµ(iµiµ+1).

Further we assume that

σµ(iµ) = δ/(mβ)I(iµ 6= i(0)
µ ),

σµ(iµiµ+1) =



























(δ1 − δ)/(mβ), iµ 6= i(0)
µ , iµ+1 6= i(0)

µ+1,

(δ2 − δ/2)/(mβ),







iµ = i(0)
µ , iµ+1 6= i(0)

µ+1, or
iµ 6= i(0)

µ , iµ+1 = i(0)
µ+1,

0, iµ = i(0)
µ , iµ+1 = i(0)

µ+1.

Then

(P (m)
con )−1 =

1
a2 − a1

[

(1 + a2 exp(−δ2))k−2(g1 + a2ĝ1)(a1 − 3 exp(−δ/2))

−(1 + a1 exp(−δ2))k−2(g1 + a1ĝ1)(a2 − 3 exp(−δ/2))
]

,

where a1 < a2 are the two solutions of

a2 + exp(δ2)(1− 3 exp(−δ1))a− 3 = 0,

and

g1 = 1 + 3 exp(−(δ2 + δ/2)), ĝ1 = exp(−δ2) + 3 exp(−(δ1 + δ/2)).
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Remark 1: The conditions in part 1 of Theorem 2 assume that each base contributes

independently, and this particular condition means that if a base in a sequence differs from

the consensus sequence, the energy is increased by a constant δ/(mβ). The conditions in

part 2 assume that, apart from the independent contributions, there are nearest-neighbor

interactions. For nearest-neighbor interactions, we assume that if the two bases differ from

the consensus by one base, the energy is increased by a constant (δ2 − δ/2)/(mβ) and if

the two bases are both different from the consensus sequence, the energy is increased by a

constant (δ1 − δ)/(mβ). We choose this parameterization to simplify the final formula.

Remark 2: Although in reality the base sequence contributes to the free energy in a

complex fashion, we choose here to make a strongly simplifying assumption to permit a

closed expression to be derived. Further, more realistic modes of contribution to the free

energy can be taken into account by extending the above treatment.

Implications and Limitations

Many in vitro selection experiments have been performed to study the DNA binding prop-

erties of different proteins (for example: Kinzle and Vogelestein 1989, 1990, Blackwell and

Weintraub 1990, Thiesen and Bach 1990, Pollock and Treisman 1990, Rebar and Pabo 1994).

The experimental conditions depend on the properties of the protein to be investigated and

are determined empirically. In this section, we examine the effects of experimental conditions

according to our model in order to understand the power and limitations of in vitro selection-

amplification techniques. For simplicity, we consider here only two groups of molecules. The

molecules in the first group have binding probability f1 and the molecules in the second

group have binding probability f2, where f1 > f2. We will use the notation and parameters

introduced in Section 2.

First let us examine the effect of the number of PCR cycles in the PCR amplification step.
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Without any amplification, i.e., l = 0, a initial group i molecule is retained with probability

fi. It is retained after m selection-amplification cycles if and only if it is retained after each

cycle. Therefore the probability is fm
i . The molecule vanishes after m selection cycles with

probability 1− fm
i . If the initial number of group i molecules is ni, all the molecules, both

group 1 and group 2, vanish after m selection cycles with probability (1− fm
1 )n1(1− fm

2 )n2 .

As we have noted above, in order to have high probability of selecting the best binding

molecules during in vitro selection-amplification, we should let the concentration of free

proteins be small. Then, from Equation (1), the corresponding binding probability fi will

also be small. From the above we see that, with high probability, no molecules are retained.

PCR therefore must play an essential role in the in vitro selection-amplification techniques.

With PCR, the selected molecules are amplified exponentially between selections. Because

we have many molecules after amplification, the probability that they all vanish is small.

Therefore whether we can obtain any molecules that bind the protein after the experiment

depends heavily on the first selection cycle. If the initial number of molecules is small, the

probability that no molecules are selected can still be close to 1. We see that in order that

the experiments be successful, the initial number of molecules should be large and that PCR

must be used to amplify the selected molecules.

How can the protein concentration best be set in in vitro selection experiments? On

one hand, we want to be able to select the best binding molecules with high probability.

On the another hand, we want a high degree of discrimination—we do not want all the

molecules to bind to the protein. Let us determine the concentration of free proteins as

a function of the number of PCR cycles through a series of selection-amplification stages.

Because the DNA molecules are amplified on average (1 + λ)l times after l PCR cycles and

group 1 molecules are selected with probability f1, the expected number of selected group 1

molecules is proportional to f1(1+λ)l after a single selection-amplification cycle. We should

design the experimental conditions so that f1 is on the same scale as (1 + λ)−l. If f1 is too
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small, the group 1 molecules are lost with high probability. Further more, background effects

will dominate and specificity will be lost. If f1 is too large, many DNA molecules will be

selected, including many of those not in group 1. Therefore, f1 should be proportional to

(1+λ)−l. As noted above, we should let the concentration of free proteins be small and thus

f1 be small. Therefore we should use as many PCR cycles as possible, but not too many to

avoid PCR artifacts. Because of the other constraints, such as convenience of experimental

conditions and mutations produced during PCR, biologists often do 20 to 30 PCR cycles.

We did Monte Carlo simulations to study the effects of the number of PCR cycles (l),

the number of selection-amplification cycles (m), and the ratio between the two binding

probabilities of the two groups of molecules (f1/f2). In all these simulations we chose f1

such that f1(1 + λ)l = 2 so that each selection-amplification cycle essentially doubles the

group 1 molecules. We chose λ = 0.9 and n1 = n2 = (1 + λ)l so that the expected number

of selected group 1 molecules is 2 after the first selection. For each choice of (l, m, f1, f2), we

did 5000 simulated selection-amplification experiments by Monte Carlo. After each Monte

Carlo simulated experiment, we observe the number of group 1 and group 2 molecules.

First we studied the effect of the number of PCR cycles. We chose m = 2 selection-

amplification cycles and f1/f2 = 5. (For each value of l, f1 = 2× (1 + 0.9)−l and f2 = f1/5.)

Figure 2 a and b shows the histogram for the proportion of the first group molecules for (a).

l = 5 and (b). l = 20. These two figures are almost the same. This shows that the PCR

amplification step has the principal effect of rescuing the selected sequences. But we note

that the f1 corresponding to l = 5 is much larger than that corresponding to l = 20. From

the relationship between binding probability f and the concentration of free proteins (1), we

see the free protein concentration for l = 5 is much higher than that for l = 20.

Next we examined the number of selection-amplification cycles. We chose l = 20 as has

often been done in published experiments. Other conditions were the same as in the above

simulations except that we chose m = 1. Figure 2 c shows the histogram for the proportion
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of the first group sequences. Comparing Figure 2 c with Figure 2 a we see that doing

one more selection greatly increased the efficiency of the experiment. Under our simulation

conditions, the average proportion of the group 1 molecules after one selection-amplification

cycle is only 0.836 ≈ f1
f1+f2

with standard deviation 0.27. One more cycle increased the

average to 0.940 ≈ f2
1

f2
1 +f2

2
with standard deviation 0.19.

Finally, we studied the effect of the ratio f1/f2. We chose l = 20, m = 2, and f1/f2 = 2.

Figure 2 d shows the histogram for the proportion of the group 1 molecules. Comparing

Figure 2 d with Figure 2 a, we see that the ratio f1/f2 plays a sensitive role in the final

results of the experiment. If f1/f2 is large, then it is relatively easy to select the best

binding molecules. Under our simulation conditions, after two selection-amplification cycles,

the average proportion of the group 1 molecules is 0.758 with standard deviation 0.32 for

f1/f2 = 2, compared to the average proportion of the group 1 molecules 0.94 with standard

deviation 0.19 for f1/f2 = 5.

In practice, f1/f2 is usually between 10 and 100. In this range, we can almost surely

select the group 1 molecules after in vitro selection-amplification experiments. We choose

the above parameters to make our analysis much more clear.

(Note to the editor:Insert Figure 2a,b,c,d around here.)

Discussion

We have analyzed here the quantitative relationships defining the often repeated experimen-

tal procedure of using binding and amplification cycles to find the specific DNA sequences

that bind well to a particular protein. There are many published examples of DNA-protein

interactions that have been analyzed in this fashion. The analysis ia also applicable to a
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number of potential procedures that are based on the binding-amplification cycle to find

one or a small number of dsDNA, RNA or single -stranded DNA molecules having a specific

selected property. The relationship presented here should provide the basis for a quantitative

analysis of all these kinds of experiments.

To some extent, the present analysis was inspired by experiments in which we have

previously examined the IHF (Integration Host Factor) DNA consensus binding patterns by

selection experiments. The protein IHF of Escherichia coli is a histone-like protein which was

discovered through its requirement for the integration of bacteriophage λ into the bacterial

chromosome (Williams et al. 1977). Unlike other histone-like proteins, IHF binds to DNA

in a sequence specific fashion making most of its sequence specific contacts in the minor

groove of DNA. DNA molecules that bound IHF were selected and consensus sequences were

determined using the r-tide program (Galas et al. 1985). We were surprised at the wide

range of sequence variations present among the selected molecules, but found the consensus

sequences where as expected from known naturally occurring variants of the IHF binding

sites. A preliminary account of this work was presented at the Keystone UCLA workshop

on “The Polymerase Chain Reaction” (Murtin et al. 1989).

As indicated in the introduction, there are several distinct types of molecular selection-

amplification experiments reported in the literature. The specific type of experiment de-

scribed and analysed here, sequence-specific protein-DNA interactions, is not by any means

the only type to which the results derived here can be applied. These different types of

experiment fall generally into three classes: (1.) DNA and RNA equilibrium binding experi-

ments, in which selection is determined by the differential binding properties at equilibrium

(for example, Murtin et al. 1989, Kinzle and Vogelstein 1989, 1990, Blackwell and Wein-

traub 1990, Pollock and Treisman 1990, Rebar and Pabo 1994), (2.) DNA and RNA binding

experiments in which selection is based on differential on and/or off rates rates not in equi-

librium, as in a column binding experiment (Tuerk and Gold 1990, Lin et al. 1994), and
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(3.) DNA and RNA cleavage-release experiments in which selection is determined by the

reaction rates of the DNA or RNA catalyst (Joyce 1989a,b, Beaudry and Joyce 1992, Bartel

and Szostak 1993, Breaker and Joyce 1994). There are two experimental characteristics that

effectively define these different classes of selection-amplication experiments, and it is these

characteristics that determine how our results can be applied. The first of these is equilib-

rium. Our analysis uses the simplifications made possible by the equilibrium assumption

to express the probability of isolating the strongest binding molecules in terms of the set

of equilibrium binding constants. These considerations will apply equally to DNA or RNA,

double- or single-stranded. When we shift to a non-equilibrium situation, however, as in

class (2.) above, the formula for K no longer applies, and f must be calculated for the

specific experimental situation, but the remainder of the analysis carries through.

For the class (3.) cleavage-release type of experiment f must now be interpreted to

be the probability that, during the reaction time allowed in the experiment, a molecule in

group i is released. This is in turn directly related to the catalytic constant specified by the

sequence of group i . This constant plays essentially the same role as the specific binding

affinity, but the time interval allowed for the cleavage reaction plays the role of the protein

concentration in the equilibrium binding experiments. To get the maximum specificity, the

time interval must be kept short, so that relatively few molecules achieve cleavage during

the interval. The experiment is not in equilibrium, of course, so that the relationship has

the same monotonicity, but is not precisely the same relation. This similarity can be best

seen in the extremes. If the protein concentration or the time interval is extremely long,

then a large fraction of the molecules are selected whatever the spectrum of specificities. If

the interval is extremely short, then very few molecules are selected, making the experiment

difficult or impossible, but those are selected primariliy by their specific binding or catayltic

properties.

The relationships derived in this paper for the relatively simple case of equilibrium se-
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lection can be extended to encompass all of the above experimental situations and probably

many others for which the selection-amplification process is central to the experiment. This

extension of course depends on constructing a model of specific experimental siuation, such

as we have given for protein-DNA interactions.
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Appendix

Proof of Theorem 1:

1 & 2. After the first selection step, a DNA molecule is selected with probability f and

not selected with probability f = 1− f . Let S1 be the number of molecules selected. Then

the generating function of S1 is

ExS1 = fx + f,

and

E(S1) = f, V ar(S1) = ff.

In the PCR amplification step, the number of DNA molecules Tl generated from one

molecule after l PCR cycles is a branching process. After one PCR cycle, a DNA molecule

generates two copies with probability λ and one copy with probability 1− λ. Therefore the

generating function of T1 is λx2 + λx. From the general theory of branching processes, we

know the generating function hl(x) of Tl satisfies the following recursive equation.

h0(x) = x,

hl+1(x) = hl(λx2 + λx) = λh2
l (x) + λhl(x), l = 0, 1, 2, · · · . (5)

The expectation and variance of Tl are

E(Tl) = (1 + λ)l, V ar(Tl) = (1− λ)(1 + λ)l−1((1 + λ)l − 1).

Therefore the number of DNA molecules after the first experimental cycle, N1, is

N1 =
S1
∑

i=1
T (i)

l ,
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where T (i)
l , i = 1, 2, · · · are i.i.d. and have the same distribution as Tl. Thus the generating

function of N1 is

g1(x) = E(xN1) = E(x
∑S1

i=1 T (i)
l ) = fhl(x) + f.

The expectation and variance of N1 are

E(N1) = E(S1)E(Tl) = f(1 + λ)l,

and

V ar(N1) = E(S1)var(Tl) + V ar(S1)(E(Tl))2

= f(1− λ)(1 + λ)l−1((1 + λ)l − 1) + ff(1 + λ)2l

= f(1 + λ)l−1[(2− f − fλ)(1 + λ)l + λ− 1].

After m selection-amplification cycles, the process of in vitro selection-amplification pro-

duces a random number of DNA molecules, Nm. Note that {Nm, m ≥ 1} forms a branching

process. From the general theory of branching processes, the generating function gm(x) of

Tm satisfies the following recursive equation

g0(x) = x,

gm+1(x) = gm(g1(x)) = gm(fhl(x) + f), m = 0, 1, 2, · · · .

The expectation and variance of Nm are

E(Nm) = (E(N1))m = fm(1 + λ)m,

V ar(Nm) =
V ar(N1)Am−1(Am − 1)

A− 1
.

1 and 2 of the theorem is proved.

Part 3 of the theorem follows directly from the standard theory of branching processes

(Harris 1963).
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4. For any l such that f(1 + λ)l ≤ 1, we have ql = 1. If f(1 + λ)l > 1, then ql < 1 and

ql is the unique solution of x = g1(x) = f + fhl(x) in (0,1), x < g1(x) when x < ql and

x > g1(x) when x > ql (Harris 1963).

Since hl(x) is increasing in x, we have

hl+1(x) = hl(λx2 + λx) ≤ hl(λx + λx) = hl(x).

Thus

ql+1 = g1(ql+1) = f + fhl+1(ql+1) < f + fhl(ql+1) = gl(ql+1). (6)

Therefore ql+1 < ql and liml→∞ ql = c < 1 exists. From Equation (6) we have

c = f + f lim
l→∞

hl(ql).

Next we prove liml→∞ hl(ql) = 0. First we prove liml→∞ hl(x) = 0, for any 0 < x < 1.

By the recursive equation for hl(x), hl(x) is decreasing in l and is bounded. Therefore

liml→∞ hl(x) = d < 1 exist and from Equation (5) we have

d = λd2 + λd.

Therefore d = 0.

Now choose ε > 0 such that c + ε < 1. Then

lim
l→∞

hl(ql) ≤ lim
l→∞

hl(c + ε) = 0.

Therefore we have c = f and Theorem 1 is proved. 2

Proof of Corollary 1:

1. For each molecule in group i, it vanishes with probability fi as m then l tends to

infinity. Because all the molecules are selected and amplified independently, all the group

[1, I] molecules vanish in subsequent population with probability
∏I

i=1 fi
ni as m then l tends

to infinity.



Modeling in vitro selection-amplification 23

2. On the set that S(I)
m 6= 0 for all m, there exists a minimum i0 ≤ I such that N (i0)

m 6= 0

for all m. From Theorem 1 we have

N (i0)
m

(fi0(1 + λ)l)m → Wi0 ,

N (i)
m

(fi0(1 + λ)l)m → 0, i 6= i0,

as m tends to infinity and Wi0 6= 0 on the set that N i0
m does not vanish. Therefore

lim
m→∞

S(I)
m /S(N)

m = 1.

i.e, on the set where {SIm 6= 0}, a randomly chosen molecule is from groups [1, I] almost

surely as m tends to infinity. From part 1 of this corollary we have

lim
l→∞

P{S(I)
m 6= 0|S(N)

m 6= 0} = lim
l→∞

P{S(I)
m 6= 0}

P{S(N)
m 6= 0}

=
1−∏I

i=1 fi
ni

1−∏N
i=1 fi

ni .

Corollary 1 is proved. 2

Proof of Theorem 2:

1. From Equation (4), we have

(P (m)
con )−1 =

∑

I Km
I

Km
con

=
∑

I

exp(−mβ(G(I)−G(I(0))))

=
∑

I

exp(−mβ
k

∑

µ=1
σµ(iµ))

=
∑

I

k
∏

µ=1
exp(−mβσµ(iµ))

=
k

∏

µ=1
(exp(−mβσµ(A)) + exp(−mβσµ(C))

+ exp(−mβσµ(G)) + exp(−mβσµ(T ))),

which proves 1.
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2. Let γµ(iµiµ+1) = σµ(iµ)+σµ+1(iµ+1)
2 + σµ(iµiµ+1), µ = 1, 2, · · · , k− 1. It is easy to check

from the conditions of the theorem that

γµ(iµiµ+1) =



























δ1/(mβ), iµ 6= i(0)
µ , iµ+1 6= i(0)

µ+1,

δ2/(mβ),







iµ = i(0)
µ , iµ+1 6= i(0)

µ+1, or
iµ 6= i(0)

µ , iµ+1 = i(0)
µ+1,

0, iµ = i(0)
µ , iµ+1 = i(0)

µ+1.

Then, from Equation (4), we have

(P (m)
con )−1 =

∑

I

exp(−mβ(G(I)−G(I(0))))

=
∑

I

exp(−mβ((σ1(i1) + σk(ik))/2 +
k−1
∑

µ=1
γµ(iµiµ+1))) (7)

In order to calculate (P (m)
con )−1, we define, for any 1 ≤ l ≤ k − 1,

gl(ik−l) =
∑

ik−l+1,···,ik
exp(−mβ(σk(ik)/2 +

k−1
∑

µ=k−l

γµ(iµiµ+1))), (8)

and

gl = gl(i
(0)
k−l), ĝl = gl(ik−l), ik−l 6= i(0)

k−l.

Then, we have

g1 =
∑

ik

exp(−mβ(σk(ik)/2 + γµ(i(0)
k−1ik)))

=
∑

ik 6=i(0)k

exp(−mβ(σk(ik)/2 + γµ(i(0)
k−1ik))) + exp(−mβ(σk(i

(0)
k )/2 + γµ(i(0)

k−1i
(0)
k )))

= 3 exp(−(δ2 + δ/2)) + 1.

Similarly, we can prove

ĝ1 = 3 exp(−(δ1 + δ/2)) + exp(−δ2).

From Equation (8), we have for 2 ≤ l ≤ k − 1,

gl =
∑

ik−l+1

exp(−mβ(γk−l(i
(0)
k−lik−l+1)gl−1(ik−l+1)))

= 3 exp(−δ2)ĝl−1 + gl−1. (9)
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Similarly,

ĝl = 3 exp(−δ1)ĝl−1 + exp(−δ2)gl−1. (10)

In order to solve the system of difference Equations (9) and (10), we want to find a number

a and a corresponding number c such that

gl + aĝl = c(gl−1 + aĝl−1). (11)

Using Equations (9), (10) and (11) and setting the coefficients of gl−1 and ĝl−1 equal, we

have
{

1 + a exp(−δ2) = c,
3 exp(−δ2) + a3 exp(−δ1) = ac.

Therefore,

3 exp(−δ2) + 3a exp(−δ1) = a(1 + a exp(−δ2));

that is

a2 + exp(δ2)(1− 3 exp(δ1))a− 3 = 0. (12)

Equation (12) has two solutions. Let a1 < a2 be the two solutions of Equation (12). Then

from Equation (11) we have

{

gl + a1ĝl = (1 + a1 exp(−δ2))(gl−1 + a1ĝl−1) = (1 + a1 exp(−δ2))l−1(g1 + a1ĝ1),
gl + a2ĝl = (1 + a2 exp(−δ2))(gl−1 + a2ĝl−1) = (1 + a2 exp(−δ2))l−1(g1 + a2ĝ1).

Solving this system of equations, we have






gl = 1
a2−a1

[

a1(1 + a2 exp(−δ2))l−1(g1 + a2ĝ1)− a2(1 + a1 exp(−δ2))l−1(g1 + a1ĝ1)
]

,
ĝl = 1

a2−a1

[

(1 + a1 exp(−δ2))l−1(g1 + a1ĝ1)− (1 + a2 exp(−δ2))l−1(g1 + a2ĝ1)
]

.
(13)

From Equation (7), we have

(P (m)
con )−1 =

∑

i1

gk−1(i1) exp(−mβσ1(i1)/2)

= gk−1 + 3ĝk−1 exp(−δ/2). (14)

Combining Equations (13) and (14), we complete the proof of Theorem 2. 2
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Figure Legends

Figure 1 Mechanism of in vitro selection.

Figure 2 Histogram of the fraction of the first group molecules with a). l = 20,m = 2, f1/f2 = 5.

b). l = 5,m = 2, f1/f2 = 5. c). l = 20,m = 1, f1/f2 = 5. d). l = 20,m = 2, f1/f2 = 2.

(5000 replications).
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