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RATES OF CONVERGENCE OF NUMERICAL METHODS FOR
CONTROLLED REGIME-SWITCHING DIFFUSIONS WITH
STOPPING TIMES IN THE COSTS*

Q. S. SONGT AND G. YIN*

Abstract. This work is concerned with rates of convergence of Markov chain approximation
methods for controlled switching diffusions. The cost function is defined on an infinite horizon with
stopping times and without discount. Displaying both continuous dynamics and discrete events, the
discrete events are modeled by continuous-time Markov chains to delineate a random environment
and other random factors that cannot be represented by diffusion processes. This paper presents a
first attempt using a probabilistic approach to treat such rates of convergence problems. In addition,
in contrast to the significant developments in the literature using partial differential equation (PDE)
methods for the approximation of controlled diffusions, there do not yet appear to be any PDE
results to date for rates of convergence of numerical solutions for controlled switching diffusions,
to the best of our knowledge. Although some of the working conditions in this paper such as the
one-dimensional continuous state variable, nondegenerate diffusions, and control only on the drift
may be seemingly strong, they are adequate as the starting point for using this new approach to
treat the rates of convergence problems. Moreover, in the literature, to prove the convergence using
Markov chain approximation methods for control problems involving cost functions with stopping
(even for uncontrolled diffusion without switching), an added assumption was used to avoid the so-
called tangency problem. As a by-product of our approach, by modifying the value function, it is
demonstrated that the anticipated tangency problem will not arise in the sense of convergence in
probability and in the sense of L.
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1. Introduction. This work is concerned with rates of convergence of Markov
chain approximation methods for controlled switching diffusions. The cost function is
defined on an infinite horizon with stopping times and without discount. The regime
switching is modeled by a continuous-time Markov chain. The motivation for using
such models stems from the need to deal with emerging applications in manufacturing
systems, financial engineering, and wireless communications; see [7, 10, 24, 25] and
the references therein. The reader is referred to [26] for some recent developments
on recurrence and ergodicity of switching diffusion processes; see also [18] for related
stability problems. The added regime-switching component provides more flexibility
to model the real-world scenario. Meanwhile, it causes much difficulty in the analysis
and numerical treatment of the associated control and optimization problems.

Numerical methods using Markov chain approximation for controlled diffusions
have been studied extensively in [15, 17], among others. A systematic approach for
proving the convergence of the algorithms using probability methods was given in
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1832 Q. S. SONG AND G. YIN

the aforementioned references, although the associated convergence rates were not
discussed there. Owing to its importance, a great deal of attention has been devoted
to the convergence rate problems; see [1, 2, 4, 5, 12, 13, 14, 19, 23] and the refer-
ences therein. As was demonstrated in these references, rates of convergence may be
treated by considering convergence rates of the finite difference scheme for Hamilton—
Jacobi-Bellman (HJB) equations. Most of the work considers only rates of convergence
without boundary conditions or with a finite time horizon, whereas finite-difference
approximations for Bellman equations with cylindrical domains were treated in [6].
Using analytic (nonlinear partial differential equation (PDE)) techniques, the rates
of convergence issues have been studied in great generality in the aforementioned
references.

In reference to these developments, the current paper deals with regime- switching
models involving stopping times in the cost criteria. There are added difficulties due
to the Markovian coupling and boundary conditions. First, owing to the presence of
the switching mechanism, we need to treat a number of cost and value functions.
In lieu of treating a single HJB equation as in the case of controlled diffusions, we
have to deal with a system of coupled PDEs. Although the convergence of Markov
chain approximation to the controlled switching diffusion processes was obtained in
[20], there appears to be no rate of convergence result for such controlled switching
diffusions to date.

The numerics of stochastic controls of diffusions with a stopping time is difficult
to study due to the added boundary conditions. As illustrated in [17, p. 278] (see also
Figure 5.1 and section 5.3 of this paper), because of the appearance of the boundary,
a “tangency” problem may arise. Thus an added assumption is commonly used for
the convergence of the algorithm to avoid the tangency problem. It is difficult to get
convergence rates even for the expectation of a stopping time (a stochastic control
problem with a constant running cost). To overcome the difficulty due to the stopping
time, in this work, we generalize the traditional view of cost and value functions by
noting the explicit dependence on another parameter, namely, the boundary. Thus, in
addition to the dependence on the state, we regard the value functions as functions of
the boundary as well. As an immediate consequence, a nice property, namely, continu-
ous dependence on the boundary of the value function, follows. This continuity enables
us to take a closer look at the value function and to get a much better understanding
of the numerical approximation scheme using Markov chain approximation.

This paper presents a first attempt using a probabilistic approach to treat such
rates of convergence problems. In addition, in contrast to the significant developments
in the literature using PDE methods for approximation of controlled diffusions, there
do not yet appear to be any PDE results to date for rates of convergence of numerical
solutions for controlled switching diffusions, to the best of our knowledge. Although
some of our working conditions such as the one-dimensional continuous state variable,
nondegenerate diffusions, and control only on the drift may be seemingly strong, they
are adequate as the starting point for using this new approach to treat the rates of
convergence problems.

The classical Markov chain approximation methods developed in [15, 16, 17] use
weak convergence methods for proving the convergence. In the weak convergence
setup, various processes (the approximation sequences and the original stochastic
processes) may live in different probability spaces. To study the convergence rates,
comparisons of different processes are needed. To facilitate the study, we use a strong
approximation technique and imbed all the stochastic processes in the same space.
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CONVERGENCE RATES FOR SWITCHING DIFFUSIONS 1833

Owing to the Markov chain scheme used, we have to face the problem of “adaptation”
of continuous controls to discrete controls. The rate of convergence is ascertained by
obtaining upper and lower bounds, respectively. To get lower bounds, adaptation from
discrete control to continuous control is needed. Similar techniques were used in [19].
In contrast to the rates of convergence study to date, to obtain upper bounds, we
adapt continuous controls to discrete controls by using some properties of relaxed
controls.

The rest of the paper is arranged as follows. The precise formulation of the prob-
lem is presented next. Also introduced is the notion of weak approximation. Section
3 proceeds with strong approximation using relaxed control representation. Section 4
obtains upper and lower bounds of the approximate value functions. Section 5 con-
tains discussions on several issues. First some specific models are considered. Then
another assumption is proposed, which is itself an interesting PDE problem leading
to the verification of the condition on the cost function. Somewhat remarkable, as a
by-product, we prove that the anticipated tangency problem will not happen in the
sense of convergence in probability and in L'. Finally, an appendix that contains the
proofs of a number of auxiliary results is provided. The results in the appendix are
of interest in their own right not only for the rate of convergence study but also for
other stochastic control problems as well.

2. Problem formulation. Suppose that M = {1,...,mg} is a finite set and
oy is a continuous-time Markov chain with state space M and generator @ = (g;;) €
R™oX™o satisfying ¢;; > 0 for i # j and 377" ¢;; = 0 for each i € M. Consider a
pair of random processes (X;, «;) in the filtered probability space (Q, F, Fy, P, W., a.),
which satisfies

t

t
2.1) X :x—i—/ baS(XS,uS)ds—i—/ Oa, (Xs)dWs,
: 0

0
ay 18 a continuous-time Markov chain with «g = 1,

where W; is a standard Brownian motion independent of the Markov chain «;. For a
given B > 0, define a stopping time as

rp = int{t: X(1) ¢ (~B, B)).

Our objective is to choose the control u. so as to minimize the expected cost function

/ faS(XS,us)dsl Vz € (=B, B), i € M,
0
JB(z,u) =0 Vr ¢ (—B,B), i € M,

(2.2) JB(z,u)=F

where for each i € M, f;(-,-) is an appropriate function representing the running cost
function. For each i € M, the value function is given by

B,y _ : B

where U is the space of all Fi-adapted controls taking values on a compact set U,
which is referred to as an ordinary control space. Formally, the value functions satisfy
a system of mo = |M| HIB equations,

(2.4) { inf {L"V;P () + fi(e,r)} =0 Vo€ (=B, B)ieM,

VB(x)=0 Ve ¢ (—=B,B),i e M,
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1834 Q. S. SONG AND G. YIN

where the operator L with parameter r € U on {p; € C*(R) : i € M} is

d250i X d%
dxg ) +bi(z,r + > aivile

JEM

L gi(a) = 503()

Note that the numerical approximation of the Markov chain approximation methods
for regime-switching diffusions has been developed in [20]. However, the rates of con-
vergence of the approximation has not been studied yet to the best of our knowledge.

Remark 2.1. Owing to the presence of the regime switching, instead of one cost
function and one value function as in the setup of controlled diffusion processes, a
collection of cost functions and value functions must be taken into consideration. The
inclusion of the random switching process enables us to incorporate various appli-
cations involving random environment and other stochastic behaviors. On the other
hand, the coupling due to the switching process causes much difficulty in the analysis
as well as numerical approximation. In the above, the explicit dependence of V' on
B is given, which is an extension of the traditional view of the value function. As
a motivation, we consider the first exit time from (—B, B). Suppose the diffusion is
given by (2.1) and the objective function is (2.2) with f = 1. The problem is to find
the optimal control of the mean first exit time. A reference to this problem can be
found in [8, p. 158].

For the controlled switching diffusion, in [20], we constructed a locally consistent,
discrete-time, controlled Markov chain (see [20] for a definition of local consistency; see
also [17] for the diffusion counterpart). We briefly explain the idea and refer the reader
to the aforementioned references for further reading. Let h > 0 be a discretization
parameter. Define S, = {z : © = kh,k = 0,+1,42,...}. Let {(¢",a"),n < o}
be a controlled discrete-time Markov chain on a discrete state space Sp x M with
transition probabilities from a state (z,1) € M to another state (y,7) € M, denoted
by p"((z,2), (y,7)|r) for r € U. For notational simplicity, we denote

(2.5) (-B,B), =(—B,B)N S, [-B,B|p=(-B,B),U{B,—-B}.

Note that in the traditional setup for controlled diffusions, the cost function and
value function are written as J(z,u) and V(x), respectively. Here, we modify the
notion by introducing the dependence of the boundary of the state, namely, B. Such
a notation will facilitate the analysis in the use of boundary perturbations.

For convenience in the analysis to follow, we present some definitions first. Let
G = [-B — ¢, B +¢] for some small ¢ > 0. For a real-valued function ¢(-) on G and a
collection of functions {¢;(-,-),s € M} on G x U, and for 7 € (0, 1], define

9]0 —meaX|¢( )|,
[¥i]oo = (mygggwlwi(x,%
2.6 _
(2.6) 6l =  sup |p(x) ¢(y)l7

z,ye€G,x#y |$ - y|'y
thily = sup [¢5(-,7) 5,

relU
[¥ly = max |y,
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Throughout the paper, we use K to denote a generic positive constant and we use K;
to denote a generic positive constant depending on t. Throughout the paper, we use
the following assumptions.

(H1) For functions b(-), o(-), f(), there is a p € (0, 1] such that

(2.7) |0|oo + [bloe + |o]1 + b1 + | floo + | flp < K < o0.

(H2) oi(z) >0 V(i,z) € M x G.
(H3) @ is irreducible in the sense that the system of equations

vQ =0,
ieM
has a unique solution v = (v1,...,Vm,) € RM™ satisfying v; > 0 for each
i€ M.
Define a finite difference operator
- 1
(29)  Ligie) = 5ot @)A i) + bila, )8 eile) + Y qips(a), i€ M,
JEM
where
ooy o pileth)—pi(z—h)
5 ()01(33) - 2h ?
pi(x+h) + iz —h) - 20i(z)
Algi(z) = 2 :
Then, V,”"(z), the discretization of V;(z) with step size h > 0, is the solution
of
inf {Ly VP (2) + fi(x,r)} =0 Vo e (=B,B), i € M,
(2.10) rev
VEr(z) =0 Vo ¢ (=B, B)y, i € M,
where (—B, B)j, is as given in (2.5). For notational convenience, define
1 bi(x,r)h
h,+ _ = 1\
)= 5 e
2
h _ il L
(2.11)
h(x) =14 q”'hz
SO
h2
At =
)

Using (2.11) and rearranging (2.10) lead to

V@) = inf $ B (@ )V @+ )+ 5 (0 )V @ = h)

(2.12)

+Zplj +f1(x T)Ath( ) ’
J#i
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1836 Q. S. SONG AND G. YIN

where
2
(2.13) ph(z) = 2%7;9 = pi(x) + O(h*) Vj#1,
o7 (x) — qih? ’
M) = T R @)A (@) + O,
o7 (x) — qiih?

Note that (2.12) is a dynamic programming equation for a controlled Markov chain
with transition probabilities (2.13); see the details in [17, 20]. It is well known that
there exists a unique viscosity solution V2 of (2.4) by [22, Theorem A.24], and the
solution ViB’h of (2.10) converges to the unique viscosity solution V2 as h — 0.

Remark 2.2. In what follows, we call the Markov chain generated by transition
probability (2.13) the weak approximation. The reason for the use of “weak approx-
imation” is that, generally, the approximating process and the given original process
X*" lie in different probability spaces and the convergence under consideration is in
the weak sense; see [17]. We use ViB’h to denote the corresponding value function un-
der weak approximation. Later, ViB’h will be used to denote the value function under
strong approximation. By strong approximation, we mean that all the approximation
processes are constructed in the same probability space on which X. is defined; see
[3] and the references therein for strong approximation of stochastic processes.

In this paper, we take up the issue of studying the rates of convergence. This may
be viewed as the rate of convergence of the dynamic programming equation (2.12).
Nevertheless, there are some specifics when Markov chain approximations are used
for the approximation of the associate control problem. For v € (2, 3], consider

Py (o) = pli(2)p) = (@, 7) + O(R7)

1 bi ($, T‘)h qiih2
= — :l: v
25 2020y T 2020 O

piy(x) + O )

(2.14) qi 'h2
_ Yy ~+1 . .
= a?(aj) + O™ Yy #1,

Py (@) At} (z) + O(R7*H)
h2
= 7 + O(RY ).

We assume that the transition probabilities for the Markov chain «; are given by

e
S
0
S—
Il

>
S+
i
&
N
Il

(2.15) Plagin = jlow = i) = q;; A + O(A?) Vj #i.

As worked out in [20], our approximating Markov chain has two components. One
component is an approximation to the diffusion, whereas the other component keeps
track of the discrete events. In the usual setup of the Markov chain, in lieu of O(A?)
in the last term on (2.15), o(A) is normally used. If we use o(A), we will still get
the same error estimates for the HJB (2.4) and the dynamic programming equation
(2.12) for the approximated value functions. Owing to the uniqueness of the solution,
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we can replace o(A) by O(A?). This is convenient for our work in what follows. To
proceed, our problem is stated as follows.
Problem 2.3. Find the upper bound of

|VB,h _ VB|()07

where VB is the value function (2.3) with the underlying two-component controlled
process (2.1), and VB is the value function corresponding to the Markov chain
approximation with the two-component Markov chain generated by transition prob-
ability (2.14) satisfying the dynamic programming equation (2.12).

3. Strong Markov chain approximation under relaxed controls. To fa-
cilitate the analysis, we introduce the relaxed control representation; see [17]. We
consider the same optimal control problem by extending real-valued control space U
to the measure-valued control space I'. It allows us to work with convergence anal-
ysis in relaxed control space. Moreover, we construct strong approximation under
relaxed controls in the same probability space of solutions of the controlled switching
diffusions, which have approximately the same value functions as in the weak ap-
proximation given in the previous section, and which make comparisons of different
functions possible within the same probability space in the subsequent sections.

3.1. Relaxed control formulation.

DEFINITION 3.1. Let B(U x [0, 00)) be the o-algebra of Borel subsets of U x [0, 00).
An admissible relazed control (or deterministic relazed control) m(-) is a measure on
B(U x [0,00)) such that m(U x [0,¢]) = t for each t > 0. Given a relaxed control
m(-), there is an my () such that m(drdt) = my(dr)dt. In fact, we can define my(B) =
lims_o M for B € B(U).

With the given probability space, we say that m(-) is an admissible relazed (stochas-
tic) control for (W(-),a(-)), or (m(:), W(-),a(-)) is admissible if m(-,w) is a deter-
ministic relazed control with probability 1 and if m(A x [0,t]) is Fi-adapted for all
A € B(U). There is a derivative my(-) such that m(+) is Fi-adapted for all A € B(U).

Let P(U) be the collection of probability measures on B(U). Then a relaxed
control {m; : t > 0} can be considered as an F;-adapted control taking values in
P(U). Let T be the collection of all admissible relaxed controls. Let U be the collection
of admissible U-valued controls, which are sometimes referred to as ordinary controls
in contrast to relaxed controls. Then I' is a convex hull of U. Define

(3.1) o) = /U 6(-r)u(dr) for pe PU).

Let m(-) be a relaxed control, which is an F-adapted control taking values in
P(U). The coupled random process (X; "™, a;) with control m(-) satisfies

t t
X, = a:—l—/ ba, (Xs,ms)ds—F/ Ou, (Xs)dWs,
(3.2) o o
¢ is a continuous-time Markov chain generated by @ with «g = 1.
For each i € M, the associated stopping time is given by
TH"™ = inf{t: X»"™(t) ¢ (-B, B)},

the objective function is given by

z,i,m

JB(z,m)=E / fa(XS,ms)ds] Vo € (=B, B), i € M,
0

(3.3)

JE(z,m) =0 Vo ¢ (-B,B), i € M,
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1838 Q. S. SONG AND G. YIN

and the value function is
B . B
‘/i (33) - #ngp ']1 (33, m)a

where T is the relaxed control space.
Formally, the above value functions satisfy a system of HJB equations,

inf {L"ViB(x)+ fi(x,u)} =0 Vax € (—=B,B), i€ M,
(3.4) HeP)

VP (x) =0 Vi ¢ (—B,B), i€ M,

where L* with p € P(U) is a natural generalization of L" with r € U. Since P(U)
is a convex hull of U, the solution of (3.4) is the same as that of (2.4). Hence, the
value function under relaxed control is also equal to the value function under ordinary
control.

To study the rate of the convergence of the Markov chain approximation, it is
equivalent to consider the convergence rate of solutions of dynamic programming
equation under relaxed control:

vfﬁw>zw%&>ﬁﬁwam%ﬁﬂx+m+ﬁﬁwam%3%x—m

+> pl() 2) + fi(x, )AL (z) p Vo € (=B, By, i € M,
J#i

where for given v € (2,3] and (z,4) € (=B, B)p x M,

P (., ) = ply ()P (, 1) + O(RY)
_ 1 bz guh? .
=3 2020 T ooz TOU
pi(x) + O(h7H1)
_ qij ~4+1 . .
2(2) +O(h"™) Vi #i,
() At} () + O(h7 1)

S
S
0
S—
Il

>
|
i
3
S—
Il

= —— + O,

Using a relaxed control setup, Problem 2.3 is equivalent to the following problem.
Problem 3.2. Find the upper bound of

|VB,h _ VB|oo,

where VB is the value function (3.4) with the underlying two-component controlled
process (3.2), and VB is the piecewise constant interpolation of the value function
corresponding to the Markov chain approximation with the two-component Markov
chain generated by transition probability (3.6) satisfying the dynamic programming
equation (3.5).
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3.2. Strong Markov chain approximation.

Construction 3.3 (btrong Markov chain approximation) Deﬁne a sequence of dis-
crete random variables {(z, o, m")} with A7l = T,H_l — 7" in the same probability
space (Q, F, Ft, P,W., o). For convenience, let us use (xh(t), a(t), ml') to denote the
piecewise constant mterpolatlon of {(zh ol mh)} with {7/} used, and let the space
of such adapted controls be I'. For a given fﬁ: -adapted control mh {(zh o)} is a
Markov chain deﬁned by the following:

1. Set zk =z, ag:i mh =mh(i,z) in F.
2. Given (2, ah m )th let ol = a(rh).
(a) Ifozn_|r1 = al, then

A7) =1inf{t : [bon (x)h, mM)E + oon (20) (W (T +1) = W (7)) > h},
xZJrl = CCZ + baﬁ (CCZ, mZ)ATg + Oah (xZ)(W(Trlerl) - W(Trlzl))v
m2+1 = mﬁﬂ(aﬁﬂvﬂﬁﬁﬂ);

(b) else if al,; # al', then

h _ h _ ..h h _ . h h h
T, = 07 anrl = Tp, mn+1 - mn+1 (anJrl’anrl)'

The above technique is in the spirit of the Skorohod representation; see [9, Theo-
rem A.1] and also [21, Theorem 4.3]. We also note that similar processes are used for
the same purpose in [19] and [23].

For each ¢ € M, let the value function be

Np—1
(3.7) VPR (z) = inf Z fan( Ath & inf JBh(x mh),

4 mherh mherh

where Np = inf{n : 2 ¢ B"}. The corresponding dynamic programming equation is

VM) = it S BV ) 4B )V - )

+D L@V @) + file, p AT (@) L i €M,
J#i
where, owing to Lemma A.4 in the appendix and (2.15), for each i € M,

PrE () = pli(2)plE (2, 1) + O(h?)
1 bz($ ,LL)h L]n’hQ

=53 % 502w 22 T O
(@) =pl(x)+O(hY)
(3.9) N
_ j_%;(’; SO ¥ #i
Ath(z) = pli(x)At}(x) + O(h?)
_ h? 4
= 2w O
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THEOREM 3.4. Let ViB’h(-) and ViB’h(-) be the solutions of (3.5) and (3.8), re-
spectively. Then

VP @) = VP (@) < K2 V(i 2) € M x (—B, B),

for some constant K.
Proof. It is enough to prove that

T2 @, m) = TP (w,m)| < KR

3

for any feedback control m(i,z) adopted by weak approximation (3.3) and strong
approximation (3.7). Thus we have for each i € M,

TP (@,m) = B (eom) I @+ hym) + B (e, m)IP " (@ — hom)
(3.10) + 3B @) TP @ m) + file, m)AT (@)
J#i
and

TP @, m) = gt (@, m) P (@ + hym) + 0 (2, m) TP (@ — hym)

K2

A1 _ 7B 7
(3:.11) + 3P (@) TP, m) + fulw, m)AT (2).
i
Subtracting (3.11) from (3.10) and setting e/ (z) = J.>"(z,m) — JP"(x, m),

el (x) = pli(x)pl" ™ (x, m)el (z + h) +pz-<x> h <x m)eh(a: —h)

J#i

with [kl ()] < Kh” and el (£B) = 0.

By the probability representation (3.12), one can show that e” satisfies the com-
parison result with respect to the running cost k". That is, let e and é" be the
solution of (3.12) with different running cost k" and k", respectively; then, for all
(i, ),

EM(z) < kM(x) implies el (x) < &l(x).

Hence, to estimate |e/| = max; . [ef(z)|, it suffices to take k!'(x) = Kh? to get an
upper bound of |e”|..

Let i(x) € M be such that ef(, () = maxjer e} (z) £ e"(z). Using i = i(z) in
(3.12), it follows that

(@) < pli(@)pi " (@ m)e" (@ + h) +pfi (2)p ?’7(96 m)e"(z — h)

+ pr )+ Kh7.
J#i

Using pf;(z) =1 = Y, p};(x), one can rearrange the above inequality to get

0<el(z) < p?’Jr(x,m)eh(x +h) +p?’7(x, m)e(z —h) + Kh".
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Once again, by the comparison result, one can show e"(z) < é"(x), where e’ (z)

satisfies
eh(z) = pf’+(x, m)éh(z +h) + pf’_(aj, m)é"(z —h) + Kh".

Note that p?’i(x,m) satisfies the conditions of Lemma A.1 from (2.11); hence the
result of Lemma A.1 in the appendix implies |6"|,, < Kh?~2. O
Thanks to Theorem 3.4 and the triangle inequality, we have

|VB7h _ VB|OO < |VB7h _ VB7h|oo + |VB7h _ VB|oo < Kh772 + |VB,h _ VB|OO

Thus, Problem 3.2 can be reduced to following problem.
Problem 3.5. Find the upper bound of

|VB,h _ VB|oo;

where VB is the value function (3.4) with the underlying two-component controlled
process (3.2), and V2" is the value function corresponding to the strong Markov chain
approximation with the two-component Markov chain generated by Construction 3.3
satisfying the dynamic programming equation (3.8).

To proceed, define

(3.13) 2"(t) £ max{j : T]h <t}, & Tzhh(t).

Note
t r pt

E {/ ﬂ-{a?#as}ds:| =F / E[ﬂ{ag;éas}lffg]d%
0 L/ O

=El/Ew—%xs—dv+0«s—ﬂfnf¢@@ (by (2.15))
LJO

<EB _/Ot(—qii) <#202} 4 O(h4)> ds} (by Lemma A.4)
< Kt}zz.

Then an immediate consequence of o’ constructed in the same probability space
(Q,F,F, P,W.,a.) as in Construction 3.3 is

t
(3.14) E [/ ]1{(1?#%}515} < K;h2.
0

LEMMA 3.6. Let the discrete random sequence {(x!, o', mh)} be defined in the
same probability space (Q, F,F, P,W.,a.) as in Construction 3.3. Suppose that there
exists an m € I' such that

- -
) =at [ by emds+ [ ow (),
0 0

and

t ¢
Xi==x —|—/ ba, (Xs, ms)ds —l—/ O, (Xs)dWs.
0 0
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Then, for all 8 € (0,1],
E|$h(t) - Xt|0 S Kthe.

Proof. Taking the difference of the above two processes, we arrive at

h 2

E|lzh(t) — X¢|? < 5FE / t ban (xh(s),ms) — ba, (xh(s),ms)ds
0

h +h 2
58| [ o o)~ [ o, @ (s)aw.
0 0

2

+5E ba, (2" (s), ms) — ba, (X, ms)ds
0

h
t

T, Tth
+5E / O, (2" (5))dW, — Oa. (X)dW,
0 0
t

2
t
+5E / ba, (Xs,ms)ds + / o, (Xo)dW,

h h
t Tt

éf1+]2+13+-[4+15'

Then

SADY /T L{ata,}ds

h 2
Tt
/ Liarsa.yds
0

t
SKE/ Il{ag;ﬁas}ds-t
0

< K:h? (by (3.14)).

=KFE

Likewise,
I, < Kih?.

Next, by using the Lipschitz condition of b and o,
t
I3 < KtE/ |z (s) — X, |%ds
0
and

t
I < KE/ |z (s) — X,|%ds.
0
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The last estimate is followed by t — 7f* < A7l ), and hence

2

I < K(W + O(h4)) < Kh?.

Putting all the above estimates together, we obtain
t
EBlz"(t) — X,|* < Kh? + K(t + 1)E/ lh — X, |2ds.
0

Applying Gronwall’s inequality yields
Bla"(t) — X3 < KKKt 2 2 Fp2,

Then Jensen’s inequality leads to the completion of the proof. d
By applying Lemma 3.6 with m; = m}', it immediately follows that

Ela(t) — X" (#)] < Kh? Vo € (0,1).

4. Convergence rate. The following assumption will be mentioned clearly if it
is needed in subsequent assertions.
(H4) For any Fi-adapted process m(-), there exists constant K such that

T (w,m) — TP (y,m)| < K|z —y]”.
THEOREM 4.1. Assume (H4). For any m € T, there exists m" € T such that
(4.1) |JB (@, mP)y — JB (2, m)| < Kh3/.

Proof. Without loss of generality, for each i € M, we assume f; is a nonnegative
function. Otherwise, set f; = f;" — f;. Then

7" (w,m") = TP (2, m)|

Tg TB
E fag(xgvmg)ds_E/ fas(stmS)ds
0 0

Tg B
< E/ f;rh(a:};,mg)ds—E/ fOZ(XS,mS)dS
0 s 0

Tg B
+ E/ f;h(xg,m};)ds—E/ Ja.(Xs,mg)ds| .
0 s 0

Consequently, we can prove Theorem 4.1 for nonnegative functions f;* and f;” sepa-
rately.

In what follows, we divide the work into three steps. Step 1 constructs a re-
laxed control m”" € T with certain properties. Step 2 derives a lower bound on
Jf’h(x, mh) — JB(x,m), and step 3 further obtains an upper bound.

Step 1. Given (ol zh) € Fon and aft # o, we construct {m/;} € I'" from
m € I as follows:

(4.2) mh(A) =
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Note that m”(-) can be considered as an averaged occupation measure of m(-) within
the interval [7/, 71, ). We establish the existence of m!! € P(U) as follows. Given
Frn and p € P(U), define

ATy (n) = mf{t : [bap (xh, )t + oan (7)) (W +1) = W(r))| = h},

n

AT ()

h

E
n

p(p, A) = B A (] VA € B(U).

Then p — p(w,-) is a mapping from a compact convex set P(U) to a subset of itself
with closed and convex nonempty images. Kakutani’s fixed point theorem implies that
there exists u* € P(U) such that p(u*,-) = p*(-), and p* can be defined to be m” (-).

Therefore, we can use Jf’h(x,m) to denote JiB’h(x,mh(-)), where m”(-) is a
piecewise constant interpolation of {m/”} given by (4.2). Also, it can be verified for a
function ¢ = b;, f; that

Brylotatmiarti =By | [ so(x,’;,mmﬂdr)-ms}
LJU

7'7}11+1
Eon / my(dr)dt
h i h
p— A
|t o

(4.3)

r h
Tn
=FEn
n h
LY T
7_h

" / (p(ﬂiz, r)mt(dr)dt]
U

nt n
= ET:L" / @(xnvmt)dt .
-

In (4.3), the second line follows from the definition given in (4.2); the third line is a
consequence of Fubini’s theorem and the definition in (3.1) together with the measure
p(p, A) defined in the previous paragraph; the last line follows from the relaxed control
definition. Using the constructed {m/ } with its property (4.3), we can write the strong
approximation z"(-) as

M) -1
at) =+ Y [ban (@l mi) AT + oo (2h) AW (7))
n=0
4.4 (-1 Thil Thi
(4.4) =z+ Z [/ bah(xg,ms)ds—l—/ aah(xg)dWS]
n=0 TT}LL : szl :

h

=x+ / bon (2, my)ds + Oah (af)dW
0
and

t ¢
Xi==x —|—/ ba, (Xs, ms)ds —l—/ O, (Xs)dWs.
0 0
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By Lemma 3.6, we have
(4.5) Elz"(t) — X:” < K:h? V0 € (0,1].

Step 2. In this part, we will obtain a lower bound of Jf’h(x, mh) — JB(x,m). Let
By, = B — h? for some 6 € (0, 1], and

= JBM (@, mh) — TP (2, m).

e;(x,m) f

Define 7 = ngw ™ and 7" = inf{t : 2"(t) ¢ (—B, B)}. Then
P(th <T,m" <7)=P(r" < T)P(r" < 7|7" < T)
< P < T)P( X, — 2"(7)| > |B — By| [+ < T)
< P(rh <R UE[| X0 — 2" ()| |7 < T
< Krh'™%  (by (4.5)).

Rewrite e;(x,m) as

ei(x,m)=FE

/T fan(a my)ds — Tfas(Xs,ms)ds] (by (4.3))
0

Thar
</ fa? (:I;Z?ms) - fOts (XS, ms)d8> ]]‘{Th<T}‘|
0
B Th
+FE </ far (x?,ms)ds> ]l{T<Th<T}]

/ fOts stms)d8> ]]‘{Th<T}]]'{Th<T}:|

+FE </ fa xs,ms )ds —/ fo.(Xs,ms)d ) ]l{Th>T7T<T}]
+E </ fa? (x?,ms)ds - / fOts (stms)d8> ]]‘{Th>T7T>T}‘|
0 0

éfl+12+f3+l4+-[5~

+E

We can estimate I; for ¢ < 5 follows:
ThAT
</ fa? (x};;ms) - fag(Xs,ms)ds> ]].{Th<T}‘|
0
w (Xemy) = fo, <Xs,ms>d3> %KT}]

ThAT
L
0
ThAT T
[3 |$}; - Xs|pd8 ]]_{ThST} — KFE [3 ]]_{aéz?gas}ds

> —Krh? — Krh? (by (3.14))

L=F

+E

> —-KFE

= _KThp7
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12207

I3 > —KrP(th <T,7" < T) > —K7h'~?,

and similar to estimation of I,

T
I, >F </ fa? (33};, ms)ds - fOts (stms)d$> ]]‘{Th>T,T<T}‘| > _KThp'
0

Finally, the last term is

Th T
</ far (ﬁ?, ms)ds - / fOts (Xsa ms)d8> 1{7’">T,7->T}‘|

- -
( o foz’sl (fﬂ?a ms)ds - fas (Xsa ms)d5> 1{7’">T,7->T}‘|

Is > FE

+FE
0

B (50 @ () ml + 7)) = T2, (Xl + 78)) s romy | — Krh?

a(TT a('réf)

Y

a(TT oz(‘r;i)

= B [(T50 @) m + ) = T2 @ (), m( + 7)) Lo oy

+ B [(I20 @), e 74) = TE (X sl + 7)) Lo,y |~ Krh?

Ty alr)
> inf{e;(w,m)} P(r" > T,7 > T) = K|2" () = X,n|* — Krh” (by (H4))
> inf{e;(z,m)}P(t" > T,7 > T) — Krh* (by (4.5)).
Thus, putting all the above inequalities together yields
(4.7) e(x,m) > inf{e;(x,m)}P(r" > T,7 > T) — Kph*"1=9),
Inequality (4.7) continues to hold when we take inf on the left-hand side. Therefore,

— Kpheh(1-6)
1-P(rh>T,7>T)

inf{e;(x,m)} >

Note that the left-hand side is T-independent, and T is fixed at the beginning of the
proof, which implies

inf{e;(z,m)} > —Kh* 179,

This leads to

KhrA1=0)

< inf{e;(z,m)}

< JPM (@, mhy — TP (2, m)

< JP M, mt) = IB (@,m) + JE (2, m) — TP (z,m)

< JPM @, mh) — JB(z,m) + ElJa(rs,)(Xrp, ;m)] (where X, = +By)
< Jf’h(x, m™) — JB(x,m) + Kh?  (by Corollary A.3 in the appendix).
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By rearranging terms, one obtains

J-B’h(x,mh) — JZ-B(;U,m) > _KpPNA=0N0

K3
Taking 0 = % gives

B,h
J;

(z,m") — JB(x,m) > —Kh*3.

Step 3. In this part, we will obtain an upper bound of J (x mh) — JB(x,m).
The entire proof is parallel to step 2. Let B" = B + h for some 0 € (0, 1], and

JEM(z,mh) — JZ-Bh(x,m).

ei(z,m) = J;

zwm

Define 7 = 7,5, and 7" = inf{t : 2"(t) ¢ (=B, B)}. Then
P(r<T,7<7")=P(r <T)P(r < M7 <T)

(r <T)P(IX; —a"(r)| > |B~B"| |r <T)
(r <T)WPE[ X, —2"(7)| |7 < T]

< Krh'™®  (by (45)).

Rewrite e;(x,m) as

ei(x,m)=E /O Fon (2l m ds—/ fo. Xs,ms)dS] (by (4.3))
—-E (/O o (Tl mg) = fa, (X&ms)dS) ]1{T<T}]
+E </ fan xs,ms)d8> 1{T<T7T<rh}]
(4.8) +E ( / fa. Xs,ms)ds) Jl{Th<T<T}]
+E < Fon (2l mg ds—/ fa. Xsams)d3> 1{T>T,Th<T}]
+E </O far (@, mg)ds — /OT fas(Xsams)d5> 1{T>T,fh>T}]

éll + I+ Is+ 1+ I5.
Carrying out the estimation as in step 2,

I < Krh?, L <Krh'™% I;<0

)

L<FE

T
</0 fag ($va5) — fa. (XSva)d3> ]]‘{T>T7Th<T}‘| < Krh”,

and

Is < sup{e;(x,m)}P(r > T,7" > T) + Krh*.
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Therefore,

K hp/\(lfe)
sup{e;(z,m)} < - = KhPN1=0),

“1-P(rh>T,7>T1)
This leads to
KhM =9 > sup{e;(z,m)}

B(x,m) — J-Bh(a:,m)

K2

3

)
m)
> JEBM @, mM) — TP (z,m) + E[Ja(TBh)(:I:Bh,m)]
mh) — JB(xz,m) — Kh? (by Corollary A.3).
Rearranging terms and taking 6 = % lead to

I (@, mh) — JP(z,m) < Kh"3. O

K3
The rate of convergence result is a consequence of the above theorem. The result
is presented next.
THEOREM 4.2. Assume (H4). The convergence rate is (y —2) A p A 5. That is,
VP (@) = VB (2)| < K202 (i 2) e M x G.
Proof. Let m™* € T'" be the optimal control such that

VPR (@) = TP (@, m).

3

Existence of the optimal control follows from the property of relaxed controls. Note
that m/* also belongs to I', and that by Theorem 4.1,

JB’h(x,mh7*) — Jf(x,mh7*) > _Kh2"P,

3

So
VP @) = VP () 2 TP (om) = TP (a,m") > —Kh.
Let m* € T" be optimal control such that
Vi (z) = J (w,m").
Then, by Theorem 4.1 there exists m”" € T such that

J’B)h(mamh) - JzB(xvm*) < Kh%/\pv

3

VEM @) = VB (2) < TP (@, mP) — JB (x,m*) < Kh3"*.

K2

Thus,
VM) = Vi (2)| < Kh3".

Combined with Lemma 3.4, it leads to the desired convergence rate. d

Remark 4.3. The rate (y — 2) A p A % is specific for using the Markov chain
approximation approach. This is slightly different from the finite difference approach.
It is known that the approach of the Markov chain approximation method is useful in
the actual computation since little prior information of the HJB equations is needed.
In fact, in the actual computation, in lieu of discretizing the PDEs directly, policy
improvement methods are used; see [20] for the numerical examples.
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5. Discussion. This section is divided into three parts. In the first part, we
examine a couple of specific cases for rates of convergence. In the second part, we
propose another assumption, (H5), which is a PDE problem leading to the verification
of (H4). In the last part, we consider the tangency problem in numerical approximation
of stopping time problems.

5.1. Remarks on convergence rates for special cases. In this section, we
consider a couple of special cases and discuss related convergence rates. In the first
case, the drift b is independent of control. Such systems may arise in certain financial
engineering problems. For example, in [24], stock liquidation problems for regime-
switching diffusion models are considered, where neither the drift nor the diffusion
coefficients depend on control. The objective is to choose the stopping time so as to
make profit or cut loss. When the underlying Markov chain has more than two states,
no closed-form solution has been found. Thus numerical approximation is a natural
choice.

THEOREM 5.1. Suppose b;(x,r) = b;j(x). Then, the convergence rate is (v — 2) A
pA % That is,

[VER(z) = VP (2)] < K202 Y(iz) € M x G.

Proof. Owing to Theorem 4.2, it suffices to verify (H4). Observe that the optimal
control in this case is simply u(z,i) = argmin,cy fi(z,r). (argmin,cy fi(z,r) might
be a set. In this case, we may select one member from the set as its representative.)
Let fi(z) = infrep fi(z, 7). Then m,, + |flo < K. Hence, it is enough to consider a
singleton control space (without control) with cost function

/ s (X:ﬂ‘)ds]

and V.2 (x) = JB(x). Then, Theorem A.2 implies (H4). O

In the second case, b and ¢ are independent of x. We present two motivations.
In the first one, consider a regime-switching diffusion model that is linear in the con-
tinuous state variable and in which the diffusion coefficient is independent of control.
Taking a logarithm transformation, we obtain an equivalent model in which the drift
and diffusion coefficients are free of x dependence. The second motivation stems from
a controlled Markov chain model that is perturbed by an additional white noise. In
both cases, the following result holds.

THEOREM 5.2. Suppose b;(x,r) = bi(r), os(x) = 0;. Then, the convergence rate
is (Y —2) ApA L. That is,

JP(x)=E

K3

VB (z) = VB ()| < K202 V(i z) € M x G.

Proof. Owing to Theorem 4.2, it is enough to verify (H4). For any F-adapted
process my, observe that

(5.1) X: — Y, =z —y with probability 1,

where X; = Xf’“” and Y, = Xty’i’m are the strong solutions of (3.2), that is,

¢ t
Xi=x+ / ba, (mg)ds + / Ou, AW
0 0
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and

t t
Yt=y+/ bas(ms)ds+/ Ou, dWs.
0 0

Without loss of generality, assume B > = > y > —B. By 7% and 7Y, we denote the
first time X; and Y; hit the boundary, respectively. Then

T (2,m) = JF (y,m)|

<

E / (Fo (X0 110) — fos (Ve )t
0

+ E[Il{‘rx<7-y}|‘]f(7’)(y(7_w)v m(-+717))]]
+ E[]]‘{T””>Ty}|Jf(Ty)(Y(7—y)v m( + Ty))”

Since E[T" A TY] < oo, the first term is uniformly bounded by K|z — y|? by (5.1).
Also, note that

PB-YT")=z—ylr" <) =PB+X(TY)=x—y|lm" <7Y)=1.

Thus the second and third terms are also bounded by K|z — y| by virtue of Theo-
rem A.2. d

5.2. Remark on condition (H4). For simplicity, the discussion is confined
to the case of controlled diffusions. The extension to regime-switching diffusion is
straightforward. In this paper, we assumed (H4), which could be verified if the follow-
ing condition (H5) holds. Let b(-,r) and o(-) be Lipschitz continuous and o(-) > ¢ >0
on G =(—1,1), and let U be a compact set.

(H5) Consider

182_(1) 2( )_|_182_(I) 2( )_|_ 0’®
29220 \* 28y2a 4 8x8ya

(x)o(y)
(5.2)

. 0P 0P
—I—;Iég {%b(x,r) + 8—yb(y,7’) + f(l’ayﬂ')} =0

for all (z,y) € G?> = G x G with boundary condition
(5.3) ®(z,y) = Z1(x)lizecy + Z2(y)Liyey Y(z,y) € IG?,

where G2 denotes the boundary of G2 and Z; and Z are smooth functions
on G with Z;(£1) = Z2(£1) = 0. Then, there exists a unique viscosity
solution of C%*(G?).
The following theorem shows that under (H5), condition (H4) holds.
THEOREM 5.3. Assume (H5). Let G = (—1,1), and let m; € F; take values in U.
Consider the stochastic process

t

(5.4) X =xz+ / b(XF, my)dt + o( X7 )dWs
0

and the related objective function, for 7 = inf{t : X7 ¢ G},

J(x,m)=FE .

/ FXE, mye)dt
0
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Then
[ J(z,m) = J(y,m)| < K|z —y/|’.
Proof. Define
P(x,m) = (z, m)Lizec)

for ¢ being any of the functions g, o, f That is, the tilde notation represents a function
confined to the set € G. Then

S = | [ FRE o]

where
~ tN ~ ~
X =x+ / (X[, my)dt + o(X7)dWs.
0

Note that )?f = X{l{xreq) + XJ=1l(xr¢cy is a truncated process of Xi’. Thus, one
can write

J(e,m) — J(ym) = E [ / " FEE me) - FRY.ma))dt| 2 I, y,m).
Let
O(z,y) = i7r711f J(x,y,m).

Then, ®(z,y) satisfies

1029 _, 1029 _, o _,
29227 (z) + ga—yga (y) + 8338110(55)0(2/)

reU | Oz

0t { S200r) + 20 + )~ Fluun) | 0.
The PDE above is equivalent to (5.2) and (5.3), with
fay,r) = flar) = fly.r), - Zu(z) =inf J(z,m), - Za(y) = sup J(y,m).
By (H5), ®(x,y) is C%?(G?). Note that ®(x,z) = 0 for all x € G. So |®(x,y) —
®(x, )| < K|z — y|P yields
[®(z,y)| < Klz—y|”.

So, J(z,m) — J(y,m) > ®(x,y) > —K|x — y|’. By the symmetry of the above in-
equality, the desired result follows. a

5.3. Tangency problem. For controlled diffusions without switching with a
stopping time in the cost function, a natural approach for proving the convergence
of a numerical scheme is based on a probabilistic method on a sequence of properly
designed Markov chains. One of the difficulties is the so-called tangency problem, as
explained in [17, p. 278]. As a result, an assumption is added to complete the proof

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



1852 Q. S. SONG AND G. YIN

of convergence in [17]. Using Markov chain approximation techniques, one constructs
finite difference schemes for stochastic control problems in which the cost functions
involve a first exit time from a bounded region. The true exit time of the diffusion
process is replaced by an approximating sequence as well. The sequence of functions
converges to a limit function, but the limit may not be the first exit time of the desired
diffusion process and it could be tangent to the boundary of the first contact. This
problem is referred to as a tangency problem.

Consider X; of (2.1). Let 2" (¢) be a piecewise constant process in Construction 3.3
which approximates X; in the same probability space. Let 7 and 7" be the first hitting
time of X; and z"(¢) to the boundary. In Figure 5.1, the sequence of 7" does not
converge to 7, even if " converge to X . Therefore, it is difficult to estimate the
convergence rate |E7" — E7|, which is the special case of value function (2.2) when
the running cost f(-) is a constant.

T limt
,,,,,,,,,,,,,,,,,,,,,,,, __Js_B"
/
/
B
P 7
******* e

Fic. 5.1. Tangency problem.

By virtue of our convergence rate result from the previous section, we conclude
that the tangency problem will not occur in probability and in L'. To see this, con-
sider the control-independent dynamic system. Assumption (H4) is satisfied in this
situation (see the previous section). Therefore, we can conclude |ET" — E7| < K hz by
Theorem 5.1. In fact, we can obtain a stronger result if we carefully examine the proof
of Theorem 4.2. In this case, f =1 and p = 1. To get the upper bound of (7" — 7)*,
we follow the procedure of step 3 in Theorem 4.2; we can obtain the estimates for I,
I3, I, and I5 as previously. Note that I, = 0. We thus conclude E(t" — 7)* < Kh.
Similarly, we obtain E(7" — 1)~ < Kh'/? by step 2. So, we have E|7" — 7| < Kh'/2
which implies 7 — 7 in L'. Then Chebyshev’s inequality implies that 7" — 7 with
probability as desired.

Appendix. Auxiliary results. This appendix contains a number of technical

results and complements. They are needed and used in the proof of the rates of
convergence.
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LEMMA A.1. Suppose that ¢(z) satisfies
(A1) @) = k(@) +p(e)éle + h) +qlz)da — h) Vr e (~B,B),
with boundary conditions
$(x)=u Vr>B, élx)=v V< -B,

where (—B, B)y, is as defined in (2.5). Suppose that k(-) is a real-valued function
satisfying |k(x)] < Kh for some vy > 2, and that there is a 6 > 0 such that

§< % — Kh <p(z) < %+Kh§1—5, q(x) +p(z) = 1.
Then for all z,y € [—B, Blp,
(A.2) 6(x) — (y)| < K2z —y).

In particular, when ¢(£B) =0, we have
(A.3) 0 < 6(x)| < KRO2(|B — 2| A |B +af) + O ),

where K = e8BEK.

Proof. Note that (A.1) is a dynamic programming equation of the cost function
for a certain Markov chain. Suppose ¢ is a solution of (A.1) with running cost k(z),
and ¢ is a solution of (A.1) with running cost |k(x)|. By linearity, —¢ is a solution
of (A.1) with running cost —|k(z)|. Note that —|k(z)| < k(x) < |k(x)]| for all z. By a
comparison result with the running cost, one can show —¢ < ¢ < ¢ for all . Thus, to
estimate |¢(z)|, we can simply assume that k(z) is nonnegative for all € (=B, B)j,.

Let & € (—B, B)j, be an extreme point in the sense

(A.4) ¢(&) = sup  @(x).

z€(—B,B),
Hence, we have ¢(i) > ¢(i + h). Using & + h in (A.1),
(A5) p(E + h)(B(& + h) — ¢(& + 2h)) = k(& + h) + q(& + h)(6(&) — ¢(& + h)) > 0.
This implies
(A.6) O(& + h) > ¢(& + 2h).
An induction argument yields
(A7) ¢(2) > ¢(& +h) > ¢(& +2h) > -+ > ¢(B) = u,
and similarly
(A.8) P(&) 2 (& —h) 2 (& —2h) = -+ 2 ¢(=B) = v.

Next, we examine the difference ¢(3+ (i —1)h) — ¢(&+1h) for each positive integer
i. First, this difference is nonnegative. Using & in (A.1) yields

(A.9)  p(@)(o(2) — &(Z + h)) +q(2)(6(2) — ¢(2 — h)) = k(%) < KA.
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Note that both terms on the left-hand side of (A.9) are nonnegative, so
(A.10) () — d(Z 4+ h) < 2KR™ + O(R ).
For any positive integer 4, applying & + ¢h to (A.1),
) p(& + ih)(6(& + ih) — ¢(& + (i + 1)h))

< q(& +1ih)(o(Z + (i — 1)h) — ¢(Z + ih)) + Kh°.
Dividing both sides of (A.11) by p(z + ih),

(A12) O(& 4+ th) — (& + (i + 1)h)
' < (L4 4Kh)(¢p(& + (i — 1)h) — ¢(& + ih)) + 2KR° (1 + 2Kh).

Equation (A.12) can be written recursively as

é(% +ih) — ¢(2 + (i + 1)h) + %h”“‘l(l +2Kh)
(A.13) )
< (1+4Kh) (¢(§: + (i — 1)h) — ¢(& +ih) + 5h%‘l(l + 2Kh)> .

It follows that
1
#(2 +ih) — d(& + (i + 1)h) + 5h%*lu +2Kh)

< (1+4Kh) (¢(§;) —¢(z+h)+ 1mo—l(1 + 2Kh))
(A.14) 2

< (1+4Kh)*B/" (%mo—l +3KR + O(iﬂo“))
< KR £ O(h™) (where K £ 38K),
Therefore,
&(& +ih) — ¢(& + (i + 1)h) < Kho !,
and similarly
¢(& —ih) — (& — (i + 1)h) < Kh™™,
which implies
|p(x) — p(x +h)| < Kh°~' Vo € [-B,B).
Without loss of generality, assume = < vy,

6) — bl < 3 18() — élz + )| = Kho~! (% + 1)

2€[T,y)n

(A.15)
= Kh"=2(y —z) + O(h"~1).

This implies the lemma. 0
THEOREM A.2. Let VB (x) be the solution of (2.4). Then V.B(£B) = 0 for all
B € G, and VB (x) is Lipschitz in x and B. That is,

VP (1) — VP (23)] < K(1By — Ba| + oy —a2]) Vi € M, (By,a1), (B, a) € G2,
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This result continues to hold for the value function (2.4) when inf is replaced by sup.

Proof. Using (H1)—(H3), the system of HJB equations (2.4) admits a unique vis-
cosity solution (see [22, Theorem A.24]). Hence, by (2.4), V.® () for any given i is the
solution of

(A.16) inf {L7p(x) + f(z,71)} =0, @(£B) =0,
where

- 2p(x x

o) = 307 0D e, ) B o+ gugo)

flx.r) = filz,r) + Z i VP ().
i

By [12, Theorem 5, p. 24], (A.16) admits a smooth solution ¢ € C?(G). Therefore,
(2.4) has a unique smooth solution V,®(-) for each i € M, and V,®(z) is Lipschitz
continuous in # on compact set G. In particular, since V,2(+B) = 0,

VZ(2)| = [Vi%(2) - Vi (B)| < K|z — B
and
Vi# (@) = [Vi®(2) = Vi’ (-B)| < K|z + B.
Therefore, we have
(A.17) VP (2)| < K(lz = Bl Al + BJ).

For a given initial state (i,2) € M x (—=By,B1) and 0 < By < Bj, let m be an
. . A _i,x,m . .
optimal relaxed control. For convenience, set 7 = 75 """. By the dynamic programming

principle,

VP2 () < VP () + E[V,B2 (X 1w
< VB (2) + K|By — B,
since X1 = By and by (A.17).
Similarly,
VP (@) = TP () + BV (X0
2 ViBl(@ — K|Bs — By].

This completes the proof. a
COROLLARY A.3. For given m € T', we have

|JP (2, m) — JP2(x,m)| < K|By — Ba| V(i,z) € M x G.
Proof. Without loss of generality, let 0 < By < Bs. Observe that
JP (x,m) — JP (x,m) = E[JB2(£B1,m)],

where 7 = inf{¢: X; ¢ (—=B1,B1)}.
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From Theorem A.2,
VB(z) = inf JB(x,m) > —K(|x — B| A |z + B).
Similarly, we have

W (z) £ sup P (x,m) < K(|z — B| A |z + BJ).

Since
—K|By — Bo| < V2(£By) < JP*(£By,m) < WP (£By) < K|By — B,
the desired result follows. a
LEMMA A.4. Let X, = bt + oWy, and let 7 = inf{t: | X;| > h}. Then
1 bh
P(X,=+h)==-+— 3
(Xr = %h) = 5+ o0+ O(1?),
h? 4
Er = ? + O(h ),

=ty o(n°)
= ,

Proof. For the first identity, we can solve for the explicit solution of the related
PDE and get

+exp(£2bh/0?) F 1
exp(2bh/o2) — exp(—2bh/c2)’

P(X, = +h) =

The first and second moments of 7 can be obtained from the moment generating
function given in [11, p. 100]. O
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