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A bstr act |

A randomized algorithm is prop osed for appro xi-

mating the Least Recen tly Used (LR U) sc heme for

page replacemen t in cac hes. In its basic v ersion the

prop osed algorithm p erforms as follo ws: When a new

page is to b e evicted from the cac he, the algorithm

randomly samples N pages from the cac he and re-

places the least recen tly used page from the sample.

W e then study the follo wing enhancemen t of the basic

v ersion: After replacing the least recen tly used page

from the sample, the next M < N least recen tly used

pages are retained for the next iteration. And when

the next replacemen t is to b e p erformed, the algo-

rithm obtains N � M new samples from the cac he, and

replaces the least recen tly used page from the N � M

new samples and the M previously retained. Both

the basic and enhanced v ersions p erform v ery w ell

compared to existing random replacemen t sc hemes.

Rather surprisingly , w e �nd that the enhanced sc heme

can b e exp onen tially b etter compared to the basic

sc heme for v ery small v alues of M � 1 . As ma y b e

exp ected, w e �nd that as M b ecomes large the p er-

formance b ecomes w orse. This suggests that, for a

giv en N , there is an optimal v alue of M

1

.

I. Intr oduction

The page replacemen t problem in cac hes p ertains to the

eviction rule for deciding whic h page curren tly in the cac he

should b e evicted to mak e ro om for a new page. If all the

page requests are kno wn in adv ance, the b est strategy is to

evict that item whose next request o ccurs furthest in the fu-

ture. This o�ine strategy is kno wn as the MIN algorithm

[5]. T ypically , it is not p ossible to kno w future requests. Al-

gorithms that assume no kno wledge of future requests and

base their decisions only on past requests are called online

algorithms. The optim um online algorithm is kno wn to b e

the Least Recen tly Used (LR U) algorithm [5 ]. LR U w orks b y

replacing that page in the cac he whose most recen t request

o ccurred furthest in the past. W e shall refer to this distin-

guished page as the oldest page. Heuristically , LR U's strategy

is based on the assumption that the probabilit y a giv en page

will b e accessed in the future is prop ortional to ho w recen tly

it w as accessed for the last time in the past.

The implemen tation of LR U requires k eeping trac k of the

age of all pages. Usually , this is done b y a link ed list or a stac k.

Ho w ev er, this en tails a large amoun t of w ork since, whenev er

there is a cac he access, up to six p oin ters need to b e up dated

[7]. Due to its complexit y and need for hardw are supp ort LR U
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is not implemen ted in most of to da y's systems [7]. Instead,

in practice, heuristic algorithms that appro ximate LR U are

used. But simplicit y has come at the cost of p erformance.

A class of algorithms kno wn for their simplicit y and go o d

p erformance are the so-called randomized algorithms. F or

cac he replacemen t a particularly simple algorithm is the Ran-

dom Replacemen t (RR) algorithm. The RR algorithm dra ws

one page at random from the cac he and replaces it [5]. A

more complicated algorithm that p erforms b etter than RR is

the Mark er algorithm [2 ]. This algorithm asso ciates a mark er

bit to eac h item of the cac he and initializes its v alue to zero.

When an item from the cac he is accessed, the mark er bit is

set to one. The replacemen t strategy randomly c ho oses one

page from among those whose mark er is zero and evicts it. A

further impro v emen t of the mark er algorithm is prop osed in

[4 ].

W e prop ose to com bine the b ene�ts of b oth the LR U and

the RR sc hemes. T o this end the basic v ersion of our sc heme

dra ws N pages from the cac he and evicts the oldest p age in

the sample. W e then re�ne this sc heme b y observing that b y

carrying the M next oldest samples from one iteration to the

next, tilts the distribution of the age of the sample to w ards

the older side and th us one exp ects the re�nemen t to p erform

b etter. More precisely , the re�nemen t w orks as follo ws: After

replacing the least recen tly used page from the sample, the

next M < N least recen tly used pages are retained for the next

iteration. And when the next replacemen t is to b e p erformed,

the algorithm obtains N � M new samples from the cac he,

and replaces the least recen tly used page from the N � M new

samples and the M previously retained.

T aking the probabilit y that the page b eing replaced is not

from the oldest n

th

p ercen tile of the pages in the cac he as a

measure of p erformance, w e �nd through analysis and sim-

ulation that there is indeed an impro v emen t when M > 0.

Rather surprisingly , the impro v emen t can b e exp onential for

v alues of M as small as 1, 2 or 3. F urther, for t ypical v alues

of N and n , the p erformance hardly impro v es as M increases

from 3. In fact, as M gro ws b ey ond N = 2, w e observ e that

the p erformance degrades linearly . This suggests that there

is an optimal v alue of M for whic h the ab o v e probabilit y is

minimized and th us the p erformance is b est.

The rest of the pap er is organized as follo ws. Section I I

presen ts the details of the algorithm, and Section I I I presen ts

sim ulation results of its p erformance. In Section IV an analyt-

ical mo del is deriv ed, its solution is computed and compared

with the results of sim ulation. Section V in v estigates the ques-

tion of ho w man y samples one should k eep at eac h iteration of

the algorithm in order to get the optim um p erformance, and

Section VI outlines a pro of of the argumen t that there alw a ys

exists suc h an optim um. Finally , Section VI I concludes the

pap er.



I I. A discussion of the algorithm

The basic v ersion of the algorithm p erforms as follo ws.

Whenev er a page is to b e evicted, N samples are dra wn at

random from the p opulation and the oldest (least recen tly

used) of these is evicted. An error is said to ha v e o ccured if

the evicted page do es not b elong to the oldest n

th

p ercen tile

of all the pages in the cac he, for some desirable v alues of n .

Th us, the goal of the algorithms w e consider is to minimize the

probabilit y of error. With a sligh t abuse of language w e shall

sa y that a page is old if it b elongs to the oldest n

th

p ercen tile.

It is useful to conduct a quic k analysis of the basic v ersion

of the algorithm describ ed ab o v e so as to ha v e a b enc hmark

for comparison. Accordingly , supp ose that all the pages are

divided in to 100 =n bins according to age and N pages are

sampled uniformly and indep enden tly from the cac he. Then

the probabilit y of error equals (1 � n= 100)

N

,

2

whic h appro xi-

mately equals e

� nN = 100

. By increasing N this probabilit y can

b e made to approac h 0 exp onen tially fast.

F or example, when n = 5% b y c ho osing N to equal 60

the probabilit y of error is around 0.05. One asks whether it

is p ossible to get the same or b etter p erformance b y dra w-

ing few er samples. W e �nd that it is indeed p ossible to do

this b y carrying go o d samples from one iteration to the next;

rather surprisingly , the impro v emen t in p erformance can b e

exp onential ly b etter.

W e no w describ e the general pro cedure for carrying samples

from one iteration to the next. As b efore, w e b egin b y ran-

domly c ho osing N samples. After replacing the least recen tly

used page from the sample, the next M < N least recen tly

used pages are retained for the next iteration. And when the

next replacemen t is to b e p erformed, the algorithm obtains

N � M new samples from the cac he, and replaces the least

recen tly used page from the N � M new samples and the M

previously retained. This pro cedure is rep eated whenev er a

page needs to b e evicted. In pseudo-co de w e ha v e:

if (eviction) {

If (first_iteration) {

sample(N);

evict_oldest;

keep_oldest(M);

} else {

sample(N-M);

evict_oldest;

keep_oldest(M);

}

}

One p oten tial dra wbac k of the enhanced v ersion ( M > 0)

as compared to the basic v ersion ( M = 0) is that it is p ossible

for a page that is retained to b e accessed b et w een iterations.

Suc h a page w ould no longer b e old and the qualit y of the pages

retained degrades. Ho w ev er, w e ha v e observ ed that the c hance

of this ev en t o ccuring are v ery small

3

, and hence assume that

pages whic h are retained are not accessed b et w een iterations.

Our assumption is also supp orted b y the general philosoph y

2

Although the algorithm samples without replacemen t, the v al-

ues of N are so small compared to the o v erall size of the cac he

that (1 � n= 100)

N

almost exactly equals the probabilit y of error. A

t ypical cac he has 32K pages and the samples acquired are usually

around 60.

3

Sim ulations with real page request traces sho w that our sc heme

is v ery close to LR U, whic h supp orts our observ ation.
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Fig. 1: Eviction tak es place prior to resampling.

of an y e�cien t replacemen t p olicy: The older a page is, the

less lik ely it is to b e accessed. Since, b y design, the samples

retained b et w een iterations are the oldest p ossible, w e exp ect

that this issue will not signi�can tly a�ect the p erformance of

the algorithm or our calculations.

I I I. Simula tions

This section presen ts the results of v arious sim ulations that

indicate ho w the randomized algorithm p erforms.

Recall that a page is said to b e old if it b elongs to the oldest

n

th

p ercen tile of all pages in the cac he. W e will w ork with a

total sample size of N , of whic h M (0 � M < N ) w ere retained

from the previous iteration. Of all the N samples some will

b e old, b elonging either to the M retained from the previous

iteration or to the N � M fresh samples. W e are in terested in

estimating (through sim ulation and analysis) the probabilit y

of error, whic h is the probabilit y that none of the N pages in

the sample is old.

W e pro ceed b y in tro ducing some helpful notation. Of the

M samples retained at the end of the ( m � 1)

th

iteration, let

Y

m � 1

(0 � Y

m � 1

� M ) b e the n um b er of old pages. A t the

b eginning of the m

th

iteration, the algorithm c ho oses N � M

fresh samples. Let A

m

, 0 � A

m

� N � M b e the n um b er

of old pages coming from the N � M fresh samples. In the

m

th

iteration, the algorithm replaces one page out of the total

Y

m � 1

+ A

m

a v ailable (so long as Y

m � 1

+ A

m

> 0) and retains

M pages for the next iteration. Note that it is p ossible for the

algorithm to discard some old pages b ecause of the memory

limit of M that w e ha v e imp osed.

De�ne X

m

= max ( M + 1 ; Y

m � 1

+ A

m

) to b e n um b er of

\useful" old pages; that is, these are precisely the old pages

that the algorithm w ould ev er replace at eviction times. If

X

m

= 0, then the algorithm commits an error at the m

th

eviction. It is easy to see that X

m

is a Mark o v c hain and

satis�es the recursion

X

m

= max ( M + 1 ; X

m � 1

� 1

( X

m � 1

> 0)

+ A

m

) ;

and that A

m

is binomially distributed with parameters N � M

and n= 100. Figure 1 is a sc hematic of the ab o v e em b edded

Mark o v c hain.

In the rest of this section w e presen t plots sho wing ho w the

error, P

0

= P ( X

m

= 0), v aries with M . The probabilities are

tak en after the Mark o v c hain has equilibirated. In order for

the sc heme to ha v e reasonably go o d p erformance, the n um b er

of samples should b e at least equal to the n um b er of bins.

Th us, w e ha v e c hosen N � 100 =n .

Figure 2 sho ws a collection of plots of P

0

v ersus M for dif-

feren t v alues of N and n . The minim um v alue of P

0

is also

written on top of eac h �gure. W e note that giv en N and n

there are v alues of M > 0 for whic h the error probabilit y is

v ery small compared to its v alue at M = 0. W e also observ e

that b y increasing the n um b er of samples, N , the error proba-

bilit y can b e made to b e as close to zero as desired. And there
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is no need for N to b e a lot bigger than the n um b er of bins

100 =n , since ev en for N = 2 � 100 =n the minim um probabilit y

of error is extremely small.

Figure 3 zo oms in on P

0

for small v alues of M . W e notice

that for small v alues of M there is a h uge reduction in the error

probabilit y and that the minim um is ac hiev ed for a small M .

As M increases further the p erformance deteriorates linearly .

In this particular example, the optim um app ears for M = 5

and there is no signi�can t impro v emen t for M > 3, while for

M > 6 the p erformance deteriorates.

The exp onen tial impro v emen t for small M can b e in tu-

itiv ely explained as follo ws. F or concreteness, supp ose that

M = 1 and that the Mark o v c hain X

m

has b een running

from time �1 on w ards (hence it is in equlibrium at an y time

m � 0). The relationship

f X

m

= 0 g � f A

m

= 0; A

m � 1

� 1 g

immediately giv es that P ( X

m

= 0) � P ( A

m

= 0)[ P ( A

m � 1

=

0) + P ( A

m � 1

= 1)]. Supp osing that N � 3 � 100 =n , P ( A

m

=

0) � e

� 3

and P ( A

m

= 1) � 3 e

� 3

. Therefore P ( X

m

= 0) �

4 e

� 6

.
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Fig. 4: Av erage v alue of X

m

as a function of M

Compare this n um b er with the case M = 0, where P ( X

m

=

0) = P ( A

m

= 0) � e

� 3

, and the claimed exp onen tial impro v e-

men t is apparen t.

Figure 4 is a plot of the a v erage v alue of X

m

as a function

of M . This information could b e used to a v oid sampling at

ev ery time page replacemen t. F or example, if for a particular

v alue of M , E ( X

m

) is prett y high, then one could tak e fresh

samples ev ery other iteration.

A k ey p oin t to b e deduced from the ab o v e plots is that

an acceptable p erformance can b e ac hiev ed with v ery small

v alues of M and reasonably small v alues of N . F rom an im-

plemen tation p oin t of view, this is imp ortan t since it sho ws

that it is not necessary to sample a lot and it is enough to

remem b er v ery little.

IV. Anal ysis

In this section w e deriv e and solv e a mo del that describ es

the b eha vior of the algorithm precisely . W e also compare the

results of the mo del with the sim ulation results.

The system is mo deled b y the Mark o v c hain, X

m

, whic h

trac ks the n um b er of old pages in the sample just prior

to the m

th

page replacemen t. F or a �xed N and n , let

p

k

( M ) = P ( A

m

= k ), k = 0 ; : : : ; N � M , denote the probabil-

it y that k old pages are acquired during a sampling. When it

is clear from the con text w e will abbreviate p

k

( M ) to p

k

. A

m

is binomially distributed with parameters N � M and n= 100:

p

k

=

�

N � M

k

�

� ( n= 100)

k

� (1 � n= 100)

N � M � k

Let T

M

denote the transition matrix of the c hain X

m

for a

giv en v alue of M . The form of the matrix dep ends on whether

M is smaller or larger than N = 2. Since w e are in terested in

small v alues of M , w e shall supp ose that M � N = 2

4

. It is

4

The plots in Section I I I suggest that the M at whic h P

0

is a

minim um is less than N = 2.
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immediate that T

M

is irreducible and has the general form

T
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=

0
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0

1 � p

0

1

C

C

C

C

C

C

C

C

A

(1)

As ma y b e inferred from the transition matrix, the Mark o v

c hain mo dels a system with one deterministic serv er, bino-

mial arriv als, and a �nite queue size equal to M (the system's

o v erall size is M + 1). An in teresting feature of the system

is that as M increases, the a v erage arriv al rate, E ( A

m

) =

( N � M ) n= 100, decreases linearly and the maxim um queue

size increases linearly .

Let � = ( �

0

; : : : ; �

M +1

) denote the stationary distribution

of the c hain X

m

. Let A = ( a

ij

) b e an ( M + 2) � ( M + 2) matrix,

with a

ij

= 1 for all i; j . Let a = ( a

i

) b e a 1 � ( M + 2) matrix

with a

i

= 1 for all i . Since T

M

is irreducible, I � T

M

+ A is

in v ertible [6 ] and

� = a � ( I � T

M

+ A )

� 1

: (2)

Figure 5 compares the probabilit y of error obtained from

sim ulation, P

0

, to that obtained b y analysis, �

0

, for v arious

v alues of M . The sligh t di�erence b et w een the t w o lines in the

�gure are due to sim ulation error, since the sim ulation results

dep end sligh tly on the seed used in the random n um b er gener-

ator. Additionally , due to the nature of the sc heme, no matter

ho w man y iterations w e run, the con v ergence of the sim ulation

is oscillatory and not monotone. Figure (6) presen ts another

example. Here, w e c ho ose N = 40 and 100 = 5 = 20 and th us

exp ect the sc heme to w ork v ery w ell. Indeed, for a wide range

of v alues of M the probabilit y of error is v ery close to zero.

The minim um �

0

ac hiev ed is 1 : 6763

� 5

.

A further impro v emen t on the sc heme ma y result b y v ary-

ing M on the 
y , based on ho w go o d samples w e happ en to get

at eac h iteration. If the samples are v ery go o d (old) it mak es

sense to k eep all of them while if they are bad (y oung) it mak es

sense not to k eep an y of them. T o this end, it is in teresting to
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Fig. 6: Comparison b et w een sim ulation and analysis for rel-

ativ ely large N and n .

in v estigate ho w far w e are from the b est p ossible p olicy . Ide-

ally , one could sample un til one gets an old page that b elongs

to the oldest bin, use it, and stop sampling. This is imp ossible

in practice since it is not p ossible to kno w if a page b elongs

to the bin with the oldest pages. Ho w ev er, one could use

this ideal sc heme to compare the a v erage n um b er of samples,

N

0

, it requires, to the n um b er of samples, N , required b y our

sc heme. It is easy to see that N

0

is the mean of a geometric

distribution and equals 1 = ( n= 100) = 100 =n . T o comp ensate

for the fact that the ideal sc heme ac hiev es zero probabilit y

of error, one migh t compare N to N

00

= N

0

� min ( P

0

). F or

example, in Figure 2, N = 30, 40, 60, 70; N

0

= 25, 33.3, 50,

50; and N

00

= 23.2,31.5,48.3, and 49.9.

V. On the optimal v alue of M

In this section w e in v estigate optimal v alues of M for giv en

N and n . That suc h an M alw a ys exists follo ws from the

con v exit y of �

0

( M ), whic h is established in the next section.

F ormally , the optimal v alue of M is de�ned as

M

�

= arg min f �

0

( M ) g :

W e note that ev en though the form of the transition matrix,

T

M

, allo ws one to write do wn an expression for �

0

( M ), there

is no closed form solution from whic h one migh t calculate M

�

.

Th us, w e n umerically solv e Equation (2), compute �

0

( M ) for

all M � N = 2, and read o� M

�

for v arious v alues of N and n ,

as done in T able 1. This table is to b e read as follo ws: F or

example, supp ose N =30 and n = 4%, the minim um v alue of

�

0

is 0.073172 and it is ac hiev ed at M

�

= 4.

F rom T able 1 it can b e concluded that �

0

( M

�

) is extremely

small in certain cases, but it is ac hiev ed at relativ ely large

v alues of M

�

. Practically , in these cases it mak es sense to use

a v alue of M = M

+

< M

�

suc h that �

0

( M

+

) is v ery close to

�

0

( M

�

). T able 2 presen ts suitable v alues of M

+

b y requiring

that

M

+

= min f M � M

�

: j �

0

( M ) � �

0

( M

�

) j < 10

� 3

g :

The ab o v e discussion presen ts results regarding the opti-

m um v alue of M giv en N and n . W e no w giv e some insigh ts

as to wh y there alw a ys exists suc h a v alue and motiv ate the

next section.



N min ( �

0

) M

�

n =5 n =10 - n =5 n =10 -

20 0.19456 0.00129 - 2 5 -

n =4 n =8 - n =4 n =8 -

30 0.073172 2 : 4454

� 6

- 4 9 -

n =3 n =6 n =9 n =3 n =6 n =9

40 0.055794 8 : 0595

� 8

4 : 6629

� 15

5 12 16

n =2 n =4 n =6 n =2 n =4 n =6

50 0.13538 1 : 8678

� 6

9 : 5368

� 14

4 13 18

60 0.035002 8 : 3933

� 11

- 7 19 -

70 0.0025402 - - 11 - -

80 3 : 1553

� 5

- - 16 - -

T ab. 1: Optim um v alues of �

0

and M for v arious N and n

N min

pr actical

( �

0

) M

+

n =5 n =10 - n =5 n =10 -

20 0.19456 0.0016899 - 2 4 -

n =4 n =8 - n =4 n =8 -

30 0.073172 0.0003229 - 4 3 -

n =3 n =6 n =9 n =3 n =6 n =9

40 0.055794 0.00026642 0.00070757 5 3 1

n =2 n =4 n =6 n =2 n =4 n =6

50 0.13538 0.00045789 0.00019338 4 4 2

60 0.035002 0.00036471 - 7 3 -

70 0.0035109 - - 8 - -

80 0.00090908 - - 6 - -

T ab. 2: Practically optim um v alues of �

0

and M for v arious

N and n

Giv en an arbitrary N and n , let A and B b e t w o instan ti-

ations of the sc heme prop osed, for M and M + 1 resp ectiv ely .

Let �

A

b e the a v erage arriv al rate of old pages from resam-

pling in system A and �

B

b e the arriv al rate of old pages from

resampling in system B . Ob viously , ( N � M ) n= 100 = �

A

>

( N � M � 1) n= 100 = �

B

and th us system A on a v erage gets

more old pages from resampling than system B . Ho w ev er, the

queue size of system A is smaller than that of B b y one place.

In other w ords, there will b e some cases where Q

A

will b e full

and old pages will b e dropp ed, whereas Q

B

will b e able to

accommo date an extra old page from a previous iteration or

from resampling. When M increases from 0 to 1, the p ositiv e

e�ect from the increase in the queue size is greater than the

negativ e e�ect from the decrease in the arriv al rate (for t ypical

v alues of N and n ). As M increases it is less lik ely that o v er-


o ws o ccur and the dominating phenomenon is the decrease of

the arriv al rate. This trade-o� b et w een high arriv al rate and

high queue size causes �

0

to b e a con v ex function of M , and

th us there is an optimal v alue of M at whic h �

0

is minimized.

Figure 7 demonstrates the con v exit y of �

0

as a function of

M for di�eren t v alues of n and a �xed v alue of N . W e already

established in Section I I I the exp onen tial decrease of �

0

for

small M , when the samples are go o d. The linear increase of

�

0

for large M , eviden t from Figure 7, is explained as follo ws:

As M increases, the a v erage arriv al rate decreases and the

queue size increases. As a result, the queue nev er o v er
o ws

and the only phenomenon in to pla y is the linear decrease of

the arriv al rate. F or a queue that nev er o v er
o ws, �

0

= 1 � �=�

and th us �

0

increases linearly as a function of M .

Heuristically , one can mak e the follo wing observ ation re-

garding the v alue of M

�

for t ypical v alues of N and n . As

the ratio N = (100 =n ) increases, �

0

( M

�

) decreases and M

�

in-

creases. In other w ords, the more samples there are compared

to the bins, the smaller the minim um is and the older the

samples tend to b e. Th us, it mak es sense to retain more of

them for future iterations, resulting in a larger M

�

.
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Fig. 7: Con v exit y of �

0

as a function of M .

VI. On the convexity

In this section w e outline a pro of of the fact that �

0

( M )

is a con v ex function of M , from whic h the existence of an

optim um v alue of M follo ws.

As remark ed earlier, �

0

( M ) cannot b e expressed as a func-

tion of the elemen ts of T

M

in a closed form. Th us, it is not

p ossible to establish its con v exit y directly . W e shall therefore

relate �

0

( M ) to the quan tit y , D ( t; M ), whic h coun ts the n um-

b er of o v er
o ws in the time in terv al [0 ; t ] from a bu�er of size

M . W e shall establish the con v exit y of �

0

( M ) b y establishing

that D ( t; M ) for our system is con v ex in M for eac h t > 0.

The con v exit y of D ( t; M ) follo ws from t w o lemmas presen ted

b elo w. Due to limitations of space w e can neither presen t the

pro ofs of the lemmas nor elab orate the exact nature of the

connection b et w een �

0

( M ) and D ( t; M ) in this pap er.

Consider a queueing system with a bu�er of size M . Sup-

p ose that the bu�er is empt y at time 0. Let D ( t; M ) b e the

n um b er of o v er
o ws from the bu�er in the in terv al [0 ; t ]. W e

w an t to examine the b eha vior of D ( t; M ) for di�eren t bu�er

sizes. Note that D ( t; M ) is ob viously a decreasing function of

M since the larger the queue, the less the n um b er of o v er
o ws.

Lemma 1 D ( t; M ) is a c onvex function of M .

Recall that our system is mo delled as a queueing system

with one deterministic serv er and binomial arriv als. The a v-

erage arriv al rate � ( M ) = ( N � M ) n= 100. Therefore, the

arriv al pro cess dep ends on M . As w e v ary the bu�er size M ,

the arriv als also v ary . Ho w ev er, in Lemma 1 the arriv al and

departure pro cesses of the queueing system are assumed to

remain unc hanged for the v arious v alues of M . Th us, Lemma

1 do es not imply the con v exit y of D ( t; M ) directly .

Lemma 2 D ( t; M ) is a c onvex function of M when the av-

er age arrival r ate � ( M ) = � a � M + b for a; b > 0 .

Lemma 2 establishes the con v exit y of D ( t; M ) for our sys-

tem. Finally , from Lemma 2 the con v exit y of �

0

( M ) is estab-

lished:

Theorem 1 The pr ob ability of err or �

0

( M ) is c onvex in M .



VI I. Conclusions

In this w ork w e ha v e in tro duced a randomized algorithm

for appro ximating LR U. Tw o v ersions of the algorithm are

studied through sim ulation and analysis. W e �nd that car-

rying a small amoun t of information regarding go o d samples

from one iteration to the next, leads to a dramatic impro v e-

men t in p erformance. By a judicious of parameters (the total

n um b er of samples, N , and the n um b er of go o d samples, M ,

retained from one iteration to the next) w e �nd that LR U can

b e appro ximated as closely as desired.

W e are curren tly implemen ting v ersions of the sc hemes

men tioned here in real cac hes. Both v ersions of the algo-

rithm assume that eac h item of the cac he is time stamp ed

with the last time that w as accessed. F or page cac hes, up dat-

ing time stamps can b e v ery exp ensiv e. Th us, appro ximations

similar to the clo c k algorithm [7 ] ma y b e needed for a prac-

tical implemen tation. F or w eb cac hes up dating time stamps

is c heap. Exact LR U is p ossible in this case either b y using

a stac k and up dating p oin ters, or b y using the time stamps

directly . Th us, an appro ximation of LR U is not crucial in

the w eb cac hes case. Ho w ev er, it has recen tly b een sho wn

that w eb cac hes sc hemes whic h tak e in to accoun t the size and

cost of a do cumen t outp erform LR U [1 ]. These algorithms

(e.g. the greedy dual-size algorithm [1 ]) require extra data

structures to b e main tained that increase their cost a lot in

comparison to LR U. The sc heme in tro duced in this pap er can

appro ximate these algorithms without the need for complex

data structures.

In general, our sc heme can b e used e�cien tly whenev er

there is a large p opulation of ob jects from whic h the \b est"

is to b e c hosen according to some criterion.
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