ADDENDUM

Expanded Proof of Theorem 1:
The estimated weight estimator Bew is
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with P (X;) = I(RE(X;) 7k). In the proof we show that
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Hence, Bew is asymptotically linear, i.e. behaves asymptotically as a sample average, with
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The first term of the score function is equal to the score that would obtain if we substitute
the population py for the estimated px. The second term gives the contribution of the
nonparametric estimator px to the asymptotic distribution of Bew. The contribution is linear
in T'— po(X). Hence, the score linearizes the estimator with respect to 3 (the estimator is
already linear in ) and p. The asymptotic variance of Bew is equal to the variance of

(Y, T, x) (note that its mean is 0).

In the proof of (2) we rewrite the difference by adding and subtracting a number of terms,
so that we can bound the differences. We give the asymptotic order of all differences, which

makes is easier to understand the role of the assumptions. We have
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In this expression Fj is the population cdf of X and
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Note that (9) is equal to the linearized expression for v N (Bew — Bp). To show that the
estimator is indeed asymptotically linear, we must derive bounds on the terms (4)-(8). If a
bound depends on both K and N, we derive the bound for sequences K (V) that go to oo
with V. Because during the derivation some restrictions on these sequences are imposed, the

resulting bounds are not uniform in K. We have seen this type of argument in the derivation

of the order of || Ny — Tk (ny|| where we imposed the large sample identification condition

C(K(N))*/N — 0.



0.1 Bound on (4)

Using the fact that
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we rewrite (4) as
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By the mean value theorem
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and hence we find for (14)
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Because pg(n) is bounded from 0 on X with probability 1 for sequences K (NN) that satisfy

the large sample identification condition, we have
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because E(Y?) < oco. The op(1) terms converge to 0 in probability for all sequences K(N)
that satisfy the large sample identification condition. Next, using (39), (15) is bounded by

Z I (e (X0) — (X)) < CVNCEPE S 4op(1)  (20)
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Finally, (16) is bounded by
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Hence, combining (19), (20) and (21), we find by the Markov inequality
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0.2 Bound on (5)

First we rewrite (5) as
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Denote (24) by Vi with E(Vk) = 0. The variance is, using
Var(TY | X) = B(Y? | X,T = 1po(X) — B(Y | X)2po(X)? (25)

and Var(Vk) = E(Var(Vi | X1,..., X)) + Var(E(Vk | Xi1,..., Xn)), equal to

(Y] X, T=1) - E(Y | X)*po(X)
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which is bounded by
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By (39), the assumption that pg is greater than € > 0 on X, and the assumption E(Y?) < oo

B |2 LS D ) - w0 < cotrop s (28)
and we conclude that

B(Vi]) < y/Var(Vi) < CC(R)K % (29)
and hence

V| = Op(¢(K)K ™) (30)



This bounds the terms in (24). Note that the bound is valid for each sequence K(N) for
which E(|Vi(ny|) is bounded.

Now consider (23). By the mean value theorem this is equal to
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We consider the two factors in (31) separately. By a second application of the mean value

theorem we write the first factor of (31) as

Wik vy — Wakv) + War) (32)
with
Wik = 1N§N; [—pof;g)QL’(RK(Xi)’wK)RK(Xl) [ WL’(RK(x)’wK)RK(x)dFO(x) (33)
Wk — jﬁ é pof;}(/jyL"(RK(Xi)’wK)RK(XZ-)RK(Xi)’(er ~ ) (34)
Wsk = Z /X ;0/ L 2) p (R¥(2) T ) REWN) () REN) (2) dFy () (7 — 7)) (35)

We first compute the variance of Wik, which is, using Var(Wix) = E(Var(Wig |
Xl, R ,XN)) + Var(E(WlK | Xl, c. ,XN)) equal to
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Because E(Y?) < oo, pg is bounded from 0, and L’ < 1/4, (37) is bounded by

CEx(R"(X)R* (X)) (38)
Hence
E(|Wikll) < /or(Var(Wic)) < C\Jar(Ex (RE(X)RE (X)) = (39)

= C\/E(|RE(X)|]?) < C¢(K)

Next we consider W (). Note that the terms in the sum are not independent. For that

reason we derive a bound on each term and use the triangle inequality to obtain an overall

bound

L pme(x, T RS (X)RE (X (e — 7
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pO(Xi)2L (R™(X,)'TK) HR (X)R® (X)) || |7k — 7k ||

Because L” = L(1 — L)(1 — 2L) is bounded and E(Y?) < oo, we find, using the Cauchy-
Schwartz inequality and (51)! | that
;Y

B [ po(X;)?

1 As before (51) only holds for sequences K (N) that satisfy the asymptotic identification condition.

C(K)Y?
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Hence,

E([Waxl) < CC(K)*? (42)
Using an analogous argument we show that

E(|[Wakl) < C¢(K)*? (43)

By the triangle and Cauchy-Schwartz inequalities, we find, using (39), (42),(43), and (51)

E(Wik = Warn) + W) (o = me)l) < C((if/(]_]\\]f)) (44)
Combining (44) with (30) we find that?
LT o PR )
T3 (oo = s + [ P o) mieano)) = a9
_ oo (S
— Op(C(K(N)K(N) >+op< N )
0.3 Bound on (6)
Consider
V[ B L (o) — mla))dFa(o) = (16
V[ B ) - ptaarito) < VE [ L (o) = mlaari(o a)

We concentrate on the first term in (47). Upon substitution of (17) in the first term in (47)

we find

V[ BYL) @)~ pa))dFo(a) = (48)

x  po(z)

2Note that the second term is op(1) for K (N) sequences that satisfy the asymptotic identification condi-
tion. As noted, we only impose this restriction when we combine the bounds.
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We denote

T E(Y|$), K$/7~r K$ T
Vo= [ o VR @ RORN )R

and using this notation, the definition in (10) and (48), (49) is equal to

N o A - T; — pr(X;) _
m;(QJKEK\/pK(X)(l pr (X, >\/pK (1 — pr( X))_

E<Y( | f) (p1c(@) — po(2))dFo(a)

x P

(49)

(50)

(54)

Because we assume that E(Y?) and hence E(Y") are finite and that py is bounded from 0 on

X, we have by (39)

z)

(PK(N)(QU) — po())dFo(x)

po

L

< CVN((E(N)E(N)™# = O(VNC(K (N))K (N)~#)

This gives the bound on (6) which holds for all sequences K (N).
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0.4 Bound on (7)
Define
E(Y | )

Vie= = [ o VRS @) ) RE )y (56)

We rewrite (7) as

with
T ; NT; — pr(Xi)) (58)

Rewrite (57) as

(Txn) = Trn) S Ve + P Crly) = Sxin ) Ve (59)

By the properties of the matrix norm, the first term is bounded by

5 fe 1 5
(‘PK(N) - \I/K(N)> by (N)VK(N)‘ < m HVK(N)H H‘PK(N) - ‘IJK(N)H (60)
By the mean value theorem (L” is bounded)
1 k(v) = Trawl < (61)

[EY]2)|

<C
- x pol(z)

L(RE ) (@) )| IRE ) (@) IPABo @)y — Taen | <

< C/X | R (2)|2dFy () || 7wy — T || < CCE(N))? |7 r vy — mrw) |

because E(Y?) < 0o and py is bounded from 0 on X'. Hence (60) is bounded by CC(K (N))?|| 7k (n)—

) Vi@ |
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The second term is bounded by

T i (Exe) = Zxw) Exln Vieaw | < (62)

X)) REN(X) REY (X)) —

The first term on the right hand side is bounded by CC(K(N))?|Wk |l |7k v) — T || =
CCE(N) T (vy) — Tr(n ], because |[Wi || < C||¥k| and [W || < C¢(K). For the second

term note that
| Var (L/(REO) (XY ey ) REO (X)) REN (X ) Wie) )| = (64)
Wiy Var (L (RSN (X) 7)) RE D (X REN (X)) Wiy <
Wi E (RN (X REM(X)) Wiy < CCK(N))?

Because

7 2 BT~ oK) 7 SR (X) (X))~ pol(X0) (65)

ﬂ\
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the variance matrix of Vi is
Ex [po(X)(1 = po(X))RX (X)RE(X)] + Ex [0 (X) — po(X))?RE(X)R¥ (X)] <(66)
< Ci((K)? + CoK 7 ((K)? < CU(K)? (67)

and E([[Vi)[|*) < CCE(N))*.

Combining these results we find that by the Cauchy-Schwartz inequality for (60)

- ) C(K(N))™/?
E <‘(\PK(N) - ‘I’K(N)) EKI(N)VK(N)D < C(]\(ﬂ/g) (68)

and for (62)

K(N))%? K(N))?
B (| (Sxtay — Sxl) View|) < &4 ](vl/g) TRen N<1/2)) (69)

Combining (68) and (69), we obtain the stochastic order of (7)

_ T, — prew) (X0) (SN
Z 5K 5K \/pK N) 1 . )(X ))‘ Op < N1/2 )(70)

0.5 Bound on (8)

Because (8) is a normalized sum of independently and identically distributed (but not zero
mean) random variables, we find the stochastic order of (8) by deriving the order of its
second moment. The key result is that this moment decreases to 0, if K increases without
bounds. The reason is that if do(x) is differentiable, dx(z) converges uniformly to dp(x) if K

increases without bounds. The second moment is

X))

( \/pK J(1 = pr(X \/po )(1 = po(
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By adding and subtracting

T— po(X)
\/po )(1 = po(X)) "
we obtain
B |(5x(X) — 80(X <¢p T ) n (73)
T — pr(X) T — po(X) i

E 74

" (\/PK )(1 —pr(X)) \/Po )(1 —po(X )) ! )

LB | (6(X) — 60(X))5 T-nl) ) (75)

\/Po 1—}70 )

( T — p(X) T — po(X) )]
VoM —pi(X))  /po(X)(1 —po(X))

First consider (73). From (11) and (12) we see that 0 () is the least squares projection of

) on RE(x \/ pr(2)(1 — pr(z)). If we assume that dp(z) is ¢ times continuously differen-

tiable, then (compare with (27))

sup [do(x) — b ()] < CK~* (76)
Hence
B | (0x(X) ~ ( N — f”_(? )) = Ex [(0x(X) = 6o(X))’| < CK#5(77)

Next consider (74) that is equal to

S (X (\/Po 1—]90 \/pK 1_pK)) )))2 N

\/Po 1—P0(X))(1—pK(X

Ex
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2 (Pr(X) = po(X))?
HEx [0, T ) )
Now from (76)
Ox(2)? < Go(@)? + |G ()| CK 7 (80)
Hence
2 (Pr(X) = po(X))?
B |0 (X T = pe()) < (81)

< by [0 X))

- (P (X) — po(X))*
pK(X)<1 _pK(X))‘| +CK EX [|50(X>| 1 < (82)

pr(X )(1_PK( )

B X O -p(X)

<Ex [ e =y 70~ 0 )
L (1B 301X (- (X)) - )

FORTER | L) )1 () P pO(X”] -

Because pg is bounded from 0 and 1 on X and hence also, if K is sufficiently large, px by

virtue of (33) and E(Y) < 0o, we have again by (33) that

2 (P (X) = po(X))*

x(X)(1 _pK(X)) < CIUK)PK " +Co (KK 2+ < OC(K)*K 7 (85)

Ex [5K(X )?

By an analogous argument we have

(X (\/Po 1—po ) — /P (X)(1 — px( )))2
)

\/Po(X) 1—P0(X))(1—pK(X

Ex < CC(K)’K™  (86)

Finally, consider (75). Because dx(x) is bounded and pg, px are bounded from 0 and 1 on

X, we have that (75) is bounded by

CLE(|6x (X) — 8o(X)]) < CK ™ (87)
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Hence from (77), (86), and (87)

T—pelX) 5o Tm(X) ) . .
( \/pK )(1 = pr(X * \/po )(1 —po(X N o
< K™+ + Col(K)*K ™~
and this gives for (8)
1 X T; _pK(N)(Xi> T — po(X;) )| _
BRI ol F S — 5! —(89
\/N; ( i \/px )(1 = prw(X \/po )(1 = po(X3)) )
= Op (max (K(N)"27 ((K(N) K (N) %))
0.6 Combining the bounds
From (22),(45), (55), (70), and (89), we obtain
. 1 X B CEY X)), ‘ B
V(o - ) - 3 { (- ) - B S o} = o

C(K(N))? 2 _s 5/2 _s
_or (“ﬁv”) + Op (VNCE(N)PK(N)F) + Op (CIK(N)P 2K (N) %) +

CE(N))?
VN

-

S
R
2

LOMC(K(N)K(N) ) + Op ( ) L OWVRC(E(N)K(N) #

t

+0p (max (K(N)_%T,C(K(N»K(N)_%)) -

C(K(N))9/2>

— Op (VEGURNPR(N) ) + 0n (c( )1 () ) + 0 (0D

Note that the second term of the final expression is a bias term, the third a variance term,

and the first a combination of a variance and bias term.
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As noted ((K) depends on the sequence of approximating functions. For power series
we have ((K) = O(K). If we consider sequences K(N) = N¢ we can find the range of ¢ for
which (90) is op(1). Substitution in the right-hand side of (90) gives that the first term on
the right hand side requires that ¢ > m, the second that s/r > 5 and the third that

¢ < 1/9. These inequalities can be simultaneously satisfied if s/r > 7. O

Addendum to Proof of Theorem 2:

The last step in Theorem 2 follows from the fact that we can write the difference between

(18) and (17) as

1 TY; 5

N ; (V(ﬂ, Yi, Xi) — m(PK(Xi) — po(Xi)) (91)
(o = o) + (A (T, Xi) = (T3, X0)))’

SN CRTPTL (92)
+zir 2 ﬁK(Xz;f;iO(Xi)? (Pr(X:) = po(X0))* + (B = Beuw)” (93)
Jb;(dK(TiaXi) - a(T;, X;))? (94)

L& LY, .
_QN ; V(T3 Y, Xi)m(pK(Xi) — po(Xi)) (95)
+2(60 - ﬁew)]bZV(ﬂ;YVzaXn (96)
2L S V(LX) (T X)) — o(T X,) (o)

=1
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20— B} 32 5 ()~ (X0) (9)
P20 o () — po(X0) @ (T3, X) — (T, X0) (99)
200~ B (kT X) — (T3 X)) (100
with
V(ty,x) = mt(yx) — fo+alt, ) (101)

(92) is a sample average that converges to the variance V. If the assumptions of Theorem
1 hold, the bound on the sum of (93) to (100) is given by the bound on (97) which is (78).
Under the rates specified in Theorem 1 this bound is 0,(1). Hence, (18) is a consistent

estimator of the variance (17).
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