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Lemma 5 Suppose that Assumption 1 is satisfied. Then, as n,T — oo with
# — 0, the following hold.

(2) X1, (6% —02) =0, (1).
(b) SUPj<i<n |&%T - ‘722| = Op (1).

(¢) With probability approaching one, there exists a constant M > 0 such that
inf; 52, > M.

Proof
Let X;7 = ﬁ ZZ;I (uft — a?) . Then, EXZ. = Var (uft) <F (u?t) < M.
Part (a): The required result follows by the Markov inequality and

i=1

Part (b): The required result follows if we show that sup;<,<,, (670 — af)Q =

op (1), which holds because sup; <<, (577 — 03)2 <> (6 — 03)2 =0, (1)
by Part (a). W
Part (c): The required result follows since

inf 62, > inf o? — sup !&?T—aﬂ
1<i<n 1<i<n 1<i<n

and by Part (b) and Assumption 1. l

Suppose that ¢; is a sequence of 7id random variables with the same support
as 0; and that ¢; is independent of u;; for all ¢ and ¢.

Lemma 6 Suppose that Assumptions 1-3, 6, and 7 hold. Then, the following
hold as (n,T — oo) with 7% — 0.

E(C?Qv

(a) ﬁ Y [T%ﬂ > et { Wit — yi0) — % (wir —y0)} — wlT] N (_ 0

n E(67
(b) ﬁ dim1 [ﬁ >t Vi~ ﬁ St ey Vitkisher (t,5) — sz} =N (— 0:)

Proof: -
Part (a): For notational simplicity let Yi;r = (yit — vio) — % (yir — yio) and
Yier (0) = (yir (0) — yi0 (0)) — % (ys1 (0) — w40 (0)) . Using this notation, we de-




compose

{(yzt Yio) — ; (yir — yio)}Q - WlT]

1 - 2 1 T =9 1 n T )
= —nzci TQO_?ZYL%,T(O)*&HT +%; 0_22 it, T — “‘T(O))

=1 t=1 T ot=1
2 & 1 <
9 _ _ _
+ﬁ 2 C; (T’QO'% ; Y;,'t,T (0) (Yvit,T - Y;t,T (0))>

= I,+II,+1II, say.

By a direct calculation

73 t=1

Also, it is possible to show that

T
1 _ 1
2 2 4
c; (TQO'? ;:1 Yir (0) — w1T>1 — —45E (cz) ,

and

4

supE <T2 22 i ( —w1T>] <M.
i =1

Then, since % — 0, by the double-indexed CLT in Phillips and Moon (1999a),

we have

I, :>N(0 415E( 4)). (1)

For term I1,, by definition we have

n T
7% ; ¢ <T21022 t:Zl (;) (it — ¥it (0)) (yir — vir (O)))
1 &L 1 &K/t
K2 (T%% > (5) e W)

= IIal +Ifa2 +IIa3, say.
By definition again

t—1 t—1 [t—p l
t— f D
yit — vt (0) = Z (pZ p_ utp = l ?) (n”T) ugp fort > 1
p=0 p=0 Li=1
= 0Ofort=0. (2)



Recall that x = 1. By (2) and by the WLLN, we have

n T t—1
2 1 t—1 1 t—p 1
Iy ~ ——=>a0 = () —> ()u —
2 V= Z(TJ? \'T VT T p

4

1 & 1 1 2 ’
I,y ~ \/H;C?Q?wz<ﬁz<jﬂp>uw>

t=1 p=0

1 r
=0 £@H) [ [ 0ot = 5 ()
0 Jo 12

~

1 T
— —2E(c§9?)/0 T/o (r—s)(l—s)dsdr:—%E(C?G?),

and

?

1 1
-, E (012922)/ r2dr/ (1—r)dr = %E (0503) .
0 0

1 & 1 /N1 ’
II ~ 292 _— i el N A
o~ s (1) (52 () )

Combining the limits of 11,1, 1,9, and I1,3, we have

11, —, giOE (c67). (3)

Next, for I11,, write X;,7 = ﬁ Zthl Yie.r (0) (ﬁt’T —Yur (0)) . Also de-
fine

and

Then, by (2), we have

2 & 1 —
I, ~ -~ z_‘; 20, X1 + - ; 0> Xoip = =211, + I11,9, say.

3



A direct calculation shows that

EIll,

n3/4 ZEX”T
i=1

E (cf@i) n

1 T
E (c}0;) nt/4 (/ (r—s)ds—r
0 \Jo

o)

T
o(1),
s)ds —r [y (1—s)ds

since fol (for (r

0 and 7 — 0. Also,

E (C?Q?X%iT)

2 (%)
F R EE(

0

E|(Fr Zimoun) (7 Zish (579
22 () - | (#) (F7 Zhmouan) (7 5050

= B[ (F i) (G X (459)

+E[(£)" (F5 Somouan) (7 Zico (57
= M for some finite constant M.

Therefore,
E(II1%) = Var(IIl,)+ (E(I11,))°
1 n
= o/ ;E (c6:) E (X}ir) + (BI)?
1 n1/2

which yields
I, =0, (1).

Next, by the WLLN, we have

2 dsdr —

fo Jo (r
fo r fo

Il —, E(c67) l

1
——E
45

(c707) -

(l—s)ds—r/r(r—s)ds+r2

folrfor 1—s) stdr

dserrfO er(fo (1—13s) ds)

/01(1—s)ds>dr

—TfOT(T—S)dS—I—TQfOl(1—8)d5)dr:



Combining the limits of I11,; and I11,5, we have
1 2,2
I, —, _RE (Ci9¢)~ (4)

Using (1), (3), and (4) , we deduce the required result for Part (a). B
Part (b): Write

Ry

= I+ 11, say.

S

7‘1‘1 vt t=1s=1

T
T2 T252 Zylt T302 ZyztyzshT ts —wQTl

Rewriting term I, as

1 n
Ib\/ﬁ;{TQ QZylt Tgagtzlézlyzt Yis ( hT(tvS)WQT}v

Ztl

and noticing that under the assumptions in the lemma,

T
1
E (Tzaf ; Yit (0 T30.2 Z Z yzt yzs ]’LT (t S)) = wor,

T T
n ZVaT T2 12 ;yzt - T310-12 ;;y ) Yis (0) hr (t,8) — WQT] - %a
and
1 o !
SUPE 252 ;yzt - UZQ ;;yn Yis (0) hr (t,8) —wor | < M,

we apply the double-indexed CLT in Phillips and Moon (1999a) and deduce

that 1
I, = N (O, > . (5)

For I, we further decompose the term 1, into the components

Iy, = 11y + 211,

where
n T n T T
1 1 , 1 1
IIbl - n Z T20'2 Z Yit — Yit (O)) _ﬁ Z T30'2 Z Z yzt - yzt (yzs — Yis (O)) hT (ta 8)
=1 v ot=1 1=1 v ot=1 s=1
and
n T n T T
1 1 1 1
IIb2 - Tl Z T20'2 yit — Yit (0 yzt n T30'2 Z Z yzt - yzt yis (0) hT (ta 8) .
i=1 v ot=1 i=1 v t=1 s=1



For ITy1, by (2) and by the WLLN, we have

1 «— 1 5
7 > T2 (yit — yit (0))

n T t—1 2
= 0 0; [Tzaz (Z ( T ) “ip> +O0p (n1/4>
=1 i t=1 \p=0

1 T
—p B (9?) / / (r— 8)2 dsdr = iE (0?) ,

and

=3 s 20 (i i (0) (v — w1 (0) o (15)

1 n 1 t—1s—1 _ B

1 1 rAs
- E(Q?)/ / / (r—p)(s—p)h(r s)dpdsdr——?E(GQ)
o Jo Jo 210
Therefore,

1

Next, in view of (2) with k = i, we have

2 n 1 n
Il = _W ZainiT + ﬁ ZQ?X%T + Op (1) ’

i=1 i=1
where
1 T t—1 t T T t—1 p
lzT E E UjsWig— m3 2 E § § § hT t p) UisUig,
T2052 ( > T50
vt t=1 s=0¢=0 ? t=1 p=1 s=0q=0
and

1 o~ [t [t—s—1
X2iT = T20'2fz:12020< T >< T )uisuiq
z L= s=U g=
T t—1 p
N R (F) () et
0g=

t=1 p=1 s=

A direct calculation shows that

EES () AT S ()] <0 (3),

t=1 s=1

EXyur =




because

1 pr 1 1 prAp 1
EXliT_/ / (r — s) dsdr+o> / / / (r —s)h(r,p)dsdpdr = O () ,
o Jo 0o Jo Jo T

and 1 T 1 1 rAp
/ / (r—s)dsdv“—/ / / (r—s)h(r,p)dsdpdr = 0.
o Jo o Jo Jo
Also,
sup EXTir
g LIl t = N fay
< w3 Y YN (50) () Bl
t i t=1 z=1 s=0 y=0 ¢=0 2=0
g LT T T tdpla y 0 o\ o o
rw s SN YN (150) (557 bt e ) B g
v i =1 p=1z=1y=1 s=0 q=0 z2=0 w=0
= 0(1).
Therefore
1 n 1 n 1 n
— 3 > 0:iXur = — 3 > 0; (X1ir — EXuir) + 34 > 0 (EXvir)
i=1 i=1 i=1

= 0, (nll/4>+o<”;/4> =0, (1).

Next, by the WLLN, we have

1 n 1 T 1 1 rAp
— FXoir —, E(6? [//(r—s)zdsdr—/// (r — ) h (r, p) dsdpdr
7”“72; o g ( ) o Jo o Jo Jo
1

= —-B (912) 210"

Therefore, we have

1
Iy —, —E (67) 510" (7)

Combining the limits of the terms Iy, Iy, and Iy in (5), (6), and (7), re-
spectively, we have the desired result for Part (b). B

Lemma 7 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

2
(a) sup; E {(} S uit%t—l) ] <M.



(b) sup; E {(le Yo yftl)Q] < M.

(c) sup; F [yfo] < M.

Proof. The lemma follows by direct calculation and we omit the proof. B

Lemma 8 Suppose that Assumptions 1-3 and 4 hold. Then, the following hold.

n A 2
(a) Z¢:1 (Uf,iT - U?) =0, (1).
(b) SUpPj<i<n |6—iiT - Uﬂ =0p(1).

(¢) With probability approaching one, there exists a constant M > 0 such that
inf; 63 ;7 > M.

Proof.
Part (a): The required result follows by Lemma 5(a) if ;" ; (&iiT - &?T)Q
op (1) . Under Assumption 4, we have

2 2 vo 07 (1 . 2 0i 1 ¢
Orir — Oir = %4'% ﬁzyit—l _2nl/72T Tzuityit—l .
t=1 t=1

Then, by Lemma 7 and since the support of 8; is uniformly bounded, we have
for some constant M,

2

IN

n n T 2 n T
1 1 1 1 1
M T2 ;E (Z/;LO) + n2T2 ;E (T? ;y?t—1> + nT2 ; (T ;Uz’tyit—1>

o(;‘z)+o<n;2>+o<;2)=o(1), (8)

as required. W
Parts (b) and (c): Since infi<i<, 67,0 < inf; 07 — supy<,c, [67.0 — 07,
under Assumption 1, the required results follow if we show that

. ~2 2] _
sup |0'1,iT_0'i| = 0p (1),
1<i<n

which follows by Lemma 5(b) if we show that

~2 -
sup |‘71,iT - U?T| =0p(1).
1<i<n



This follows since for any € > 0,

P{ sup |&?’ZT*53T| >€} < ZP{
i=1

1<i<n

R - 1 « . o \2
J%,iT *U?T| > 5} < ?ZE [(U%JT *U?T) ] -0
i=1

by (8) H

Lemma 9 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

(a) sup; E {(MJT}!O)Q] <M.

(b) sup; E |:(T\1/T Y yit1>2] < M.

Proof. The lemma follows by direct calculation, and its proof is omitted. H

Lemma 10 Suppose that Assumptions 1 — 8, and 4 hold. Then, the following
hold.

<2

(a) SUpPj<i<n (UQ,iT - U?) =0p(1).

(b) With probability approaching one, there exists a constant M > 0 such that
inf; 63,0 > M.

Proof.

Part (a): The required result follows by Lemmas 5(b) and 8(b) and the triangle

inequality, if we show that sup;<;<, ‘&;ZT — &iiT| = o0, (1) because &iiT =
T 2 o o . . 2

% > i1 (Ayi)” . By definition, SUP <i<y, |O’§7iT — O'iZ-T’ = SUP1<i<y, yTO Then,

by the Markov’s inequality, for any € > 0,

Yio - Yio IS 2 n
P{ sup >6}S;P{T>5}§5T;Eyw_O(T)_O(1)'.

1<i<n I’

Part (b): Since infi<i<p, 6§7iT < inf; 07 —sup;<icp }&gﬂ — o?| under Assump-
tion 1, the required result follows by Part (a). B



Lemma 11 Under Assumptions 1-3, 6, and 7,

er?,nT ((C)
1 n c 9 T yir 2 Yio 2
= 5 |7 Ayityit—l_( ; > +( ; ) +o}

T
i) (o i 1)
iT

i=1 ¢ + f) +02wp2T

n T Yi
+lz C? —_ (7T1T thl %yzt 1) £ (JT) (T\/i Zt 1 Tylt 1)
n i—1 1 (ZhT) +0- w
1= 9 /T paAT

1 SliT SQzT S3zT
+n1/4T Z o2 1/2T1/2 Z n5/4 Z
i1 i

with + - S E [Ssz] =0(1), for k=1,2,3 when (n,T — oco) with & — 0.

Proof: By definition,

er2,nT ((C) = er21 nT ((C) + Vf622 nT ((C)

", lemt—1 1«
1/4ZCZ WZC —TZ;THTZ
1 & 1 eamt—1s—1 . (t—1s—-1\ 21

+<n,zc?> <TQZZ T T mm( T T >_3 T

i=1 t=2 s=2

where

"1
Viearnr (C) = ;[(ACIY) (A,Y;) = (AY,) (AY,)]

i=1 7

2 L2 d 9

= nT 1 ZAyztth 1 1/2T22;O_$z;yzt 1

v © = —~ 1 (AY,) AG (AG'AG) ' AG (AY)
rezat (5= 2008 | (ALY ) ALG (ALGALG) T ALG (ALY

10

|



Let D = diag(v/T,1) and G = GD. Then,
Vf622,nT ((C)

"1 /1 ,~1~~‘1<1~ >
= — | —= (AY,)) ' AG | | =AG'AG —AG (AY,
> (J=aryac) (zacac) (J=ac'(ax)
—En:i 1(A v,)) A.G 1A G’Aéfl 1AG’(A Y,
L \JT S N g
N1
-, (Fa6ac)
= 2 ~ ~ -
St | < (Facan) (% (Y, AG) - (—TACI.G' (81)) (&
+Zn:it LYNEDNe _1— o G'A A G (AY)
2 0_12 r T c; ci L
= Vie221,n1 (C) + Viyeaoa nr (C), say.
Notice that
1 o~ (10
Lagse = (19)
c? c i T
1 A é/A é - 1 + nll/Q% # (n1/4 + n1/2 (% Zt:
TS ci = 1 (C1 + c? lZT L)) lzT (1+ ¢ i)
VT \ nl/Z nl/2 \T £st=1T T £at=1 nl/4T
1 ~ Yio
—AG' (AY,) =
VT (AY) ( 7= (Wir — yio) )’
LA Nel (A Y) _ yiO“!‘n?ﬁ']{ (sz y11)+ n1/2 T2 Zt 1 Yit—1 .
vT A ﬁ(yi’f—yio)'i‘ 7 fsz-f' i th | FYit—1

Computation of Vie21 7 (C) : A direct calculation shows that

Vie221,n1 (C)

wta () (%))

1 «—a yiT) ¢ (%’T)Q 1
”1/2,;U?< (ﬁ T T;Tytl JT) T

1 e yir 1 &t 1

—5 -2 —= ) _ 7Y = Rai
+n3/4;UZZ< (\/T) (T Z:Tyf 1 +T 30T
2

1 1 .t 1

+Ei:1‘712 (— (H;T%tl> +TR41‘T),

where 13" ER? .. =O(1) for k=2,3,4.

11

<Aciyi)’Acié)’}

1

T

ya.6)




Computation of Vie229 nr (C) :
Direct calculation gives

1 -t 1 -t
- ~! ~ o - ~/ ~
(TAG AG> (TAQG ACIG>

0 (e 1 1
\/T n1/4 2n1/2 6 n3/4

2
'L

\
Jr
=

3
w| O,
2
IN
N—
3
fs)
2K
IN
oS
[N}
S
Sl=
T
—-
Nl
N—
—
|
winN
3
=)
AN
M
+ =3
W=
3
wlo
~[>w
~
|
=
3o

B 1 ci 1 ¢
VT \ nt/4 2n
+E1inr €201

where & ; ,,7 = O (ﬁ) and &y ; ,7 = O ( 5/4) uniformly across ¢ because the
support of ¢}s is bounded. Then,

er222,nT ((C)

=1 —
1 i & yir < 1 i t 1 i Reir
toan 12< / > =2 pYit-1 |+ .
3/4 2 3/471/2 2
n¥/t = ot \ YT ) \TVT = T AT £ 57
I ~c (2 (yr 1 Kt 1 [ yir 1 & Reip
+; ; o (3 (\/T) <T\/T et IRt ) VT nT1/2 Z 2
Roir

where L 3" | ERZ.. = O(1) for k =5, ...,9. Putting the terms in Vyeo1 7 (C)
erggl)nT (C), and Vye222,n7 (C) together with the restriction that n,7" — oo
with 7 — 0, we have the required result. B

Lemma 12 Under Assumptions 1 — 3, 6, and 7, the following hold:
2 2
[% Y1 Ayieyir1 — (%) + (%) + 0%} =0, (1);

T T
(%Ztﬂyfpl*(f?% t1tT> 3 ) } .

; T

| - {20%) (R =i ) a3 20 () (7))
1 1
N (=g B (c767) . 3B (c])) 5
T 2 Yi T

[ (e S ) 3 (48) (e E )

1 (yir 2
*5(1 ) + ojWpar

(a) ﬁ ZZL:I

Q ‘g
S

Q ‘n
¥ ST

(b) iz 2ics

3

12



Proof:
Part (a): First, notice from
i — U1 = (P — 1) Yi1 + 2001w + ) for t > 1
that
2 2
() (-
vr) ~\/r

Since Ayt = (p; — 1) Yit—1 + uit, we have

Z Ayuyi—1=2(p

1 & 1 & 1 L
) T ;yz?t—l 207 tz:;yit—luit tr ;uft

Zynf 1+szzt 1Ust-

Then,

T 2 2
¢ |2 YiT Yio 2
= Ayiyi—1 — ;
n1/4z TZ YitYit—1 (ﬁ) +(\/T) T

T T
1 1 1
— . 1Uit — (Tzu?f()'?)] .

1 & 2
= ﬂZT —pi =175
nt/ i=1 Ui[ Tt:l t=1

Under the assumptions of the lemma

n T
1 C;
,E Zp. — 1) = 2 =
ni/t 2 o7 (ps = 1) T 2~ T i

Ci 1
n1/4z i)fzyit%“” T ni/2
= t=1 i3 t=1
and .
I o (1 s 9 nl/4

leading to the required result for Part (a). W
Part (b): Under the assumptions of the lemma, it is possible to show that

T T 4 )2

Z 12 (%Zt:lyiztfl ?ql" t= 1tT1)+é{(%> 7012
1/2 2 r )
% —{2 (1\//2) (szt L T it 1) -2 () }

; 2
yzt yzo T (yiT - yiO) —wirT

n

1 n
§ 2
= —_— cl
Vn =

- N(_;)E(CQGQ),% (c;*)>,

! o, (1)

1252
(-

M

)—l,_.
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where the last limit holds by Lemma 6(a). B
Part (c): Under the assumptions of the lemma, Part (c) follows by the WLLN.
|

Lemma 13 Let M be a finite constant. Under Assumptions 1 — 8, 6, and 7,
the following hold.

(a) sup; E [yj] < M.
(b) sup; £
(c) sup; E
(d) sup; £
(e) sup; E

£ gl T e N oy
(f) sup; VT D=1 T Yit-1 < M.

Proof. The lemma follows by direct calculations and we omit the proof. H

Lemma 14 Suppose that Assumptions 1 — 8, and 6 hold. Then, the following
hold.

(2) X0, (620 — o) = 0, (1)
(b) SUP1<i<n (&iiT - U?) = 0p (1).
(¢) S0, (62,7 — 02)" =0, (1).

(d) SUP1<i<n (a'?i,iT - 012) =0, (1).

(e) With probability approaching one, there exists a constant M > 0 such that
inf; 65,0 > M.

Proof.
Part (a): The required result follows by Lemma 5(a) if Y., (&iiT - &?T)Q =
op (1) . Under Assumption 6, we have

2 ~92 y20 02 1 T 2 05 1 T
Ovir = %ir = 7 ¥ e | 72 Zyit—l - QW T Zuityit—l :
t=1 t=1

14



Then, by Lemma 13 and since the support of #; is uniformly bounded, we have
for some constant M,

n
. 9 12
ZE (UiiT - J?T)
i=1

2

IN

n n T 2 n T
1 1 1 1 1

0 () +0 (;) +0 (”;f) —0(1), )

as required. W
Part (b): By the triangle inequality and Lemma 5(b), the required result
follows if we show

~2 -
sup |01,iT - U?T| =0p(1).
1<i<n

Since for any € > 0,

P{ sup ‘&iiT —63T| > 5} < ZP{
i=1

n
~2 ~2 1 ~2 ~2 2
U1,¢T_UiT‘ > 5} <= E E [(Ul,iT_UiT) } -0
1<i<n € i=1

by (9), we have the required result. B
Part (c): The required result follows by Part (a) and the inequality (a + b)* <
2a? + 2b?, if we show that

. R 2
(Ug,iT - UiiT) = Op (1),
1

n

7

for which it is enough by the Markov inequality to show that
ZE (5;2371‘T - 6%,1‘T)2 — 0. (10)
i=1

Notice by definition that

1 _
63 = 01— 5 (AY,) AG(AG'AG) " AG (AY,)

2
. 1 Yir — Yio
= 6 - T <y1'20+ (ﬁ) ) -

Then the required result (10) follows by Lemma 13(a) and (b). B
Part (d): The required result follows by Part (b) and the triangle inequality,
if we show

.2 .2
sup "73,iT - 01,iT| = 0p (1),
1<i<n

15



: : <2 ~2 |2 no (a2 ~2 2
which follows since sup,<;<,, |65.r — 617 < Yiy (630 —61,4r)  and by

(10). m
Part (e): Since infi<;<y, &ﬁ’iT < inf; 07 —sup;<;<,, ‘&;Z-T — 02| under Assump-
tion 1, the required result follows by Part (d). W

16



