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Full 3D Tomography for Crustal Structure of the Los Angeles Region 

by Po Chen, Li Zhao and Thomas H. Jordan 

 

Abstract We apply full 3D tomography (F3DT) to a regional dataset in 

the Los Angeles area. In F3DT, the starting model as well as the model 

perturbation is three-dimensional and the sensitivity (FrŽchet) kernels are 

computed using numerical schemes that account for the full physics of 3D 

wave propagation. F3DT can account for the nonlinearity of structural 

inverse problem through iteration, thus providing the most efficient means 

for assimilating seismic observations into dynamic ground-motion models. 

We have successfully applied a scattering-integral (SI) formulation of 

F3DT to improve a 3D elastic structure model, Southern California 

Earthquake Center (SCEC) Community Velocity Model version 3.0 

(CVM3.0), in the Los Angeles region. Our data are time- and frequency-

localized measurements of phase-delay anomalies relative to synthetics 

computed from the 3D elastic starting model. The FrŽchet kernels for our 

measurements were computed by convolving the earthquake wavefields 

generated by point earthquake sources with the receiver Green tensors 

(RGTs), which are the spatial-temporal fields produced by three 

orthogonal unit impulsive point forces acting at the receiver locations. We 

inverted 7364 phase-delay measurements of P and S body-waves using the 

LSQR method. The revised 3D model, LAF3D, provides substantially 

better fit to the observed waveform data than the 3D starting model. To 
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our knowledge, this study is the first successful application of F3DT in 

structural seismology.  

 

1. Introduction 

 

Seismic hazard analysis as it is currently practiced depends on empirical attenuation 

relations to account for wave propagation from sources to sites (e.g., Abrahamson & Shedlock 

1997; Field 2000). Physics-based wavefield modeling offers the potential for more reliable 

predictions of strong ground shaking, especially in regions that contain deep sedimentary basins 

(Akcelik et al. 2003; Furumura et al. 2003; Olsen et al. 2003; Komatitsch et al. 2004). Realizing 

this potential will require accurate three-dimensional (3D) seismic velocity models of the upper 

crust. 

Southern California is one region where the seismic hazard is high and the sedimentary 

basin effects are known to substantially influence strong-motion amplitudes (Gao et al. 1996; 

Graves et al. 1998; Davis et al. 2000). These factors have motivated the development of 3D 

crustal models that incorporate basin information from well bores and active seismic surveys 

(primarily for oil exploration) as well as larger scale crustal structure from earthquake 

tomography (Hauksson 2000). Examples of such 3D velocity models are the Southern California 

Earthquake Center (SCEC) Community Velocity Model (CVM3.0) (Magistrale et al. 2000) and 

the Harvard model (SŸss & Shaw 2003; Komatitsch et al. 2004). Although these models have 

been used to simulate features of the wavefields from specific earthquakes with some success 

(Olsen et al. 2003; Komatitsch et al. 2004), improvements still need to be made for predicting 
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regional high-resolution strong-motion maps that could lead to effective earthquake hazard 

analysis. 

Recent advances in parallel computing technology and numerical methods (Olsen 1994; 

Graves 1996; Akcelik et al. 2003; Olsen et al. 2003; Komatitsch et al. 2004) have made large-

scale 3D numerical simulations of seismic wavefields much more affordable, and they open up 

the possibility of Òfull 3D tomographyÓ (F3DT) (Chen et al. 2006), in which the starting model 

as well as the model perturbation is three-dimensional and the sensitivity (FrŽchet) kernels are 

calculated using the full physics of three-dimensional wave propagation (Zhao et al. 2005; Liu & 

Tromp 2006). F3DT can account for the nonlinearity of the structural inverse problem through 

iteration, thus providing the most efficient means for assimilating seismic observations into 

dynamic ground-motion models.  

We have successfully applied one formulation of F3DT, the scattering-integral (SI) 

method (Zhao et al. 2005), to improve existing 3D crustal models in the Los Angeles region 

using observed broadband waveform data. Our starting model is the 3D CVM3.0 and we 

measured time- and frequency-localized phase-delay and amplitude anomalies relative to 

synthetic seismograms computed in the 3D starting model using the finite-difference method 

(Olsen 1994). In our current study we inverted only phase-delay measurements made on direct P 

and S body-waves for seismic velocity perturbations, while the amplitude measurements were 

used to evaluate the quality of the structural models. Our result shows that after just one iteration 

of our SI method, the updated 3D seismic velocity model provides substantially better fit to the 

observed waveform data than the starting model, which demonstrates the effectiveness of our full 

3D methodology. In a later paper, we will present results for crustal structure in Southern 
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California by inverting both phase-delay and amplitude measurements made on various types of 

arrivals including body-waves and surface-waves. 

 In the following, we will give a brief summary of the SI method. Theoretical details as 

well as an analysis of the computational cost are presented in a companion paper (Chen et al. 

2006). Here, we will focus on data analysis, implementation of the SI method and validation of 

our new 3D velocity model for the Los Angeles area. 

 

2. Scattering-Integral Method 

 

In seismic tomography, the data in a vector d are represented as functionals of an Earth 

model m, and the forward problem can be linearized with respect to a starting model ÷ m , 

 

" d =  A " m =  dV(x)# K d ( ÷ m ,x)$" m(x)   %  d(m) &d( ÷ m ) .    (1) 

 

The data sensitivity kernels in K d are functional (FrŽchet) derivatives of the data with respect to 

the model parameters around the starting model. The tomographic inverse problem is to estimate 

the best representation of the real Earth from observations of d. In F3DT, both ÷ m  and m are 

three-dimensional and the data sensitivity kernel K d are computed using the full physics of 3D 

wave propagation. 

 The scattering-integral method can be formulated as minimizing the following quadratic 

misfit functional by the Gauss-Newton method,  

 

  "
2(m, ÷ m ) = dT (m, ÷ m ) Cd

#1 d(m, ÷ m ) + (m# ÷ m )T Cm
#1(m# ÷ m ),     (2) 
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where Cm is the a priori model covariance operator, Cd is the data covariance operator. In the 

Gauss-Newton method, the misfit functional is expanded to second order in terms of the model 

perturbation and its gradient with respect to the target model is set to zero, 

 

" m # 2(m, ÷ m )  =  a( ÷ m )  +  H( ÷ m )(m$ ÷ m )  =  0.      (3) 

 

Here, a = " ÷ m #
2 = $A( ÷ m )T Cd

-1 d is the data-weighted FrŽchet kernel and H is the Hessian 

 

  H  =  " ÷ m " ÷ m #
2  =  A T Cd

$1 A  + Cm
$1 +  (" ÷ m A)T Cd

$1 d .     (4) 

 

The last term in the Hessian can be neglected if either the data vector d or " ÷ m A  is small, which 

leads to the Gauss-Newton normal equation 

 

  (A
T Cd

" 1A + Cm
" 1)(m" ÷ m ) = A T Cd

" 1d .        (5) 

 

In practice, this normal equation doesnÕt need to be formed, because its solution can be 

computed by solving the linear system  

 

  

Cd
" 1/ 2A
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" 1/ 2

#

$
%
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'
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Cd
" 1/ 2d

0

#

$
%

&

'
(          (6) 

 

via a relaxation method, such as LSQR (Paige & Saunders 1982). 
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 In the scattering-integral method, we explicitly construct FrŽchet kernels for individual 

data functionals in d and form the kernel matrix A. In this study, we used the generalized 

seismological data functionals (GSDF) of Gee & Jordan (1992), which are the time- and 

frequency-localized phase and amplitude anomalies of the observed waveforms relative to 

synthetic waveforms. Following the notation in Chen et al. (2006), we denote din
sr  as the n-th 

misfit measurement made on the i-th component of the seismogram, which is generated by 

source s and recorded at receiver r. If we write the FrŽchet derivative of the data functional with 

respect to the seismogram as Jin
sr(t) , such that, 

 

" din
sr = dt Jin

sr(t) " ui
s(xr ,t)# ,         (7) 

 

then its FrŽchet kernel with respect to density and elastic moduli can be constructed using the 

Born approximation, 

 

" ui
s(xr ,t) = # dV(x) d$ [Gij (xr ,t # $;x)%$

2u j
s(x,$)"&(x)

j

'
(  
)  
*  

+ *  ,,

+ %kGij (xr ,t # $;x) %l um
s (x,$)" c jklm(x)]

jklm

'
-  
.  
*  

/  *  

,    (8) 

 

where "#  and " c jklm  are perturbations in density and elasticity tensor elements, respectively. By 

bringing equation (8) into equation (7) and applying the reciprocity principle 

  G(xr ,t;x) = GT (x,t;xr ) (Aki & Richards 1980), we obtain the FrŽchet kernel of the data 
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functional with respect to P and S wave speeds " (x) and " (x)  for an isotropic medium (Zhao et 

al. 2005), 

 

  
K

d in
sr

" (x) = #2÷ $ ÷ "  dtJin
sr(t) d% &jG ji (x,t # %;xr )&l ul

s(x,%)
jl

'(( ,     (9a) 

 

  

K
d in

sr
" (x) = #2÷ $ ÷ "  dtJin

sr(t) d% 2 &jG ji (x,t # %;xr )&l ul
s(x,%)

jl

'
(  
)  
*  

+ *  ,,

# &kG ji (x,t # %;xr ) &j uk
s(x,%) + &ku j

s(x,%)[ ]
jk

'
-  
.  
*  

/  *  

.    (9b) 

 

Here ÷ "  , ÷ "   and ÷ "   are the density, P- and S-wave speeds in the reference structural model. From 

equations (9a) and (9b) we can see that the FrŽchet kernels of individual data functionals can be 

constructed by convolving the forward earthquake wavefield   u
s(x,t)  with the transposed 

receiver Green tensor (RGT)   G
T (x,t;xr ) and then integrating the result against the seismogram 

functional Jin
sr(t) . The RGT is the space-time volume of the wavefields generated by the three 

orthogonal unit impulsive point forces acting at the receiver location   xr  (Zhao et al. 2005). The 

convolution between the forward earthquake wavefield and the RGT is what we call Òscattering-

integralÓ. 

An alternative formulation of F3DT is the adjoint-wavefield (AW) method (Tarantola 

1988; Ackelik et al. 2003; Tromp et al. 2005; Liu & Tromp 2006), which minimizes the misfit 

functional using gradient-based methods such as steepest-decent or conjugate-gradient. The 

gradient of the misfit functional with respect to model parameters is constructed through adjoint 

calculations. The SI and AW methods are closely related (Tromp et al. 2005), but which one is 
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more efficient depends on the overall problem geometry, particularly on the ratio of sources to 

receivers, as well as trade-offs in computational resources, such as the relative costs of compute 

cycles to data storage (Chen et al. 2006). For our regional tomography study that uses large sets 

of natural earthquake sources, we found that the SI method is more computationally efficient 

than the AW method, although it requires more storage. 

In the following, we present our implementation of the SI method for solving the seismic 

waveform tomography problem for the Los Angeles region. In section 3, we introduce the GSDF 

method for extracting time- and frequency-localized data functionals from waveform data, and 

we give a quantitative evaluation of our 3D starting model CVM3.0 based on our GSDF 

measurements. In section 4, we present our inversion procedure including how the FrŽchet 

kernels for our GSDF measurements were constructed and how to solve the linear system in 

equation (6). In section 5, we discuss our improved 3D velocity model for the Los Angeles area.  

 

3. Data Analysis 

 

We collected about 2,000 three-component broadband velocity seismograms from 67 

small to moderate-sized local earthquakes (3.0 < ML < 4.8) recorded at 48 California Integrated 

Seismic Network (CISN) stations (Figure 1). Synthetic seismograms were then computed in our 

3D starting model CVM3.0 using the finite-difference method (Olsen 1994). The waveform 

misfit between observed and synthetic waveforms for selected P and S body-waves was 

quantified using the GSDF method (Gee & Jordan 1992). 
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3.1 Generalized Seismological Data Functionals (GSDF) 

  

 The GSDF method provides a unified framework for the analysis and inversion of 

broadband waveform data. In the frequency domain, we can map the synthetic waveform ui (" ) 

into the observed waveform u i (" ) using two frequency-dependent, time-like quantities !" p(# ) 

and !" q(# ) 

 

u i (" ) = ui (" )exp i" [#$p(" ) + i#$q(" )]{ } .       (10)  

 

In the GSDF analysis, we estimate !" p,q(# ) by measuring frequency-dependent phase-delay time 

! tp(# n) and amplitude-reduction time ! tq(# n) at a set of discrete frequencies # n.  

The GSDF data processing consists of a number of steps (Figure 2). We isolate the target 

wave-group using an isolation filter f (t), which is constructed by windowing the complete 

synthetic seismogram. We cross-correlate the isolation filter with the complete synthetic 

seismogram and with the observed seismogram, and we window the resulting synthetic and data 

cross-correlagrams around the zero lag. We then narrowband filter the windowed cross-

correlagrams at a discrete set of frequencies # n. When certain conditions about windowing and 

narrowband filtering are enforced (Gee & Jordan 1992), the resulting narrowband-filtered 

windowed cross-correlagrams can always be well matched by five-parameter Gaussian wavelets, 

which are simply cosine functions with frequency # n modulated by Gaussian envelopes. The 

differences in the phase and the amplitude between the synthetic and data Gaussian wavelets 

give us the phase-delay time ! tp and amplitude-reduction time ! tq at each narrow-band filtering 

frequency # n. A practical issue of the GSDF analysis is that the phase-delay measurements need 
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to be corrected for possible cycle-skipping errors before they can be used in inversions. These 

cycle-skipping errors can usually be corrected by bootstrapping the phase from low frequencies 

to high frequencies. 

The measured ! tx (x = p, q) are weighted averages of !" x (Chen 2005) 

 

" tx (# n) = d#  Ix (# ,# n)" $x (# )% .        (11) 

 

Here Ix(# ,# n) is a bell-shaped function centered around # n, whose width is controlled by the 

bandwidth of the narrowband filter and the length of the time window (Figure 3). We choose the 

parameters of the windowing and filtering operations so that the integration kernel Ix(# ,# n) for 

different # n have only small overlaps. The full-width at half-amplitude is about 0.1 Hz (Figure 

3). If we linearize the relation between !" x and the waveform perturbation " ui
s, we can construct 

the seismogram functional Jin
sr(t)  for the GSDF measurements ! tx, which can be written as the 

convolution of the isolation filter with a 5-parameter Gaussian wavelet that has an effective 

center frequency and bandwidth dependent on the windowing and filtering parameters (Chen 

2005). 

 In traditional broadband cross-correlation analysis, the travel-time shift " T of an isolated 

waveform is estimated using the location of the cross-correlagram peak (Woodward & Masters 

1991; Luo & Shuster 1991; Dahlen et al. 2000; Zhao et al. 2000) and the amplitude anomaly can 

be determined from the maximum amplitudes of the cross-correlagrams (Ritsema et al. 2002; 

Dahlen & Baig 2002). For band-limited signals, these measurements provide good estimates 

around the dominant frequency but they do not characterize the differences in the shape of the 

waveforms. In the GSDF analysis, we can account for differences in waveform shapes by 
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making measurements at a number of frequencies across the frequency bandwidth. In Figure 4, 

we illustrate this point using a typical example of synthetic and observed waveforms from our 

L.A. tomography study. By correcting the phase and amplitude of the synthetic waveform using 

the GSDF measurements made at five frequencies evenly distributed over 0.2 - 1.0 Hz, we were 

able to recover the observed waveform almost perfectly. 

 The GSDF measurements are well suited for the tomographic inverse problem. In 

particular, their linearization is based on the Rytov approximation, which is valid for large 

accumulative phase-shifts as long as the phase perturbation per wavelength is small (Chernov 

1960; Snieder & Lomax 1996). This is much less restrictive than the Born approximation, which 

requires small accumulative phase-shifts. A direct consequence is that the GSDFs are only 

weakly nonlinear with respect to seismic velocities (" ÷ m A  is small) and the last term of the 

Hessian in equation (4) can be safely ignored even when the data vector d is relatively large, 

which results in nearly quadratic convergence rate of the Gauss-Newton method.  

 

3.2 RGT database and source inversion 

 

For this tomographic study, we have chosen the 3D SCEC CVM3.0 (Magistrale et al. 

2000) as our starting model. This model is composed of detailed, rule-based representation of 

major basins embedded in a 3D regional crust model. The background seismic velocities were 

interpolated from the 3D crustal model constructed from regional travel-time tomography 

(Hauksson 2000). Within the basins the P velocity was determined from the age and depth of 

sediments using empirical relations and the S velocity was then scaled from P velocity with a 
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given PossionÕs ratio. The Moho in CVM3.0 is represented with a variable-depth surface, which 

was determined using the receiver function technique (Zhu & Kanamori 2000). 

With this 3D starting model, we constructed a RGT database for the 48 stations shown in 

Figure 1 using the 4th-order, staggered-grid finite-difference code (Olsen 1994) and stored them 

on local hard disk, where they occupied about 20 TeraBytes (1 TB = 1012 Bytes) of disk space. 

This RGT database was used not only to construct the FrŽchet kernels for our 

tomographic inversion (equations 9), but also to recover the centroid moment tensor (CMT) 

solutions for the 67 earthquakes used in our study (Zhao et al. 2006). If we denote the RGT as 

);,( rik tG xx , seismic reciprocity implies that the synthetic seismogram at receiver location xr 

excited by a point source with moment tensor Mij at source position xs at time ts is 

 

uk
s (t) = Mij !

S
jGki (xr, tÐts; xs).        (12) 

 

We therefore can synthesize seismograms for an arbitrary point source located within our 

modeling volume by retrieving Gik on a small source-centered grid and calculating the source-

coordinate gradient ! S
j using a five-point formula (Press et al. 1992). The synthetic seismograms 

computed using the RGTs and reciprocity principle match almost exactly with those computed 

by the conventional forward finite-difference calculations that propagate seismic waves from the 

source to the receiver (Figure 5). 

We inverted amplitude-reduction times ! tq measured relative to CVM3.0 synthetics at 

low frequencies (0.1 - 0.5 Hz) for CMT parameters (Zhao et al. 2006). Figure 1 shows our CMT 

solutions for the 67 earthquakes used in our tomographic inversion. In general they agree very 

well with the solutions determined using first-motion data by CISN (Hauksson 2000), although 
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some of them show significant differences. For the frequency band 0.2 - 1.0 Hz used in our 

tomography study, which is much lower than the corner frequencies of those earthquakes, we can 

safely ignore finite source effects. 

 

3.3 Variance reduction of the 3D starting model  

 

 To evaluate the quality of our 3D starting model, we compared CVM3.0 synthetics with 

those computed from two types of 1D velocity models commonly used for waveform modeling 

in Southern California: the laterally homogeneous Standard Southern California Crustal Model 

(SoCaL) (Hadley & Kanamori 1977) and a set of path-averaged 1D models (A1D), derived from 

CVM3.0 by averaging wave slownesses along the source-receiver paths. We also computed 

finite-difference synthetics using the Harvard model (SŸss & Shaw 2003), another 3D seismic 

velocity model for Southern California. Its P wave speed within the basins was primarily 

constrained by sonic logs and reflection profiles from oil industry, and the S velocity was scaled 

from P velocity using empirical relations. 

 To quantify waveform misfit between the observed seismograms and the four types of 

synthetic seismograms, we made GSDF measurements of ! tp,q on a set of hand-picked P, SH and 

SV phases at 0.2, 0.4, 0.6, 0.8 and 1.0 Hz. The number of different waveforms and GSDF 

measurements are summarized in Table 1. An example of our analysis is shown in Figure 6. The 

GSDF measurements for the two 3D synthetics match the measurements for the observed 

waveforms much better than the two 1D synthetics, which is consistent with what we observe 

visually in the waveforms. 
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 As summarized in Table 2 and in Figure 7, ! tp,q measurements for the two types of 3D 

synthetics display substantially less scatter than those for the two types of 1D synthetics. This 

means that in general, synthetics calculated using either CVM3.0 or the Harvard model provide 

substantially better fit to the observed waveform data than synthetics computed using either the 

laterally homogeneous 1D model SoCaL or the path-averaged A1D models.  

The distribution of the measurements for SoCaL is less symmetric than the other three 

models. The asymmetry towards positive residuals is caused by the low-velocity sedimentary 

basins in the Los Angeles region. The histograms for the two types of 3D models and A1Ds are 

much more symmetric because these models account for these large-scale lateral heterogeneities. 

 For phase-delay times, the variance reductions of the two 3D models relative to the 1D 

models are more then 60% for both P- and S-wave measurements (Table 2, Figure 8). Our result 

suggests that the empirical rules used to relate the S velocity to the P velocity in the 3D starting 

models (Magistrale et al. 2000 ; SŸss & Shaw 2003) are good approximations. According to 

these phase-delay measurements, the Harvard model provides a slightly better fit to the P waves 

than CVM3.0, while CVM3.0 probably has a slightly better S velocity model. 

 

3.4 Polarization anisotropy 

 

Both 3D models CVM3.0 and the Harvard model are isotropic. To search for possible 

anisotropy in the crust, we compared our ! tp measurements made on 189 SV-SH pairs. Figure 9 

shows the correlation between the two phase-delay residuals relative to CVM3.0 synthetics, 

which account for P-SV coupling and scattering from 3D large-scale heterogeneities. Although 

there is considerable scatter, the measurements are slightly biased with ! tp(SV) > ! tp(SH). To 
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demonstrate the significance of this bias, we carried out a binomial test using the number of data 

points for which ! tp(SV) > ! tp(SH) as a test statistic. The null hypothesis (H0: there is no bias) can 

be rejected in favor of the alternative hypothesis (H1: there is bias towards ! tp(SV) > ! tp(SH) side) 

at the 80% or  higher confidence level for 0.4-1.0 Hz measurements (Figure 9).  

To give a quantitative estimate of the amount of anisotropy, we measured the differential 

phase-delay anomaly between SV arrivals and their corresponding SH arrivals and normalized 

the measurements by the hypocenter distance. The mean of this normalized differential phase-

delay anomaly ranges from 0.5 ms/km at 1.0 Hz to 4.0 ms/km at 0.2 Hz (Figure 10), an 

anisotropy of about 0.1%. One possible explanation for this very small but statistically 

significant polarization anisotropy is basin layering, since isotropic layering can introduce a 

polarization anisotropy proportional to the vertical variance in the elastic moduli (Backus 1962). 

However, the phase-delay anomalies caused by this polarization anisotropy amount to 

only about one tenth of the fluctuations caused by 3D seismic velocity variations, thus the 

polarization anisotropy could be safely ignored in our current tomographic inversions. 

 

3.5 Attenuation effects 

 

We did not include anelastic attenuation in our CVM3.0 synthetics. If attenuation effects 

were significant in the observed waveforms, the amplitude-reduction time measurements relative 

to CVM3.0 synthetics should have had systematic positive correlation with source-station 

distances, which is not the case for our S-wave amplitude-reduction measurements (Figure 11). 

 Olsen et al. (2003) investigated anelastic attenuation in the Los Angeles basin area using 

long-period (> 2 seconds) surface-wave data. They found a Q value as low as 10 in the near-
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surface, low-velocity sediments of the basin and a Q value of about 400 below the near-surface 

layer. In our study, the GSDF data set is primarily composed of measurements made on direct 

body-waves that are relatively insensitive to the Q value at shallow depths. At larger depth, we 

estimate the Q value to be about 400 or higher based on our GSDF amplitude-reduction time 

measurements for selected S-waves (Figure 11), which is consistent with the result obtained by 

Olsen et al. (2003).  

 At larger depths, amplitude variation caused by anelastic attenuation effects are probably 

below the fluctuations caused by unmodeled 3D seismic velocity heterogeneities, we therefore 

did not consider attenuation effects in our current inversion. In a later paper, we will refine our 

estimation of Q structure in Southern California using an improved 3D seismic velocity model 

and GSDF measurements of various wave-groups, including both body-waves and surface-

waves, over a broader frequency band. 

 

3.6 Noise model for phase-delay measurements 

 

In formulating the data covariance matrix Cd, we assumed that the data error vector e had 

a zero mean < e > = 0, and that the correlations between different measurements were zero. For 

our frequency-dependent phase-delay measurements relative to CVM3.0 synthetics, we 

constructed a noise model in which data variance depends on the measuring frequency # n and 

the type of phase being measured. We distinguished four types of phases: PR (P wave on the 

radial component), PZ (P wave on the vertical component), SH (S wave on the transverse 

component) and SV (S wave on the vertical or radial component). 
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Assuming the noise in PR measurements were not correlated with the noise in the 

corresponding PZ measurements, then at frequency # n, the data variance for both types of P 

waves (" n
P )2 can be expressed as, 

 

(" n
P )2 = (" n

PR)2 + (" n
PZ )2.         (13) 

 

To estimate (" n
P )2, we collected 211 PR-PV pairs, and the error vector for frequency # n was 

estimated as the differences between the measurements for the PZ waves and the measurements 

for the corresponding PR waves. The data variance for all P-wave measurements (" n
P )2 was 

estimated as the variance of this error vector. Owing to stronger S to P scattering on the 

horizontal component and based on our waveform analysis experience, we estimated that (" n
PR)2 

is 1.5 times (" n
PZ )2, and we can solve for (" n

PR)2 and (" n
PZ )2 using equation (13).  

The same analysis was applied to 164 SH-SV pairs. In Figure 12, we show " n
PZ , " n

PR, " n
SH 

and " n

� �

as functions of frequency. Based on this noise model, the normalized ! 2 is about 17.5 for 

all our ! tp measurements relative to CVM3.0 synthetics (Table 3). 

 

4. Inversion 

 

In our current tomographic study, we inverted only ! tp measurements from P- and S-

body-waves to improve the seismic velocity model; the ! tq measurements were only used to 

evaluate the starting and the updated models. Among the 9955 frequency-dependent phase-delay 

times (Table 1), we selected 7364 high-quality measurements to invert for P and S velocity 

perturbations. The normalized ! 2 for the selected ! tp measurements is about 13.7 (Table 3). 
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About half of the selected phase-delay measurements were for direct P arrivals and the other half 

for S arrivals on the transverse components of the seismograms. The dimensions of the model are 

144 km in the east-west direction, 86 km in the north-south direction and 28 km in depth (Figure 

1). The forward wavefields and RGTs were computed in the 3D starting model SCEC CVM3.0 

on a mesh of 200-m grid-spacing (about 40 million nodes) using the finite-difference method. 

We constructed FrŽchet kernels for the selected frequency-dependent phase-delay measurements 

using equations (9). The linearized perturbation equations were scaled by the data-weighting 

matrix 2/1
d
!C  and augmented to incorporate source and station anomalies and the regularization 

matrix Cm
" 1/ 2 needed for a Bayesian solution. The resulting linear system, equation (6), was 

inverted by a parallelized version of the LSQR algorithm (Paige & Saunders 1982). The 

computational aspects of the inversion cycle are analyzed in Chen et al. (2006). 

 

4.1 Frequency-dependent 3D FrŽchet kernels 

 

 The GSDF data processing involves localization in both the time and frequency domains. 

The time-domain localization results in a spatially compact FrŽchet kernel, owing to the fact that 

waves scattered at locations too far off the propagation path cannot arrive at the receiver within 

the specified time window. The frequency-domain localization results in different spatial 

sampling patterns in the kernels. Over the frequency band considered here (0.2-1.0 Hz) 

frequency-dependent kernels for a waveform can have relatively independent spatial sampling 

patterns, therefore provide us higher spatial resolution than a single broadband measurement. 

The examples in Figure 13 illustrate this advantage. 
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 The first Fresnel zone for kernels at 0.2 Hz is generally wider than the kernels at 1.0 Hz 

(Figure 13) because at lower frequencies the longer wavelengths make the seismic waves 

sensitive to larger areas surrounding the propagation paths. The kernels usually have the 

ÒbananaÓ shape discussed in Marquaring et al. (1998) and Dahlen et al. (2000), although at most 

frequencies, they do not have the Òdoughnut-holeÓ along the ray paths predicted by the 

asymptotic ray theory. There are two main reasons for this difference. The first one is the 

interference between direct and reflected arrivals. For example, Figure 13b shows that the picked 

arrival is probably a superposition of direct P and pP. The second reason is the interference 

between the major arrivals and the waves scattered by the 3D heterogeneities in the reference 

model. 

 For our GSDF measurements on selected S waves, the sensitivity kernels with respect to 

P velocity   " (x)  are nonzero (Figure 13d), indicating that these phases are actually 

superpositions of multiple arrivals involving P-to-S and S-to-P scattering. Even though the "  

sensitivities of S-wave measurements are nonzero, they are usually much smaller than the !  

sensitivities, so we used only the !  kernels to invert for shear velocity perturbations. For some 

P-wave measurements we also observed small !  sensitivities, but we only used the !  kernels to 

invert for P-velocity perturbations. 

 

4.2 Model parameterization and regularized LSQR inversion 

 

 We discretized our modeling volume (Figure 1) into 2-km cubes, resulting in Nx = 71 

cubes in the E-W direction, Ny = 42 cubes in the N-S direction and Nz = 13 cubes in the vertical 

direction. The FrŽchet kernels, which had been computed on a 200-m grid, were then averaged 
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over each 2-km cube. The P and S wave-speeds were assumed to be constant within each cube. 

Including both P and S velocity perturbations, the number of model parameters is 77,532.  

We introduced 163 additional model parameters to account for the unknown errors in 

source origin times for the 67 earthquakes used in this study and the station anomalies associated 

with the 48 stations. The station anomalies account for the very low P- and S-velocity in the 

near-surface sedimentary layer that was not considered in our forward wavefield modeling. The 

total number of model parameters in our inversion is 77,695.  

In our inversion, we used 3761 frequency-dependent phase-delay measurements for first-

arriving P waves and 3603 frequency-dependent phase-delay measurements for S waves. The 

total number of data used for our tomographic inversion is 7364. The resulting linear system was 

then scaled by the data-weighting matrix 2/1
d
!C , specified in section 3.6 and Figure 12.  

We solved equation (6) using a parallelized LSQR subroutine from the PETSc parallel 

scientific computing library (Balay et al. 2004). The LSQR method (Paige & Saunders 1982), 

which is a type of conjugate-gradient method, provides a very efficient means for solving large-

scale sparse linear systems. To form equation (6), we adopted an explicit regularization scheme 

by specifying the Òroughing operatorÓ 2/1
m
!C  to be a linear combination of the Laplacian operator  

(Constable et al. 1987; Sambridge 1990; Tarantola 2005) and the identity operator, i.e. 

  Cm
" 1/ 2 =#(I + $%2). Using this definition of the Òroughing operatorÓ, we impose our prior 

information on the inversion; i.e., we assume that in the absence of any other information, the 

model perturbation is smooth and small. We note that the corresponding Òsmoothing operatorÓ 

  Cm
1/ 2 can be generated from an exponential correlation function, whose correlation length is 

proportional to " . In practice, the Laplacian operator is approximated numerically by finite-

difference. The roughing operator 2/1
m
!C  was then concatenated with the scaled kernel matrix to 



   

Chen, Zhao & Jordan Preprint (BSSA)       October 6, 2006 21 

form equation (6). Even though the dimension of equation (6) is quite large (77,695 columns by 

85,059 rows), it is very sparse owing to the spatially compact FrŽchet kernels and the sparsity of 

the finite-difference approximation to the roughing operator. 

The computational cost for solving the linear system specified by equation (6) using the 

parallelized LSQR algorithm is negligible (~1 hour on a 128-processor cluster) compared with 

the cost for calculating all the kernels to form the matrix A (~ 20 days). The computational cost 

associated with the inversion cycle is analyzed in Chen et al. (2006). 

 

5. Results 

  

We have carried out one full iteration of the SI method and we have re-calculated 

synthetic seismograms using the updated velocity model for the Los Angeles area, which we call 

LAF3D. The GSDF analysis on a selected set of source-station paths shows that synthetics 

computed using LAF3D provide substantially better fit to the inverted ! tp measurements as well 

as the ! tq measurements, which were measured but not inverted, than the 3D starting model 

CVM3.0. In the following, we will present this new 3D model, analyze the resolution of our 

inversion and quantify its improvement in predicting observed waveform data. 

 

5.1 Model LAF3D 

  

 We carried out a series of LSQR inversions with different values of the regularization 

parameters # and "  and we constructed a trade-off relation between model smoothness and the fit 
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to the data. Our preferred model LAF3D provides a variance-reduction of about 85% (Table 3) 

and is relatively smooth (Figures 14-15).  

In general, LAF3D seems to be geologically plausible. In Figures 14 and 15, we show the 

map-views and cross-sections of the starting model CVM3.0, the updated model LAF3D, and the 

relative perturbation between them. For both P wave speed   " (x)  and S wave speed   " (x), the 

magnitude of the relative perturbation ranges from -10% to +10%.  

The structure of the Los Angeles Basin is of particular interest in our study. As we can 

see in Figure 14(a), there is a relative perturbation of about 1% to 3% in P velocity inside the Los 

Angeles Basin and about -2% to -1% perturbation at the edge of the basin. This feature continues 

from shallower depth down to about 9 kms; suggesting that the P velocity in the starting model 

CVM3.0 is probably too slow inside the basin and too fast at the edge of the basin. This finding 

of our inversion is consistent with the Harvard model in this area, whose P velocity is slightly 

faster in the center of the basin than CVM3.0 and slightly slower than CVM3.0 on the border of 

the basin (see Figure 16 in SŸss & Shaw 2003). 

The model perturbation seems to enhance the velocity gradient that already exists in the 

starting model. In particular, the overall north-south gradient (from low to high) in both P and S 

velocities in the middle to lower crust is stronger in LAF3D than in CVM3.0 (Figures 14-15). 

And the inverted P velocity perturbation seems to enhance the west-east gradient in the lower 

crust. 

The model perturbation has good spatial correlation with the distribution of major faults 

in this area. For example, there is a negative perturbation of about 1-2% in P velocity from about 

3 km to about 9 km depth along the San Andreas fault (Figure 14a upper-right corner), 

suggesting that the P velocity in CVM3.0 is too fast in this segment of the San Andreas fault. 
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Another example is that the Sierra Madre fault zone and the Santa Monica fault seem to coincide 

with the locations of some negative perturbations in both P and S velocities (Figure 14a, 15a). 

 

5.2 Resolution analysis 

 

 An important indicator of the resolution of our inversion is the spatial coverage of all the 

FrŽchet kernels used in the inversion. In Figure 16, we have plotted the summation of the 

absolute values of all the kernels within each block of our model for both P velocity and shear 

velocity kernels. The best kernel coverage is in the upper and middle crust. The Los Angeles 

Basin is well covered by our kernels. 

 To investigate the resolution of our inversion, we carried out a series of checkerboard and 

spike tests with different cell sizes and different levels of random noise (Figure 17). In these 

tests, we specified the input model perturbation m! to be either a checkerboard or a rectangular 

spike and computed the ÒdataÓ using equation (1). These calculated ÒdataÓ were perturbed with 

random noises with amplitude up to 0.2 s, scaled using the same data-weighting matrix 2/1
d
!C as 

specified in Figure 12, and then inverted with the same Òroughing operatorÓ 2/1
m
!C as used in 

obtaining LAF3D, the obtained model perturbations were then compared with the input models.  

The results of these tests suggest that the smallest scale that our inversion can resolve is 

about 4 km in horizontal directions and about 6 km in vertical direction. The highest resolution is 

around the center of our modeling volume from the upper to middle crust, which is consistent 

with our kernel coverage (Figure 16). The offshore region is poorly resolved due to the lack of 

earthquakes and stations in that area. The resolution in the lower crust is relatively low because 
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most of our measurements have short path-lengths (the median source-station distant is about 50 

km) and the waves primarily sample the upper and middle crust. 

 

5.3 Waveform improvement 

 

 We interpolated the model perturbations obtained from the inversion from the 2-km grid 

to the 200-m grid using a tri-linear interpolation scheme (Press et al. 1992). This interpolated 

model perturbation was then added to the 3D starting model CVM3.0, and we re-calculated 

synthetic seismograms in this updated model for a selected set of source-station paths using the 

same finite-difference code. 

The GSDF analysis on about 100 of these new synthetic seismograms shows that they 

provide substantially better fit to the observed waveform data than the starting model CVM3.0. 

Some comparisons for both P and S waveforms are shown in Figures 18(a,b). The distribution of 

the GSDF measurements for CVM3.0 and LAF3D are shown in Figure 19. The variance-

reduction relative to CVM3.0 computed using these re-calculated synthetics is about 80% in 

phase-delay time for both P- and S-wave measurements, which is close to the variance-reduction 

obtained from the linearized LSQR inversion (Table 3). For the amplitude-reduction times, 

which were measured by not inverted, our model achieves a variance reduction of about 40% for 

P-wave measurements and about 24% for S-wave measurements, consistent with the visual 

observation in the waveform comparisons in Figures 18(a,b). As the first iteration in solving the 

nonlinear structural inverse problem, LAF3D represents a substantial step forward in our effort 

to provide more accurate strong-motion predictions in the Los Angeles region. 
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6. Discussion 

  

In this study, we have applied the scattering-integral method to improve a 3D crustal 

structural model in the Los Angeles region. To our knowledge, this is the first successful 

application of full 3D tomography in structural seismology. 

 Comparing with an alternative implementation of full 3D tomography based on the 

adjoint-wavefield method (Ackelik et al. 2003; Tromp et al. 2005; Liu & Tromp 2006), the 

scattering-integral method has several advantages (Chen et al. 2006). First, when the number of 

earthquakes is larger than the number of stations, the scattering-integral method usually requires 

much fewer wave propagation simulations than the adjoint-wavefield methods. Second, the 

RGTs computed and archived can be used for very efficient calculation of synthetic seismograms 

and source parameter inversions in a 3D structural model. For example, in Zhao et al. (2006), we 

have described an automatic procedure to invert waveform data for CMT solutions using RGT-

generated synthetics in the 3D structural model CVM3.0. The same methodology can also be 

extended to derive finite-source parameters in a 3D structural model. Third, since in the 

scattering-integral method we have access to the FrŽchet kernels for individual data functionals, 

we can examine these kernels and gain insight about the physics of wave propagation in complex 

3D medium. In particular, for some signals arriving late in the seismograms and impossible to 

model by ray theory or simple 1D structural model, these 3D kernels provide a viable way for 

identifying the underlying mechanisms for generating those phases (Zhao et al. 2005). 

 Our current implementation of the scattering-integral method has higher storage 

requirement than the adjoint-wavefield method, but these storage requirement and associated I/O 
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overhead can be reduced, perhaps significantly, by deploying efficient data compression 

algorithms (e.g., Bassiouni 1985). 

 In summary, our experience with a regional data set in the Los Angeles area shows that 

full 3D tomography based on the scattering-integral method provides an efficient computational 

pathway for assimilating waveform observations into our dynamic ground-motion models. With 

the advancement in computing technology and numerical algorithms, we will be able to 

efficiently solve full 3D seismic tomography problems of much larger size in the near future. 
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Table 1. Number of waveform and GSDF measurements 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2. Variance reduction of GSDF measurements relative to SoCaL 

 ! tp ! tq P ! tp SH ! tp 

SCEC CVM3.0 57.43%   63.91% 76.14%    65.41% 

Harvard 63.32%   65.15% 78.08%   64.06% 

A1D 12.88%   22.47% 24.52%    5.46% 

 

 

 

Number of P waves   814 

Number of SH waves   822 

Number of SV waves   293 

Other phases     62 

Total number of waveforms 1,991 

Number of measuring 

frequencies 

5 (0.2, 0.4, 0.6, 

0.8, 1.0 Hz) 

Number of data types 2 (! tp, ! tq) 

Total number of data 19,910 
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Table 3. Summary for the inversion results 

 All ! tp Inverted ! tp 

(CVM3.0) 

Inverted ! tp 

(after LSQR) 

Standard deviation 0.66 0.41 0.16 

Normalized ! 2 17.5 13.7 1.87 
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Figure Captions 

 

Figure 1. Distribution of the 67 earthquakes and 48 stations used in this study. The stations 

(black triangles) are broadband three-component velocity sensors from California Integrated 

Seismic Network (CISN). The focal mechanisms of the earthquakes are plotted at their 

epicenters. These focal mechanisms were determined using GSDF amplitude-reduction time 

measurements made relative to synthetics computed from the RGT database by applying the 

reciprocity principle (see text). The blue box shows the area of our tomographic study. Major 

faults in this area are shown as black solid lines. Background color shows the depth of the 

sedimentary basins. 

 

Figure 2. An example of GSDF processing. (a) The observed waveform (DAT), CVM3.0 

synthetic waveform (SYN) and the isolation filter (ISF) for the S wave we are analyzing. (b) 

Cross-correlagram between the isolation filter and the observed seismogram (upper panel) and 

cross-correlagram between the isolation filter and the complete synthetic seismogram (lower 

panel). Windowed cross-correlagrams are shown as dashed lines. (c) Examples of narrowband-

filtered windowed cross-correlagrams for the data (upper panel) and the synthetic (lower panel). 

Centroid frequency of the narrowband filter is 0.6 Hz, half-width is 0.1 Hz. (d) GSDF 

measurements made at five sampling frequencies. Triangles: amplitude-reduction times; stars: 

phase-delay times before correcting for cycle-skipping errors; circles: phase-delay times after 

correcting for cycle-skipping errors. 
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Figure 3. Examples of the averaging kernel Ix for 5 narrow-band filtering frequencies at 0.2, 0.4, 

0.6, 0.8 and 1.0 Hz.  

 

Figure 4. An example of fitting the synthetic waveform (dash lines) to the observed waveform 

(solid lines) by correcting the phase and amplitude of the synthetic waveform using GSDF 

measurements of phase-delay (circles) and amplitude-reduction times (triangles). The observed 

and synthetic waveforms are the same as in Figure 2. (a) the original waveforms without 

perturbation; (b) & (c) correcting the synthetic waveform using GSDF measurements made at 

one sampling frequency 0.6 Hz; (d) & (e) correcting synthetic waveform using GSDF 

measurements made at 3 sampling frequencies 0.4, 0.6 and 0.8 Hz. (f) & (g) correcting the 

synthetic waveform using GSDF measurements made at 5 sampling frequencies 0.2, 0.4, 0.6, 0.8 

and 1.0 Hz. Cubic splines are used to interpolate and extrapolate phase and amplitude 

perturbations to all other frequencies. This example demonstrates that minimizing the frequency-

dependent GSDF measurements is equivalent to fitting the waveforms. 

 

Figure 5. An example of the comparison between the synthetic seismograms computed using the 

RGT by applying the reciprocity principle (thick dash lines) and the synthetic seismogram 

computed by finite-difference calculation of wave propagation from the source to the receiver 

(thin solid lines). The agreement is excellent between the seismograms obtained by the two 

different methods. The structural model used is the 3D SCEC CVM3.0. Upper panel: vertical 

component; middle panel: radial component; lower panel: transverse component. 
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Figure 6. An example of comparing waveforms using GSDF measurements. Left column (from 

top to bottom) shows the observed waveform, synthetics computed from CVM3.0, Harvard, A1D 

and SoCaL velocity models. The P wave on the SoCaL synthetic waveform (dash line) is used as 

isolation filter. Middle column shows the cross-correlagrams between the isolation filter and the 

observed and the 4 types of synthetic waveforms. Windowed cross-correlagrams are shown as 

dash lines. Right column shows the GSDF phase-delay time measurements (upper panel) and 

amplitude-reduction time measurements (lower panel) for the observed waveform and the four 

types of synthetics. 

 

Figure 7. Distribution of GSDF measurements of observed waveforms relative to synthetics 

computed from Harvard (first row), CVM3.0 (second row), A1D (third row) and SoCaL (fourth 

row) velocity models. Left column: phase-delay time; right column: amplitude-reduction time. 

The numbers on the upper-right corner of each plot shows the mean and the standard deviation of 

the histogram. 

 

Figure 8. Distribution of GSDF phase-delay time measurements of observed waveform relative 

to the four types of synthetics. Left column: measurements for P waves; right column: 

measurements for S waves on the transverse components. The number on the upper-right corner 

of each panel shows the standard deviation of the histogram. 

 

Figure 9. Correlation between phase-delay anomalies of SV waves ! tp(SV) and corresponding SH 

waves ! tp(SH) at the five sampling frequencies. All measurements were made relative to 

CVM3.0 synthetics, which account for P-SV coupling and large-scale scattering. There are more 
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data points lying in the $SV < $SH region (above the straight line) than in the region $SV > $SH 

(below the straight line). The lower-right plot shows a binomial test of the significance of this 

bias. The horizontal straight lines show 50%, 80%, 90% and 95% (from bottom to top) 

confidence levels at which we reject the null hypothesis (H0: there is no bias). 

 

Figure 10. The estimated anisotropy amount as a function of frequency. Circles and stars are the 

mean and the median of differential phase-delay times between SV and corresponding SH waves 

normalized by hypocenter distances. 

 

Figure 11. Amplitude-reduction time measurements for S waves used in the inversion plotted as 

a function of hypocenter distance. All measurements are made relative to CVM3.0 synthetics. 

Straight lines are predicted ! tq Ð distance relations for different values of Q calculated in a simple 

whole space model with shear velocity of 3 km/s and reference frequency of 1Hz. 

 

Figure 12. Standard deviation for different sampling frequencies and wave types. Circles: 

standard deviation for S waves; triangles: standard deviation for P waves; solid lines: P waves on 

vertical components or S waves on transverse components; dash lines: P waves on radial 

components or S waves on vertical or radial components. 

 

Figure 13. Examples of frequency-dependent 3D FrŽchet kernels. First column: source-receiver 

path (red lines); second column: finite-difference synthetic waveforms for which phase-delay 

kernels are shown; third-fourth columns: source-receiver cross-section views of the kernels for 

phase-delay measurements made at 0.2, 0.6 and 1.0 Hz sampling frequencies. (a) & (b) % kernels 
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for P-wave phase-delay measurements; (c) $ kernels for S-wave phase-delay measurements; (d) 

% kernels for S-wave phase-delay measurements. Warm colors represent negative kernel values 

indicating a velocity increase leads to an advance in arrival time of the synthetic waveform; cool 

colors represent positive kernels values indicating a velocity increase leads to a delay in arrival 

time of the synthetic waveform. 

 

Figure 14. The P velocity model for the starting model CVM3.0 (left column), the improved 

model LAF3D (middle column) and the relative perturbation of LAF3D relative to CVM3.0 

(right column). (a): mapviews for four different depths; (b) cross-sections at the four lines on the 

upper-left panel of (a). For the velocity perturbation plots on the right columns, warm colors 

represent negative perturbation (velocity decrease relative to starting model) and cool colors 

represent positive perturbation. For the left and middle columns, warm color represents low 

seismic velocities and cool colors represent high seismic velocities. Major faults in this area are 

shown in black solid lines. 

 

Figure 15. Same as Figure 14, except that this is for the shear velocities in the starting model 

CVM3.0, updated model LAF3D and relative model perturbation between them. 

 

Figure 16. Kernel coverage for P (left column) and S (right column) waves at four different 

depths. Color shows the summation of the amplitudes of all the kernels in each cell (see text). 

Major highways in this area are shown in black solid lines. 
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Figure 17. Examples of checkerboard and spike tests for resolution analysis. (a): the simplest 

checkerboard test. The input model (right column) does not change with depth, no random noise 

was added, the recovered model for P and S waves are shown on the right and middle columns. 

(b): the same input model as in (a), the calculated ÒdataÓ were perturbed with random noise from 

Ð0.2 s to 0.2 s. (c): the input model has two discontinuities at 8 km and 20 km depths, no noise 

was added. (d) a simple spike test, the input model is a square spike with horizontal dimension of 

12 km and extends from surface to the bottom of our model, no noise was added. 

 

Figure 18. Examples of waveform comparisons between synthetics computed using the starting 

model CVM3.0 (blue lines) and those computed using the improved model LAF3D (red lines). 

The observed seismograms are shown in black lines. The first column shows the epicenter-

station paths, the second column shows the waveforms, the third column shows the GSDF phase-

delay measurements, the fourth column shows the amplitude-reduction time measurements. 

Circles: GSDF measurements of LAF3D synthetics relative to CVM3.0 synthetics; triangles: 

GSDF measurements of observed waveform relative to CVM3.0 synthetics. Panel (a) is for 

selected P waves; panel (b) is for selected S waves. 

 

Figure 19. GSDF measurements of a selected set of observed waveforms relative to synthetics 

computed from the starting model CVM3.0 (upper row) and those computed from the updated 

model LAF3D (lower row). The numbers on the upper-left corners of lower-row plots are the 

variance reductions relative to the GSDF measurements for the starting model CVM3.0. 
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