Curve Alignment by Moments
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Abstract

A significant problem with most functional data analyseshiattof misaligned curves. Without
adjustment, even an analysis as simple as estimation of &z will fail. One common method to
synchronize a set of curves involves equating “landmarkshsas peaks or troughs. The landmarks
method can work well but will fail if marker events can not lokemtified or are missing from some
curves. An alternative approach, the “continuous monotegistration” method, works by transforming
the curves so that they are as close as possible to a targgibfunThis method can also perform well
but is highly dependent on identifying an accurate targetfion. We develop an alignment method
based on equating the “moments” of a given set of curves. eflmEsnents are intended to capture the
locations of important features which may represent loehlvior, such as maximums and minimums,
or more global characteristics, such as the slope of theecaveraged over time. Our method works
by equating the moments of the curves while also shrinkimgatds a common shape. This allows us
to capture the advantages of both the landmark and contnmamotone registration approaches. The
method is illustrated on several data sets and a simulatiimty $s performed.

1 Introduction

The fundamental paradigm of functional data analysis (FD®lves treating the entire curve or function
as the unit of observation rather than individual measurgsnéfom the curve (Ramsay and Silverman,
2005). As FDA has become more common many statistical aealyshniques have been adapted to the
paradigm. The analysis of functional data possess a nunil@oblems not generally encountered with
more classical data. One of the most important is that ofligised curves. Figure 1 provides a real world
illustration of this difficulty using the acceleration cessof ten boys from the Berkeley growth curve study
(Tuddenham and Snyder, 1954) where the heights of indilsduare recorded at regular intervals until age
18. Figure 1a), which plots smoothed versions of the obseageeleration curves, shows a clear trend of
positive and then negative acceleration during the teepages. However, the onset times, and spread, of
these growth spurts can differ by several years so the cuwaede considered to be misaligned or “un-
synchronized”. The dashed line, which represents the @®s$onal mean based on the observed curves,
clearly fails to capture the height of the peaks and trougtts underestimates the rate of change in the
acceleration curve during the puberty years. Figure 1h¥plee corresponding curves after synchronization
using the approach developed in this paper. Now one can mock aearly discern the general shape of
the curves and the gray line, which represents the mean fierayinchronized curves, shows that the true
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Figure 1. Ten acceleration curves from the Berkeley growth curveystayl unsynchronized curves and b) after
alignment. The dashed lines represent the cross-sectineah based on the observed curves while the gray solid line
corresponds to the mean from the synchronized data.

peaks and troughs are considerably more extreme than wéeysly apparent. Computing the mean of a
set of curves is only one example of the many applicationsviich proper alignment of the curves is an
essential component. For example, functional principatonents analysis (Jamesal.,, 2000; Rice and
Wu, 2001), regression with both functional responses (Zagd Diggle, 1994) and functional predictors
(Ferraty and Vieu, 2002; James and Silverman, 2005), fomatilinear discriminant analysis (James and
Hastie, 2001; Ferraty and Vieu, 2003) and functional chirsge(James and Sugar, 2003; Bar-Josepal.,
2003) all assume that the starting curves are correctipedigpn thec-axis.

The problem of realigning such curves has been studied udiffierent names in several fields. In the
statistics literature it is referred to as curve regisbratfSilverman, 1995; Ramsay and Li, 1998) or, in the
context of computing an average curve, structural avega@dneip and Gasser, 1992). Itis also called curve
alignment in biology and time warping in engineering (Sakod Chiba, 1978). Any set of curves can be
decomposed into “amplitude” functions, which measureedifices in the y-axis, and “warping” functions,
which measure differences in location on the x-axis. Symuization requires estimation of the warping
functions.

A number of approaches have been proposed for this problearkdy] or landmark, registration (Kneip
and Gasser, 1992) involves selecting common features ttetiag such as peaks or troughs, and transforming
time so that these features occur together. This method cak well when such features can be easily
identified but tends to perform poorly if no obvious and cetesit landmarks exist. In addition the landmarks
often need to be manually identified, preventing the implaiation of a fully automatic approach. An
alternative method involves aligning curves using a tafigettion. Silverman (1995) proposed registering



curves using a simple shift in time such that the averageredugistance between each curve and a target
function is minimized. This idea was extended in Ramsay an(298) using a Procrustes type fitting
procedure on a general nonlinear class of time transfoomatio provide maximal alignment to the target
function subject to suitable smoothness of the transfaomat This approach, called “continuous monotone
registration”, is often very effective but depends heawitythe target function. Generally the cross-sectional
mean is used which can provide misleading results if theesuare significantly misaligned. Other recent
work in this area includes Kneigt al. (2000), Rgnn (2001) and Gervini and Gasser (2005).

The aim of this paper is to develop an automatic synchranizanethod that incorporates the best
properties of both the landmark and continuous monotonistraion approaches. We start by calculating
“moments” for each curve. These moments are intended toieafhte locations of important features which
may represent local behavior, such as maximums and mininumsore global characteristics, such as the
slope of the curve over time. We then synchronize the curydmth, equating the moments for each curve,
which has the effect of aligning common features, and semelously shrinking towards a common shape.
In situations where obvious marker events are present quoaph has the same advantages as landmark
registration. Additionally, when there are no events buaecurate target function can be estimated we will
achieve similar performance to the continuous monotonistratjon method. However, we show through
the use of theory, simulations and real world examples, ¢liah in situations where the landmark and
continuous monotone registration procedures fail i.e. refodvious markers do not exist and an accurate
target function can not be computed, our moments based the#rostill perform well.

General definitions for the moments of an arbitrary funcaomdeveloped in Section 2. These moments
are defined in terms of “feature” functions which can be desigto detect both local and global charac-
teristics of the curves. In Section 3 we provide a model ferdbserved or unsynchronized curves. The
moments from Section 2 are included as a fundamental panreahbdel. We also discuss alternative types
of warping functions, both linear and non-linear. A syncfization procedure to fit our model is presented
in Section 4. Our procedure attempts to a) equate the moraeming the curves, and hence align the com-
mon “features” in analogy with landmark registration, andhrink the curves towards a common shape
in analogy to the continuous monotone registration appro&de provide an algorithm for implementing
our method and demonstrate that the estimates are consi€en method is illustrated on the Berkeley
growth curve data in Section 5. The results from several lsitimn studies, comparing the performance of
our approach with other synchronization methods, are tegan Section 6. Finally, Section 7 discusses the
relationship of our approach to other common methods angestig some further extensions.

2 Defining the Moments of a Function

In this section we develop definitions for the moments of dteary function, g, in analogy with the
moments of a random variable. The fundamental idea is thst,gs one can define the distribution of a
random variable through its moments and equate two diffatistributions by transforming to equate the
moments, we can also define the shape of a function throughadisents and synchronize two curves by
equating their moments. We first introduce the concept okattire function”J4(t), for g and impose the
constraints

lg(t) >0 and /Ig(t)dt:l



which ensure thaly is a weighting function. There are various possible chofoedy(t). Depending on
the properties of our data, we may wish to utilize a functibat tplaces high weight on the time points
corresponding to local features, such as maximums or mimispor alternatively use a function that places
weight according to more global characteristics such asltpe at a given time.

First, we discuss local approaches where most of the wedghomcentrated around the time points
corresponding to a specific feature in the data. For exanagle;— o, |5®(t) O (g(t) — min{g(t)})" and
Ig“”(t) O (max{g(t)} —g(t))" will respectively concentrate their weight on the globalimam and mini-
mum ofg(t). We may wish to search for local, as well as global, maximuntsrainimums. In this case
one could utilize

_plaP®1 2)
lLe(t) O eXp< r |g<2>(t>> gom#0
0 g?(t)=0.

This function places maximum weight on points where the fiesivative is zero. Howeveig']"ca'(t) is
also high for points with a low first derivative but a high sedalerivative. Thus, the function effectively
searches for local maximums or minimums whegiie changing most rapidly. As— oo, Ig’ca'(t) will place

all its weight on the regions around local turning pointsadfy, we examineém) (t) which places weights
according to the absoluteth derivative of the curveg™, i.e. 1§™ (t) 0 |g™ (t)|. With m = O this function
puts highest weight on large absolute valueg.o¥Vith m= 1 most weight is placed on time points where
g has a large slope and would be used when we are most inteiagtegions where a curve is changing
rapidly. Settingm = 2 searches for points with greatest curvature d&?(t) can be considered to be
searching for global characteristics of a curve becausdilkéely to spread its mass over all time points.

Then, for a given choice df, we define the first moment gfby

u = /tlg(t)dt

and thekth central moment by

pé,” provides a measure of the centergodn the time axis Whilepéz) measures variability iig. Note that
the variability is measured in relation to the time axis antithey, or amplitude, axis. A curve could vary
significantly in they-axis, but still have a low value fqnéf). In generalpél) will be more useful than the
higher order moments when using feature functions sudff‘&sor Ié“‘” that concentrate on local features.

The higher order moments, i.G,Jék) for k > 2, increase in importance when using more global feature
functions such ak™ .

To better understand the propertiegif we examine the relationship between the moments of a func-
tion h(s) and those of the shape invariant functiti¥;2). In this formulationh(s) is stretched, abowt= 0,
by a factorb and shifted to the right bg. Hence, sinc@(V) is a measure of the center of a function aufl
is a measure of variability about the center, stretching Egctor b should multiply the first moment bly
and thekth moment byb¥. For example, one would expect théf%_a), which measures the variability of



the transformed function, would eqdaﬂur(]'g). Similarly a shift ofa should adda to the first moment and
leave the higher order moments, which are centered arounfiréh moment, unchanged. We express this

mathematically as
1)

(1) (k) ky (k)
“h(?) = bH]@ +a and “h(?) =b Hogs) k> 2 Q)
Theorem 1 shows that, provided we utilize a certain familfeature functions, these properties will hold.
Theorem 1 Suppose thay(t) is chosen such that

t—a

Ig(%")(t) 0 Ig(s) <T> , —oot<oo, (2)

for all a,g and b> 0. Then (1) will hold for any function(s).

Condition (2) holds for many large classes of feature fumsi In particular, the previously mentioned
feature functions all satisfy (2) and hence their corredpanmoments all possess the desirable properties
given by (1).

Corollary 1 When utilizing §™, 1M |min o 1@ condition (2) is satisfied, and hence (1) holds. In addition
(2) is satisfied for anyglt) O @(g(t)) whereg(t) is an arbitrary function.

The feature functions we have utilized represent only a fethe@possible choices one could utilize. In fact
one of the strengths of our approach is the ability to desigietfons which best suit one’s particular data.

3 The Synchronization Model

Let Y1(t),Ya(t),...,Yn(t) represent the unsynchronized functions or curves Witbbserved aty, ... ,t,

wheret; € [0, T]. Suppose we selettfeature functionsl,gl, ey Ig']-, and associated momemél,"q, pé,zk) by pé,L"O.
Then our synchronization model is given by,
Yl(tl):ZI(V\/l(tJ))+€|17 |:177N> (3)
Ik 1k Ik |k
W =0 = 0 =) =1L, and k=1,....K 4)

wherepg'k) = % yi u\(('i'k) andz;(t) represents an “amplitude function”, which is stretchedrantime axis ac-
cording to a strictly increasing “warping function\{ (t). In additione;j representid random measurement
errors withEg;j; = 0 andVar(ej;) = 0% < ». Note that we have assumed that the curves are all obsereed at
common set of points simply for notational convenience.r&l&nothing in our approach that will prevent

it working on curves observed at differing time points.

As with all curve registration methods, (3) has an identifiigtproblem betweery; andW. Landmark
registration achieves identifiable results by assumintpitemarkers align for every curve. We generalize
this approach using the moments condition given by (4) wkicbes theZ;'s to have a common “shape”.
For example, ifig'®{(t), which searches for global maximums, is chosen as the &edtuction then (4)
states that th&;'s have a common shape in as much as their global peaks octiie aame time point
and that point is equal to the average of the peaks in the wx$@urves),. As more feature functions
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are chosen (4) forces more alignment in #is. Landmark registration can be seen as a special case of
(4) becausqu%’k) can be used to identify specific marker events in each cund as peaks or troughs, in

which case (4) simply forces an alignment of landmarks. H@mqug’k) can also be used to measure more
general and more global curve characteristics such astthderivative as discussed in Section 2. Note that
by equating the moments for each curvqa@d() we are assuming that positive and negative warping cancels
out, in terms of the moments, when averaged over all curvethot this assumptiod; andwW will not be
identifiable.

We modelz; andW using finite dimensional basis functions. The amplitudectiam is modeled as
Z(t) = z(t)T6; wherez(t) is a p-dimensional basis function arfjrepresents the corresponding basis coef-
ficients. In the case of the warping functions, since theyesticted to be increasing, we can, without loss
of generality, reparameterize them using

WD) =V + [ exifi(s)ds 5)

whereyig and f; are unconstrained. As with the amplitude functions we mddsing a finite dimensional
basis, fi(s) = w(s)Ty;, wherew(s) is ag-dimensional basis ang the corresponding coefficients. Several
special cases of (5) can be achieved by appropriately etstyithey; coefficients. We shall explore two in
this paper. The first is the linear warping functdh(t) = a; + it which is achieved by setting equal to a
constant. The second is

T [yexp(fi(s))ds

o exp(fi(s))ds
Equation (6) has the often desirable property ¥ig0) = 0 andW (T) = T which means that time is taken
to run over a consistent time period for all curves. We wgilizspline bases for bottandw but in principal
any finite dimensional basis will suffice.

W(t) (6)

4 Curve Alignment

In this section we detail our curve alignment approach ftin§itthe model from Section 3.

4.1 A Moments Based Alignment Approach

The aim in fitting our model is to produce estimated cum?'gs,: z(W(tj))T8;, that accurately approximate
the observed curvedj; = Y(tj), subject to two constraints. First, the shape of the symibed curves,
Zi(t), should be as close as possible to that of the original cufVetice that ifW/'(t) = 1 for all values ot
thenz;(t) will have an identical shape ¥(t). Therefore, we measure the change in shape by examining the
departure ofM/(t) from 1 usingP(W) = (j’ {[V\/i’(t)]_l— 1} dt)2 and hence choose a fit such tiR{W\)

is small. We penalize the inverse \f (t) to ensure slopes close to zero, which would imply an extremel
high level of warping, are strongly discouraged. Second,stapes of th&;(t)’s should be as similar as
possible to each other. Differences in the shapes can beunséasither by examining variability in the
B;'s from a targetyy, P(6)) = ||6; — Wg||?, or by concentrating on the spread of the momeRt$y,) =



2
Y zE':l (ugi"q — p$’k>> . Hence, we find th@;’s, y;’s and thepy that minimize

N
Q= 3 {1¥1 Y417+ AoneP(80) + AmonPl1) + MrP)} ™

whereAsyne AmomandAy are tuning parameters that determine the impact of eachdettine fit. Ayomand
Asynccontrol the balance between the continuous monotone ratst and landmark registration methods.
Conceptually, settingmom= 0 and minimizingQ is very similar to the continuous monotone registration
method of Ramsay and Li (1998). Alternatively, settign.= 0 and minimizingQ provides a type of
generalized landmark registration. Note that includifMg —\?in andP(pz) ensures that both (3) and (4)
from our synchronization model will hold.

For fixedpg, minimizing (7) is relatively simple because we only neeaimize Q individually overy;
and6;. This suggests the following iterative algorithm.

1. For fixedyg, minimizeQ overy; and§; for i = 1. Repeat for=2,...,N.
2. Setpg =35V, 6.
3. Repeat 1. and 2. until convergence.

Step 1 involves a non-linear optimization but can be acldewéh relative ease because we only need
optimize over each curve individually and the derivativefQaan be computed analytically. Note that we
optimize over theugi’k) as part of step 1 i.e. we do not f[u%’k) at the previous value @;.

Figure 2 uses a simulated data set to illustrate the needlffua terms in (7). Figure 2a) plots ten
curves, each generated from the solid grey curve in the cantk then “warped” by distorting the time
axis by differing amounts. Figure 2b) illustrates the cepanding ten estimates for tlgs, representing
the “synchronized” curves, obtained by minimizing (7) Winc = Amom= Aw = 0. The fit is very good,
with the estimated standard deviation of #es only 0.006, but this approach has clearly done a poor job
of synchronizing the data. Alternatively, Figure 2c) shaws results usin@sync= 10, a small value for
Aw andAmem= 0. A high level of synchronization has resulted from the us@(@®;) but the curves bear
little relationship to the original ones. In addition, thés have been shrunk towards zero resulting in a ten
fold increase in the standard deviation of the estimatesA#g is reduced andyy increased the fit shifts
towards that shown in Figure 2b) but at no stage do we getgsgnchronization, the correct shape and
a good fit to the data. Finally, Figure 2d) provides a plot & thn estimated;'s after settingh\mom > 0
and using two moments correspondingl % and1™". Notice that the addition dP(z) has enabled us
to not only synchronize the data but to also reproduce thginali shape of the curves. In addition, the
estimated standard deviation is almost identical to thahfthe fit illustrated in Figure 2b), indicating that
the synchronization has not been at the expense of an aedittatthe data.

There are two reasons for the inadequate fit in Figure 2ckt,Hiecause of the significant distortion
of the observed's the cross-sectional mean, which is used to compyités a poor estimate for the true
shape so the curves have been synchronized towards the Wewggt”. This is the same problem that
one would encounter when using the continuous monotonstratjon approach on this data. Second, the
act of shrinking has resulted in a very poor fit to the origicadves. UtilizingP(pz,) has three advantages
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Figure 2:a) A simulated set of ten curves that have been “warped” iretimith the grey line indicating the original
shape. b) The estimates fof(@ with Async= Amom= Aw = 0. c) Estimates for £t) with Amom= 0. d) Estimates
including all four terms.

which allows us to address both these problems. First, sircenoments are measures of shifts in the time
axis, forcing thez;'s to have similar moments has no effect on their amplitudir@nce does not cause the
shrinkage problem observed in Figure 2c). Second, the misnaga only a summary of each curve so can
often be much more accurately estimated than the entireeclifgr example, the cross-sectional mean of
the curves in Figure 2a) is a poor estimate of the overall sludthe curves. Howevep?® and p:(l“” still
provide good estimates for the maximum and minimum of thgiai curve that the data was generated
from, so the problem of aligning the curves to the wrong shagrebe eliminated. Finally, one can choose
among a wide range of feature functions when producing thenemts. Hence, one can identify specific
characteristics or features in the curves and design fedimctions accordingly. Since feature functions
can theoretically be designed to identify, and hence symibhe towards, any consistent marker events, the
landmark registration approach can be seen as a speciabfclgemoments method.

4.2 Asymptotic Theory

Section 5 illustrates the moments method’s practical perdmce on the Berkeley growth curve data and
Section 6 provides a comprehensive comparison to otherauetbn several simulated data sets. However,
we can also show that, under general regularity condititresmethod exhibits good large sample properties
in terms of asymptotic consistency of the estimators.nggepresent the set of parameters for our model, i.e.
Yi,---,Yy @ndby,..., 8y, andf, the corresponding estimates from minimizing (7). Then wa firtroduce
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four assumptions.
A-1 ugi’k) is a continuous function dj; for all | andk. Also z(W(tj)) is a continuous function of .

A-2 z(W(t))T8 is a uniformly continuous function dfi.e. for all &, > O there exists, > 0 such that for
all ty, tp, wherejt; —tp| < &, it is the case thaz(W(t1))T6 —z(W(t))"8| < &, for any8 andy.

A-3 We choose feature functions and corresponding momeicts that the synchronization model given
by (3) and (4) is identifiable when the curves are observed afiaite set of time pointg,

A-4 The parameter space is bounded jig}|> < M for some finiteM.

We can not hope to have consistent estimators without (Aetabse that would imply that estimatipg{k)

and z(W(t;)) well did not necessarily correspond to estimating the traumeters well. (A-2) places a
restriction on the lack of smoothness of the fit. Some levehobothness must always be imposed on such
fits or a line that interpolated the observed value¥ afould minimize the criterion. (A-3) is obviously
necessary because if the model is unidentifiable we couldelett the correct parameters even if we had
complete information. (A-4) assumes that the estimata@sat allowed to diverge off to infinity. Subject
to these four assumptions, we provide the following coanisf result.

Theorem 2 Let Asyncn, Aw,n @and Amomn represent the tuning parameters as a function of n. Suppuse t
(A-1) through (A-4) hold, thaksyncn andAw,, are a(n) and thatAmemn is O(n). Thenn, will be a consistent
estimator fomgi.e. f,, — ng a.s.

4.3 Selection of Tuning Parameters

A key component of our synchronization approach is the @hofthe tuning parameteigync Aw andAmom
The choice of these parameters is governed by a tradeofeketguality of fit i.e. how well the estimated
curves fit the observed data, the level of synchronizatidriesed and the amount of distortion to the shape
in performing the synchronization. In general, improvirggfprmance in one of these characteristics will
cause a deterioration in the other two. An analogy would lmsimg between small probabilities of type
1 and type 2 errors in hypothesis tests. Of course the stdraggoroach in that setting is to minimize the
probability of a type 2 error subject to an upper bound caiirstron the probability of a type 1 error. We
take a similar approach here by selecting the tuning paestd produce the best possible synchronization
subject to constraints on the lack of fit and the distortiothefshape.

We measure the level of synchronizati®yng using the average squared deviation of the synchronized
curves from their mean curve as a percentage of the sameitguanthe unsynchronized curves. Hence,
a value of zero would indicate an identical shape for all Byoeized curves while one corresponds to no
improvement in the synchronization. The lack of €it,is quantified using the average standard deviation
between the observed curvéf;), and their “estimates’;(t;). Finally, the distortion to the shape of the
curves is measured usifW). We then select the tuning parameters so as to mini@izesubject to
o andP(W) being less than certain upper bounds. Performing this dgdtion over three parameters is
a potentially difficult computational task. Fortunatelgetfit turns out to be fairly stable for wide ranges
of possible values fokw andAmem While Async has a considerably stronger influence. In the casengh
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Figure 3:Plots of a)o versusAsyns b) Sync versuasyncand c) Sync versus for four different values okmomand
three different values fokyy.

it makes intuitive sense that its exact value is not impaértetause the moments are acting to produce an
identifiable result so any reasonable weight will make thelehadentifiable and hence produce a good fit.
Hence, it is feasible to implement a grid search over theethegameters where the grid fog andAmemis
very coarse while the grid foksync needs to be considerably finer. For the growth curve datestilited in

the following section, we use values of3100%, 10° and 16 for Aymemand values of 10, 10° and 16 for

Aw. We have found these grids to work well for the problems westexamined. This is consistent with
Ramsay and Li (1998) who also found that a small grid of turiagameters worked over a wide range of
applications. In theory cross-validation could be usedetect the dimensions of the basis functiarnand

w. However, in practice we have found that, given the flexipilirovided by the three tuning parameters,
any dimension that provides a reasonably flexible basissuffice.

5 An Application to the Berkeley Growth Curve Data

In this section we demonstrate the moments based methoadetlkeley growth curve data, discussed in
Section 1, utilizing the non-linear warping functiond, given by (6). The data were obtained by fitting a
smoothing spline to the second differences of the obsergggghts for each of ten boys. The smoothing was
performed to aid visualizing the resulting curves. We hdse performed registration on the raw data with
similar results. The first step in implementing our appraagblves the choice of the feature functions. This
data exhibits clear global maximums and minimums so weedect utilizel ' andlénin with r = 100. For

both feature functions we concentrated on the first momenbibel could also have used additional higher
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order moments. Next we selected the tuning parameters tisngpproach from Section 4.3. Figure 3
provides an illustration of this method. Each plot contdifisseparate lines corresponding to four different
values forAmom (10%,10%,10°, 10°) and three different values fory (10°1,10°,10Y). The 12 lines are
almost indistinguishable from each other, emphasizingrtiensitivity of the result to the exact choice of
AmomandAw. Figure 3a) plotsy as a function of\syne Similarly, Figure 3b) plotsSyncas a function of
Asyne Finally, Figure 3c) plotsSyncas a function ofs. All three plots show a smooth tradeoff betwezn
and Syncwith little effect from the other two tuning parameters. Ween to use tuning parameters that
produced the optimal synchronization subjecttbeing no larger than.@ andP(W) no greater than .8.
These cutoffs were chosen because they seemed to produgielevel of synchronization with a relatively
low increase iro. The dots on Figure 3 correspond to this Ac= 0.2,Aw = 10,Amom = 10°). We can
see that attempting to further synchronize the curves paspbint will result in a large increase ,m

Figure 1b) in Section 1 provides a plot of the synchronizedes,Z;, from the resulting fit. Notice that
the synchronized mean curve not only appears to estimateothect height for the peaks and troughs but
also shifts the peak to a later age from that of the crossesedtmean. To help judge the accuracy of our
procedure Figure 4 provides a comparison to other potemithods. Here we have plotted the estimated
mean acceleration curve using five different approachgsarticular we applied our moments method using
the above tuning parameters, the moments method Mth, = 0, landmark registration (aligning on the
peak and the trough of each curve), the continuous monotagistration method, and the cross-sectional
mean from the unaligned curves. The cross-sectional meaelisknown to be inadequate for this data
set (Gasseet al, 1984). However, the landmark method provides a natural gi@ndard for this problem
because it is known to work extremely well in situations sastthis one where each curve exhibits a very
similar structure (Kneip and Gasser, 1992). All four methgile considerable improvements over the
cross-sectional mean but the moments method Wik = 10° gives the most similar fit to the landmark
approach. The continuous monotone registration methoesghe worst performance of the four because
it does not take advantage of the specific shape informatidine data. Finally, the moments method with
Amom= 0 gives somewhat intermediate performance. While it doesaal gob correctly estimating the
trough, it fails to identify the correct location of the peakgain, this is because it fails to make full use of
the structure that is present. This illustrates that, winéeresults are relatively insensitive to the choice of
Amom this term is still a vital part of the fit.

6 Simulation Study

In this section we compare the performance of our momenedmsachronization approach with the con-
tinuous monotone registration and landmark methods owersiets of simulations. For each simulation 100
data sets, each consisting of ten curves sampled at 100yegpated time points, were generated from a
given distribution. Six different synchronization metisoglere then applied to each data set corresponding
to the moments, continuous monotone registration and larkiprocedures using both linear and standard-
ized, (6), warping functions. For the moments method we ksedl moment for each feature function.
For each set of simulations tikeparameters were chosen by selecting the values that pobwidgimum
alignment on a preliminary data set subject to constraints andP(W) as discussed in Section 4.3. The
simulation results are summarized in Table 1. Two numbexrpeovided for each simulation-method pair
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Figure 4:Plots of mean curves on the Berkeley growth curve data usosgesectional mean (dashed black), contin-
uous monotone registration (dotted), moments methodMyigh= 0 (dashed grey) andmem= 10° (solid grey), and
landmark registration (solid black).

corresponding té&syncand o as defined in Section 4.3. For the moments methiaglas produced using
Z;(W(t)), while for the other two methods it was computed using a shingtof the curves performed via
a smoothing spline prior to synchronization.

Simulation one consisted of curves generated from a stdi@lanssian density which were then stretched
and shifted in theX or time axis. Figure 5a) illustrates a typical set of curvéée used the peak of each
curve as the marker event for the landmark methodd @#gt) (r = 100) for the moments methods. For this
simulation the continuous monotone registration and masraethods both worked very well. In particular
the continuous monotone registration method produced gemdts because the cross-sectional mean of the
observed curves, used to produce the target functionhsiillan approximate bell shape. There was little
difference between the linear and non-linear warping fonstbecause the true warping was in fact linear.
The landmark method, while still providing a consideraldeel of synchronization, performed relatively
less well because, with only one marker, it could not adedyaborrect for differences in the spread of the
curves.

Simulation two had a similar set up to the previous simufagzcept that half the curves were centered
close to 07 while the others were centered close t8 (see Figure 5b)). As a result, the cross-sectional
mean was bimodal which significantly adversely affecteccti@inuous monotone registration method. The
landmark method performed relatively better on this databse shifts in the curve, which it could correct
for, formed a larger portion of the lack of synchronizatiomhe moments method was only marginally
affected by the bimodal shape of the data.

For simulation three we generated curves using the disimibullustrated in Figure 2a). These curves

12



W(t) Method Simulation
One Two Three Four
Sync o| Sync () Sync o) Sync o)
Cont. Mono. Reg 0.02 00005| 7650 00003| 7863 0.004| 75.37 0.009
Linear Landmark 11.86° 0.0005| 1.15 00003| 9.39 0004| 1564 0009
Moments 0.07 00013| 0.50 00020| 833" 0.028| 1371 0.039
Cont. Mono. Reg 0.06 00005| 3947 00003| 21.55° 0.004| 21.18 0009
Non-linear|| Landmark 1232 0.0005| 6.31 00003| 286 0004, 142 0009
Moments <0.01 00013| 059 00008, 0.76 0009 1.20 0014

Table 1: Results from four simulations on six different aligent methodsSyncis measured as a percentage
so 100 corresponds to no improvement in synchronizatiore sthndard errors on tt&/ncwere between
0.15 and 045 for those results marked with aand were less than1b for all others.

were produced using a non-linear warping function and prtegiea more challenging problem. We utilized
both the maximum and minimum points as markers for the lamkimezthods and™2X(t) and1™"(t) (r =
100) for the moments methods. Again, the continuous momotegistration method performed poorly
because the cross-sectional mean did not adequately réfeeshape of the curves. The landmark and
moments methods both gave good results. For all three puoegthe non-linear warping functions worked
considerably better than their linear counterparts. Kintdde fourth simulation tested out the effect of noise
in the observed curves by adding Gaussian errors with stdmigaiation of 001 to the data from simulation
three (see Figure 5c¢)). We also added a linear drift in theesuto ensure that the moments method still
performed well when the curves started and ended at differdtues on th& -axis. In general these changes
caused a moderate deterioration in the linear versionsedatidmark and moments procedures, presumably
because the drift in the curves made it harder for a lineapiwgrfunction to accurately realign the curves.
However, the non-linear versions gave fairly similar perfance to those of simulation three. Note that
some improvement in the moments method results may havepwssible if we had smoothed the curves
before applying our approach. However, given the smallraetion from simulation three it is doubtful
that any significant gains would have been achieved.

These simulation results may be somewhat unfair to the lankimethod because it is difficult to imple-
ment this approach in a truly automatic fashion. For exanplenanually identifying additional landmarks
in the simulated curves one may have been able to producéd#tsrdo that from the moments approach.
However, our attempt here is not necessarily to show thaapproach will outperform landmark registra-
tion where multiple marker events can be manually identifsénte landmark registration is considered the
benchmark in this case. Rather, we want to show that the misnmeethod can give comparable results,
without the need for manual intervention, when marker evané present, but can also provide accurate
results even in the absence of such markers.

Notice that because of the way that the moments method wislks Wwas somewhat higher on all
four simulations than for the continuous monotone redisinaor landmark methods. This is one of the
tradeoffs for a higher level of synchronization. Howevége increase is relatively small, particularly for
the non-linear warping functions, so the tradeoff cleadgms worthwhile. Simulations two and three
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Figure 5: a) A simulated set of ten curves that have been “warped” iretinThis is one ofl00 data sets from
simulation one. b) One of tHED0data sets from simulation two. c) One of tH@0data sets from simulation four. For
each plot, the thicker grey line indicates the original shap

illustrate the advantage of combining landmark and cootisumonotone registration criteria together. By
first synchronizing based on landmarks, such as turninggwia can achieve a partial synchronization and
then estimatey well enough to produce a very accurate final alignment. Iin sittiations we have found
that the best results are obtained by using a relativelydnighlue forAyem in the first few iterations and
then reducing\memWhile increasing\syncin the remaining iterations. This is the approach we tookifese
simulations.

7 Discussion

In this article we have developed a general moments basedagipto the problem of synchronization of
functional or curve data. The generally accepted benchrmarkuch problems is landmark registration
which aligns curves by identifying marker events. This apph can be very effective but has two, poten-
tially significant, disadvantages. First, it assumes ales have consistent marker events and, second, even
if the marker events exist one often must manually identiignt which is not feasible for large data sets.
Alternatively, the continuous monotone registration rodtlvorks well when an adequate target function,
T(t), can be identified but fails when the data is poorly enouginalil thafT (t) does not match the shape of
the curves. The moments based approach builds on the s$tsesighoth methods and reduces or eliminates
their deficiencies. As with the landmark approach, for thmawes with marker events, feature functions,
such ad™3(t) or I™"(t), can be implemented to synchronize based on these evenigevi for curves,

or data sets, that do not exhibit such markers more globalfe#unctions, such a$™ (t), can be utilized.
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In this sense our method is an extension of landmark reg@itadWhen comparing to the continuous mono-
tone registration approach notice tiZt) = z(t)T g can be considered to be the analog¢f) in that we,
at least partially, synchronize the curves towards it. H@geeven in situations where the cross-sectional
mean provides a poor estimate fbft) and hence the continuous monotone registration methc fhi
moments will often induce an accurate enough initial syoctzation thatZ_(t) will represent the correct
shape. Hence, as the method iterates through the fittingithlgothe synchronization becomes better as
opposed to the continuous monotone registration fit wherempwovement may be possible. The data
from simulations two and three provide a good illustratidrthis effect. Hence, our approach can also be
considered as an extension of continuous monotone regstra

This method could be generalized in several directionsh@igh, in this article, we have only discussed
one-dimensional curves, the moments approach could palterite extended to multidimensional data. The
definition of the feature functiorig(t), could easily be expanded to such data and hence the monfgmts a
Equating the lower order moments could then be achievedimitas fashion to the one-dimensional case.
The most significant challenge would seem to be dealing wighdr order moments on high dimensional
data where the number of cross product terms could becomanageable. Another possible extension is
to attempt to model the covariance of #é&s, Var(6;) = ©. For exampleP(6;) could be altered to include
O using,P*(6;) = (6; — ) 'O~ 1(6; — 1g). There are several possible ways to ma@elThe first, which
we have effectively used iR(6;), is to take® equal to a multiple of the identity matrix. One could also
estimate® at each iteration via the sample covarian€e= %zi(ei — o) (8 — Hg)". However, such an
unconstrained estimate may be impractical if the dimensiathe 6;'s is large. One solution would be to
constrain the rank o® and hence significantly reduce the number of parameterditnate (Jamest al,,
2000). Another appealing alternative would be to de€gsuch that?*(6;) placed no penalty on values of
8; corresponding to constant vertical shiftszof)"6;. This would mean that two curves that differed only
by a constant vertical shift would be considered to be p#yfeynchronized and would likely significantly
reduce the undesirable shrinkage towards the mean thatxéonple, is evident in Figure 2c).
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A Appendix

A.1 Proof of Theorem 1

First note that (2) implies that
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Hence

T :/tlh(sba)(t)dt:/t%lh (%) dt:/(sb+a)|h(s)ds: b/lh(s)ds+a/Ih(s)ds: by +a

wheres= 2. Similarly,

&2

e ) = /(t—bph —a)klh(sga)(t)dt:/%(t—bpﬁ)—a)klh<t_Ta> dt:/(sb—b;ﬁ))klh(s)ds: bR,

A.2 Proof of Corollary 1
First note that ilg(t) O g(g(t)) then! ® 0 @(9(%2)) 014 (52). Next note that

o (%
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—am <T> ®

sol('&_a)(t) O0]g™ (52)| O15™ (52). To show the result for"® note that

I”Ei’;a)(t) O (g(%2) - mm{g(‘T)}) (g(%2 )—mm{g(t)}) 015 (152) and similarly forl{™. Fi-
nally, by (8) (
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dg(‘6*) o (152)
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£t er(5)
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A.3 Proof of Theorem 2

First we state and prove a lemma.

Lemma 1 Suppose
sup|z(\Wh (t))" 8 — 2(Wb(1)) 8| — 0 as 9)

and
P§k>_>|“‘v as. forl=1,...,Landk=1,...,K (10)

whereZ,(t) = z(t)Tén andW, and W respectively represent the warping functions evaluateg) and ;.
Then, provided (A-1), (A-3) and (A-4), hdlj — 6p a.s. andy, — Y, a.s.
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A.3.1 Proof of Lemmal

Note we treat each curve individually so we drop the substapd letn, = () andfj, = (g“) To reduce

notation let
f(n,t) = z(W(t)Te.

First, note that (9) and (10) imply that there exi&swith P(Q*) = 1 s.t.Vw" € QF,
f(ﬁn((x)*),t) - f(n07t) vt (11)

and
W) — i forl=1,....Landk=1,...,K. (12)

Now, suppose thai, does not converge a.s. ttg. This implies there exist® with P(Q) > 0s.t.Y we Q,
Nn(w) does not converge tg,. Since the intersection @* andQ must be nonempty we take a particular
w € Q*NQ. Then there exists an infinite subsequender) andd(w) > 0 such that

Hﬁn/(u))(w) - ﬂoH > 6((’0) (13)

for all n'(w). But recall that any bounded sequence must have a convesgiestquence. Hence, by bound-
edness of and6, (A-4), there must be a subsequentdw), of n'(w), and an*(w), such that

ﬁn”(m)((*)) —n*(w). (14)

LetW* represent the warping function evaluateg‘atThen, since(VVn) is a continuous function of, and
p@“ is a continuous function d, (by (A-1)), f is continuous and hence (14) implies that

(A (@ (@),1) = F(7"(w),t) vt (15)
and
WY@ — W forl=1,...Landk=1,...,Ki. (16)
Now, (11) and (L5) imply thaf (no,t) = f(f*(w),t) for all t while (12) and (16) imply thapl™ = 1§
forl =1,...,Landk=1,...,K;. By moments identifiability of the model, (A-3), this implie$*(w) = ng.
But by (13) and (14)||n*(w) — ng|| > 0 which is a contradiction. Hengg, — ng a.s.

A.3.2 Proof of the theorem

Letn represent the set of parameters for our modelji.e. .,yy,01,...,6n, and6,. Each curve is evaluated
atntime pointsty,...,t,. Let

1 N n - 2

W) = 53 gl(v.,—zwv.,) 6)"
1 N L K 2
b(n) = )\momﬁ_ Z (H%’k)— (_Ik)) )



c(n) = 514118 — o)l [2andd(n) = 5N ; P(W) whereW; =W, t;). SoQn(n) = an(n)+b(n)+*2=c(n) +
A"r¥~"d(r]) represents (7) using time points. Letn, represent the true parameters apdthe estimators
resulting from minimizingQ,. ThenQn(ng) = an(Ng) + AL,;“”c(no) + )‘Vrf""d(no) wherec(no) andd(n,) are
both finite. Notec(n,) is finite sinced is bounded andi(n,) is finite because, by (5), @ Wy (t) < « for
t € [0, T], providedfy (t) is bounded and this is the case becaysés bounded. Alsob(ny) = 0 because
ug(;f) = ug(;:) =..= ug(;:) = pg'k) for all | andk whereZg, = z"6y,. ClearlyQn(fj,,) < Qn(ng) becausd, is
optimized over alh. Also, Qn(f,,) > an(A,,) +b(N,) because andd are positive. Hence

)\syncn

clo) + 1) ar)

an(Nn) +0(Nn) < an(no) +

Let gn, = (2(Wp, ) T80, — z(Wh, )78, ) andeij = (Yij — z(Wp, ) T6o,) whereW, = W/(t;) evaluated using the
truey; andW,, = W(t;) usingy; from fj,,. Then

R 1N a2
an(fin) = = Yij —2(Wh, )T,
n n& 1—1( ] )
LSS (2, T8 + 2, T8 — 20,78’
ni;J:1 ! I b I ! '
1 N n 5
= ﬁ (sij+%ij)
i=1j=1
1 N n 5 1 N n (pﬁ N n
= - &G+ — 2= €ij P,
ni;J:]_ ! n|: le : |Zijzl I

Z q:ﬁij +21n- Zl Z sij(ﬂ"lij (18)

Therefore by (17) and (18)

zi z & + 2+ ; z 6ih, + bi(i,) < "I (n,)

But notice that thegj;'s are iid mean zero random variables. Algg is a difference of two bounded
uniformly continuous functions so is also bounded and unifg continuous. (Note(W)T8 is uniformly
continuous by (A-2) and is bounded because it is a continfinugtion of bounded parameteyand6, by
(A-1) and (A-4)). Hence, by a standard application of the SI,_I% ZTzliij(ﬂmj — 0 a.s. an— «. (See
Theorem 1.13 (i) in Shao (2003) for a proof of this resulh)atditionAsyncn andAw,, areo(n) so the right
hand side of (19) also converges to 0. Therefore it must bedke that

2d(no) (19)

%ZZ(pﬁ —0 as foralli (20)
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and
bn(A,) — 0 as (21)

SinceAmomis O(n), (21) implies that (10) in Lemma 1 must hold for each cuirvé=inally, to show that
(9) holds we divide the time intervéD, T| into H equal sized regionRy,...,Ry. Letn, = n/H equal the
number of time points in region. Then by (20) it must be the case that for every 0, for large enougim,

1
— @) <w as (22)
nhJe

But by uniform continuity, (A-2), there must bedg > 0 such that

|(2(We, (£)) T80, — z(Wh, (1)) 76 ) — @] < B (23)
for anyt andt; in R,. Combining (22) and (23) we see that

|(2(W, (t))T 80, — 2(Wk, (1)) T6n)| < B +w (24)

for anyt € R, and large enough. But by makingn large enough, this will apply simultaneously for all
regions so (24) will hold for all. Now sendh — o, H — o andn/H — . Thenn, — « sow can be made
arbitrarily small but als¢H —  sody can also be made arbitrarily small. Hence (9) holds for eactec

i. Therefore the two conditions for Lemma 1 (9 and 10) have Ipgewed and therefore by Lemma 1 the
theorem has been proved.
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