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Abgtract

Orthogonal latin squares can be used to conmstruct a
magie square of the game order. We consider construction
of pandiagonal magic squares from selforthogonal, circulant,
pandiagonal, constant sum matrices. We present algorithms
to construct such matrices of even multiple of 2 and of,
odd orders. Pandiagonal constant sum matrices may be
considered an analogue of latin squares. However, for
oddly even order,.of matrices, there are np orthogonal pairs
of circulant such matrices. A similar statement for latin
squares (Etulet's conjecture) is knowh te be false.

1. Imtroduction.

We are ﬁnnwnmmnmmgun combinatorial mnutmn:umm related no‘Hmnwn
squares and magic squares, theilr construction and existence. A Nwwwz
square is a square matrix with n entries of n mwmwmnmun mHmsmnmm.
none of them occurring twice within any row or column of the matrix
[1, p. 15). A mdgic squire of order n 1s an afrangement of a2 s
consecutive integers in’a gquare, such that the sums '6f each réw,
each column and each of the maifi diagonal are the same [1, p. 194]. - If:
also the sum of each exténded diagomal (diagdnal ¢f the square mapped’
onto the surface of a torus) is the same, the magic square is talled
pandiagonal (PMS). Two latin squares’A = (a[1,J]) andB= (b{1i,j])
of order n are said to be orthogonal «o%wwomnxnﬂ,snnmmw if every
ordered pair of symbols occurs nunnnwu,oﬂnm among the nn, vlﬁnl
<al1,31,b(1,5)> [1, p. 154]. Two orthogonal latin 'squares can be
used to construct a magic square of the same order by a simple juxta-
position [1l, p."206].

We introduce a notion of a pandiagonal constant sum (PCS) matrix
which is a square matrix with sn entries of n consecutive Hnnmmmﬂw.
each appearing exactly n times, and such that the sums of each row,

each column and each extended diagonal are the same. We will use these
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matrices to comstruct PMS in a manner similar to that of constructing
magic squares from latin squares. More specifically, we will give
algorithms to construct circulant matrices, i.e., in which the first
row 1s explicitely given and each’'other tow is a cyelic #hift of the
previous one by a given number of elements. A matrix with a given value
m of the shift is called an m-cireulant. We will show that the pan-
diagonal and circulant properties required from these "weakened latin

squareg"

(a repetition of elements in columns is allowed) restrict

the existence of these structures no bmm and evenly even orders. This
fact echoes the Euler's oonumoncnm Aﬂrpnr has vmmu proved false) about
=o:|¢upmnmunm of orthogonal vmuﬂm om latin macmnmm of oddly even order

[1, p. 156].F

The square matrices nonuuaanmn ﬁﬂ our paper have m:vaHﬁvnm in
the range 0,1,...,n-1 ,mnowomma Hﬁ square vnmnwmnm. c = (c[i,iD),
051, j<n. An Blnpﬂnﬂwnﬁn Ehnﬁﬁu based on a vmwscnmnﬁon p of
integers 0,1,...,n-1 eHHH be denoted
will thus be

m B. A general entry of

m B
A square matrix S 1s sald to be selforthogongl if it is orthogonal
(in the sense of ==anm=mmm of vmuﬂw of oonnmmvoununm m:nnﬁmmv to

)
its own transpose S .

,w,; Enma smm:Nwm.

*" We will give a characterization of vmnnummoumu magic squares in
aﬁnam of their decomposition into orthogonal: PCS matrices. Then we
aﬁa

a subglass of pandiagonal magic squares from circulant PCS matrices.

tate a series Qngumsamm leading to a construction algorithm for

Hmmonmxg#, . {Decomposition) A square matriz of order n, A = (ali,41),
0= my d.% 1, i8 a pandiagonal magic square if there exist two
orthogonal, FCS matrices B = (b[i,1) and B' = (b'[i,51) of order

n such.that A4 =mnB +8'.. . ;

Proof. Orthogonality of B and B' ensures that an element ali,j);.
0=1,J <mn, ﬂmvummmnnm :bun:muw a two-digit number in base n, ,

m—u.uu = v_».uuv Hp.uu. which 1s a number between 0 and n? -1,
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m BHH.uu = p[(im+j)mod n], where p = <pl01,p[1],...,p[n-1]>.

The property of ‘constant row, column and pandiagonal sum is preserved
by scalar multiplication and matrix addition.: Thus A 1is a pandiagonal

magic square. D

Any PMS can be written in the abovementioned way as the weighted
sum of two orthogonal mates. If the matrices are transposes of each

other, then they have also the PCS vﬂovmﬂnw»

nowOﬁw>w4 1. A PMS matrixz of order n, A = (ali,jV), 0%, j<mn,

has a decomposition A = nB + m4 iff B is a mmﬁﬂdwﬂwomoan PCS inw%wa.

N T
wxooﬂ.Hrmnmommmunwmouuoﬂmmﬂoanrmmmnnnrmnﬁm>u=u+m nrmu

also A' = 5&4 + B is a PMS. This implies that, for amy k, 0 = k <n,
2
s alk,2)} = Anmluvn\m =nx+y and 3 a[f,k] =:(n"-1)n/2 = ny + x,
0<k<n , 0=é<n
where x = % b[k,2] and y = Z b[2,k]. Hence, x=y = (n-1)n/2.
0<f<n 0=é<n : .
A similar reasoning holds also for diagomals of B, proving its PCS

property. O

Because of its generality, the above theorem is not a useful tool
in constructing vm:mﬁmmonmu magic squares. An wHMOHHan based on the
definition of PCS matrices would lead to an exhaustive search which,
even on a large ooEvcnmn. would require vﬂorHanH<mH< long execution
time for n > 4. We will now investigate circulant PCS shnnﬁnmm ﬂrﬂmr
can'be relatively easily constructed and thus would give a simpler
algorithm for construction of pandiagonal magic squares. We first
explore existence of an appropriate value of a shift and a permutation.
defining a circulant matrix, sufficient for the constant sum property:

to hold.
If there is a repetition of elements in:a column of a nuﬂo:Pwvn

PCS Emnﬂhﬂ. nrmn the sium of ﬂmvmwnmn elements must divide the novmnhun

sum of the oou:ES. This sum is nrm same as the row sum and nrcm mncbﬂm

Z. 1= a(n-1)/2.
0=<i<n

)
]
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LEMMA ‘1. PFor an arbitrary non-prime integer n 2 4, there exists an
integer m, 1< m < n-1, such that the greatest common divisor
= ged(m,n) also divides r = n(n-1)/2.

Proof. We mroc mNHmnmnnm Om m:nr a value by case man%mHm based on the
parity of n. (i) n 1is omm. Then r {is divisible by n and thus
by all its divisors. Therefore, any divisor of n fulfills the
Hmncuﬂmsmnmm. (11) n 1is ommﬁw even (not divisible by 4). Then

n/2. is omm and muww omm mﬁ<Hmonm of n divide m. For odd m,
ged(m,n) = ged(m,n/2) m»<ﬁanm, r. (i11) n 1is evenly even. Then

n/2 1s even ‘and all even Aﬁwﬁjonm of n divide r as well. Any m

for which gecd(m,n) = ged(m,n/2) satisfies the requirements. 0o

If m and n - are relativély prime then there is no repetition
of elements in any column of an m-circulant matrix of order n based
on any permutation p of 0,1,...,n-1 and thus SQB is a magic
square. However, for a general m, we have to ensure the existence
of a suftable permutation. Namely, {0,1,...,n-1} should admit a
partition into q = gcd(m,n) subsets, each with the same partial sum.
LEMMA 2. Let two positive integers, m and n, 1 A,i < n-1, be
such wsnw q = ged(m,n)  divides r. There exists a permutation p

of urw,w:ﬂwmmsm 0,1,...,n-1 such that for all values of 4, 0 =g <mn,

,@fisayémaus&.
O=iaq ,

Progf. - Por even . n/q, a suitable permutation p can be obtained
considering a matrix U= (uf{1,j]), 0 =1 <n/q,0 <3j < q. A general
entry of such a matrix with n elements is given by

uli, uu wi gl o+ - for 0 =1 <n/(2q) and 0=<3<gq
e (I41) ~ Au+Hv "for n/(2q) =1 <n/q and 0 =3 <q.

It is unw% to see that U contains all integers O0,1,...,n~1 and
has a constant column sum. The corresponding permutation is

plk] = u[lk/(n/q) ), k mod (n/q)], 0 < k < n, a row-wise linearization
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;; a jgs malted ?g xsﬁ not greater than. x.) TFor

i1) of the preceding HmEEb 8
&ﬂ v = (v{i,j]) of n elements
gy@f the m»nog pnaaxﬁanH -1) 1ingegers of the

}? Hssﬁ gmpr\mnnv_lwu integers of the interval as in
ﬂrn remaining: “middle" integers will be placed
uﬁnr vmnsunmn 80 .ag to preserve congtant sum in
mvmnwmﬁnnwww. for all

of U.. (i
odd n/q,
proof) . . We

0,1,...,0n~

interval a

the above

in three r

their thre
0=]j<

1,41 = g 0=1<In/(29)1 -H.,
- q i=1n/(29)1 - 1,
-q i = .0/(29)J,
i =1in/(2¢)s +1,
HM n/(2q) + 1 < 1 < n/q.

Again, a 1

0,1,...,n~

f; ta gg
O &5,&:3 sﬁetq SDHm:tan the other in the HQCmu half



Because of the desired constant sum property for extended diagonals
as well, we have to comsider divisibility properties for m+ 1 and n.

As we want to preserve the constant sum of column elements, we have to
deal with m(m~-1) (m+1).

LEMMA 3. For an integer n= 4, if n 48 odd or a multiple of 4
then and only then there exists an integer m, 1 <m< n-1, such
that 8 = mnmxs.wus.i divides r = n(n-1)/2.

Proof. Case analysis depending on the parity of n. (1) n 1is odd.
By definition, s divides n wnn as such also r. Thus, any m
would qualify. (ii) n 1is omuw% even. Either m on m% 1 are
even. Therefore either q = ged(m,n) or q' = wnuAb -1,n) are even
and thus also s 1is even. But no even divisor of n divides r
(cf. case (1i) in the proof of Lemma 1). This proves the necessity
condition. (iii) n 1s evenly even. By the analysis of Lemma 1,
there exists an even m that divides both n and r. For any m
such that n/q 1s even, also n/s 1is even, i.e., n/(2s) 1is an

integer. Value of m = 2 is ‘suitable for mw<,»<m=H% even n. o

The necessity condition states that there is no m-circulant PCS
matrix of oddly even order. ,

As before, mutually prime values of m, m~-1, m+l, and n cause
no repetition in columns or extended diagonals of an m-circulant matrix
of order n and this any such matrix is PCS. For other cases, we
rmﬁm to establish existence of a permutation defining an m-circulant
PCS matrix.

LEMMA 4. For an integer n = 4, odd or a multiple of 4, there exists
an integer m, 1 <m < n-1, ‘such that any permitation p chosen in
aceordance with Lemma 2 defines an m-eirculant PCS matriz.

m&oow. If n is prime then for any m and any p the PCS property
holds. Otherwise, a choice of ‘P 1in accordance with Leima 2 guarantees

a constant sum in columns of If additionally mnmoswlw.sv

nCp*

divides n(n-1)/2 : then the necessary nounwnuon for the constant
sum of diagonals is satisfied. If wnmAB |H ,n) = 1 . then nrmﬂm is no

repetition of the elements on the broken diagonals. The number of

repetitions in the colummns is ged(m,n), and in the diagonal directions

ged(@-1,n) and ged(m+l,n), respectively. If at least two of these

values are greater than 1 and differ from each other then the existence

of a permutation p with the divisibility properties discussed in
Lemma 2 holding for both of these values simultaneously is not certain.

On the other hand, for any n in question there exists wﬁ m for

which only one of the ged's is greater than 1. Namely, for odd n

such an m equals the smallest divisor of n, and for even n, the

largest divisor, i.e., n/2. Then an appropriate permutation p

(cf. Lemma 2) ensures the PCS property. O

We are now in a position to state a theorem indicating how to

construct pandiagonal magic squares of a given feasible order.

THEOREM 2. (Construction) For an integer n = 4, odd or a szwwevNM
of 4, there exist an integer m and a permutation p mxnx that the

2 ith its transpose
m-circulant matrix EQB of order n. together with i ap

determine a pandiagonal magic square A =1 qu + aqu .
Proof. In view of armmﬂms 1 we need only vﬂowm that anB is self-ortho-
mosww. Lemma 3 assures existence of a value m. such that
mnmAE -m, sv = 1 2?#9: ‘together with a vmuacnmnuon p chosen accordingly
to Lemma 2 gives the mom:vﬂovmﬂn%., We will show n:&n mon two pairs of
indices, AWH.« > ¢ Aw > m BMWH.Q 1= BHWN.Q ] HBvHMMm

c 2. ,k.]1= GBMQN.F u. which asserts mmHmOﬂnromoahHMn% o 5 0"
Using the expression for-a general entry of a circulant matrix,

o [i,j] = pl(im+j) mod n] and defining k = WH - WN. L = @H - @N.

a <onmnMos of the above implication would give (kk#)(mtl) = 0 (mod n)

= re on the same
which can be true only if BHWH.« ] HWN.« l a

ns
diagonal. This nosnnmuwnnm our mmmnavnﬁos that there are no repetitio

thogonal and
of entries on diagonals of C . Thus sou is selforthog

mp
defines a pandiagonal magic square A. O




Below we give examples of pandiagonal magic squares of order

and 9

defined in Examples

Example 3. n = 8
01
76
01
76
C = 01
mpe 76
01
76
AN
0 15
57 54
213
59 52
A= 7 8
62 49
5 10
60 51
Example 4. n =
ﬁm 01
345
786
201
345
C = 786
mpe 201
345
ﬁmm
20 3
27 40
64 77
21 7
31 44
A= 68 78
25 2
: 35 36
69 73

1
» M =
237
540
237
540
237
540
237
540
16 31
41 38
18 29
43 36
23 24
46 33
21 26
44 35
9, m =
345
786
201
345
786
201
345
786
201
16 29
53 63
60 19
11 30
45 67
55 23
12 34
49 71
59 24

and
4, p =
6 5 4
123
654
123
6 5 ¢4
123
654
123
56 55
114
58 50
312
63 48
6 9
61 50
4 11
3, p
786
201
345
786
201
345
786
201
345
39 52
76 62
515
43 47
80 54
6 10
38 48
72 58
1 14

2,

respectively.

<0123765 4>

42

65
18
28
66
22
32

26
33

39
30
37
28

25

34
27

75

41
79

42
74

37

)

17
51

46
57
13

m.@
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obtained by the method suggested in Theorem 2 for the permutations
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N

S

3.

notion of similarity.

of two-dimensional arrays:

Coneluding remarks.

In order to classify pandiagonal magic squares we introduce the

Let us consider the following set of transformations

rotation, transposition, and cyclic trans-

lation (shift of rows and columns) . Two arrays,

similar iff there exist a finite composition T

formations such that A' = T(A).

A and A',

are

of the above trans-

Note that the properties of pandiagonal

magic square mapped onto th

these transformations.

preserved under T.

n

>.

is similar to an (m-n)-circulant c'

aT(C) + T(C).

+
whenever A = nC + C

e surface of a torus are invariant under

The PCS property of circulant matrices is also
For instance, an m-circulant matrix C of order

with the same first row. Thus,

is a pandiagonal magic square, SO is

This fact should simplify classification of

pandiagonal magic squares according to Theorem 2.

For example, there are onl

y 6 distinct pandiagonal magic squares

(The values

m= 2

and

of order

5 based on 2-circulant matrices.

m

= 5, and the corres-

= 3 are the only feasible shift values for n
ponding circulant matrices are similar.)
the following permutations:
<01342>; <01 423> <0143 2>,

Nothing has yet been said about the existence
magic squares other than these satisfying the as
In Figure 1 we give as an example tw

the only two equivalence classes of PCS matrices of order

similarity. Only the second one is circulant.

0123 0132
3210 3201
1032 0132
2301 3201
U .
Figure 1. Two PCS matrices of order 4.

The notion of PCS square matric
In a cube, in addition to the

diagonal directions there are also four directions of
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The matrices are given by

<«01234>;<01243> <013 2 4>;

of pandiagonal
sumptions of Theorem 2.

o PCS matrices representing

4 under

es can be generalized to cubes.

three coordinate directions and six

"space diagonals'



If a cube is continued periodically into the space, we define an
extended diagonal as any sequence of n comnsecutive elements in a
diagonal direction. Construction of pandiagonal magic cubes from

selforthogonal, circulant, pandiagonal latin cubes was considered in

[2].
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